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Abstract: In this paper, we study the k-step a-generalized Pell-Padovan sequence modulo m. We define the k-step «-generalized
Pell-Padovan sequences in a finite group and we examine the periods of these sequences. Also, we obtain the periods of the k-step
a-generalized Pell-Padovan sequences in the semidihedral group SDyn.
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1 Introduction and Preliminaries

The Pell-Padovan sequence {P (n)} is defined [12,13] recursively by the equation
P(n+3)=2P(n+1)+P(n) (1)

forn >0, where P(0) =P(1)=P(2) = 1.
Kalman [8] mentioned that these sequences are special cases of a sequence which is defined recursively as a linear

combination of the preceding k terms:

ntk = Coap +Clap4+1 + -+ + Ch—1ant+k—1,

where cg,cy,---,cx—1 are real constants. In [8], Kalman derived a number of closed-form formulas for the generalized

sequence by companion matrix method as follows:

[010--00
001--00
000--00

A = aij]j =
000 -0 1
LCOC1C2 v Ch—2 Ch—1 |,
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Then by an inductive argument he obtained that

ap an
aj Apt1
A7 =
k =
ag—1 Ap4k—1

It is well-known that a sequence is periodic if, after a certain point, it consists only of repetitions of a fixed subsequence.

The number of elements in the repeating subsequence is the period of the sequence.

The study of the linear recurrence sequences in groups began with the earlier work of Wall [14] where the ordinary
Fibonacci sequences in cyclic groups were investigated. Recently, many authors have studied on some special linear
recurrence sequences in groups; see for example, [1-7,9-11]. Now we extend the concept to the k-step a-generalized

Pell-Padovan sequences. In this paper, the usual notation p is used for a prime number.

2 The k-step a-generalized Pell-Padovan sequence

The k-step ot-generalized Pell-Padovan sequence is defined as
PE(n+k+1)=2%PF(n+k—1)+PF(n+k—2)+---+ P¥(n) )
for n >0, where P* (0) =P¥(1) =---=P¥(k) = 1.

When k = 2 and o = 1, this sequence reduces to the usual Pell-Padovan sequence, {P (r)}. By (2), we have

_ - Jo1o00---00 .

P(n) P(n—1)
0010 --00

P(n+1) P(n)
0001 --00

Pn+2) | =| o P(n+1)

P(n+k) 000001 P(}k 1)

R E IS TR L) :

for the k-step o-generalized Pell-Padovan sequence. Let

(0100 ---00 |

0010 --00

0001 ---00
M= [mij}(k-ﬁ-l)x(k—}—l) =

0000 --- 01

1111 290

k1) x (k1)
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By inductive argument we have

(1] [ P(n) ]
1 P(n+1)

M| 1| =|P(n+t2) (3)
| 1] P(n+k)

forn > 0.

3 The k-step a-generalized Pell-Padovan sequence modulo m

Reducing the k-step o-generalized Pell-Padovan sequence modulo m, we can get a repeating sequence, denoted by

{Plgm(n)}:{Plgm(O)aP/gnz(l)7plgm(2)ﬂ"'aPlgm(k)a"'}

where P, (i) = P (i) (mod m) and it has the same recurrence relation as in (2).
Theorem 3.1. {P,f_‘m (n)} is a simply periodic sequence.

Proof. Let A; | = { (ag,a1, -+ ,a;)|0 < a; <m— 1}. Then we have S(A; 1) = m**! being finite (S(A;|) mean that the

number of the elements of Ay, 1), that is, for any v > 0, there exist w > v+ k such that
PISm("‘*‘ 1) :Plgm(w_‘_l)’ Plgm(v+2) :Plgm(w+2)7 7P13m("+17+1) :Plgm(w+p+ 1)

From definition of the the k-step o-generalized Pell-Padovan sequence we have
P¥(n) = P¥(n+k+1) = 2°PF(n+k—1) — P¥(n+k—-2) — --- — P¥(n+1) so if PZ (v) = PZ,(w),
P (v=1)=pP% (w=1),---, P (1)=P¢

k.m

(w—v+1)and P, (0) = P (w—v), which implies that this sequence is

simply periodic. We denote the smallest period of {Pgm (n)} by hPZ,.

Example 1. We have {Pslz(n)} ={1,1,1,1,1,1,0,0,0,1,0,1,1,1,0,1,1,1,1,1,1,--- }, and then repeat. So, we get
hP!, =15.

For given a matrix M = [e;;] (k1) (k1) with e;;’s being integers, M (mod m) means that every entries of M are reduced
modulo m, that is, M (mod m) = (e;; (mod m)). Let a be an positive integer and let (M) . = {M" (mod p“)| i>0}.

Then, it is clear that the set (M) . is a cyclic group. Let ‘(M ) pa | denote the order of (M)

pa .

Let a be an positive integer, then by (3), it is shown that AP . = ’(M ) pa

Theorem 3.2. Let ¢ be the largest positive integer such that hP,f‘p = hP,f‘p,. Then hP,g‘pu =pt! hP,g‘P , for every u > 1.

WP
Proof. By hP{, = ‘(M> we see that for each positive integer A, M &*"' = I (mod p’“‘l), hence,

pa
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hP* hP*
M A =1 (mod p}”), which means that hP/gpl divides thO“p,1 .- Also, we can write M k»* =+ (mfjk) p’l). Thus,

M(hpfﬂ)p (1+(m,, p )) g( )(m/ P )iz (mOdeI)

which yields that hP"‘ e divides (h )p So, we can write hP‘x = = hP? 1 OF hP = (hP“ )p, and the

klerl

)

latter holds if, and only if, there is a m;; which is not divisible by p. Slnce hP¥ 7é hPO‘ s there is an m(J+ ) which is

not divisible by p, thus, th‘i‘p, g F th‘f‘p, +»- The proof is completed by 1nduct10n ont.
Theorem 3.3. If m =[], p;’, (u > 1) where p;’s are distinct primes, then th“p,,, =lcm {th“Pvl ’thap"Z’ e hPIf‘pW] .
’ P 5Py sPu

Proof. Since hP]f‘pvi is the period of {P]f‘pv,. (n)}, the sequence {Plgp?’i (n)} repeats only after blocks of length B.hP]f‘pv,-,

(B is a natural numbers). Also, since hP¢, is the period { P, (n )}, the sequence { po i (n)} repeats after hP(, terms

for all values i. Thus, hP“ is of the form B. hP“ . for all values of i, and since any such number gives a period of

l

o o . o
{Pk,pf" (n) } So we get hB,n =lem {hP RLLARPRREE th’P;,,] .

k.pq Py

4 The k-step a-generalized Pell-Padovan sequence in groups

Definition 4.1. For a generating pair (x,y) € G, we define the Pell-Padovan orbit P, ,, (G) = {x;} and co-Pell-Padovan

orbit ¢ — Py, (G) = {x;}, respectively as follows:
X=Xy, X1 =y, X2 =y, Xip2 = (xi1)- (%), i> 1

and

X0 =YX, X| =y, X2 =Y, Xip2 = (X;i_1) - (Xi)za i>1.

Definition 4.2. A k-step o-generalized Pell-Padovan sequence in a finite group is a sequence of group elements
ap,ay,---ay,--- for which, given an initial (seed) set ap = xo,a; = x1,---,aj—1 = xj_1,a; = xj_1, each element is defined
by
) aoay - (an—2)® forj<n<k,
= { Ap—f1 " (an,z)2 forn > k.

It is require that the initial elements of the sequence, xo,---,x;—1, generate the group, thus, forcing the k-step
a-generalized Pell-Padovan sequence to reflect the structure of the group. We denote the k-step «-generalized
Pell-Padovan sequence of a group generated by xo, --- ,x;_1 by PP, (G;xo, S X j—1)~

The k-step o-generalized Pell-Padovan sequence in a cyclic group C,, of order n can be written as PP (Cp; x,x,- -+ ,X).

Theorem 4.1. A k-step a-generalized Pell-Padovan sequence in a finite group is periodic.
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Proof. Let G be a finite group and |G| be the order of G. Since there are |G|*™" distinct k+1-tuples of elements of the
group G, at least one of the k+1-tuples appears twice in a k-step a-generalized Pell-Padovan sequence of the group G.
Because of the repeating, the k-step a-generalized Pell-Padovan sequence is periodic.
We denote the period of the sequence PP (G;)co7 S X j,l) by Pery (G;)co7 S X j,l). From the definition it is clear that
the period of the k-step o-generalized Pell-Padovan sequence in a finite group depends on the chosen generating set and
the order in which the assignments of xo,x,x2, -+ ,Xj_1.
It is clear that thln =Pery (Cp;x,x, - ,X).
A group SDyn is semidihedral group of order 2" if

SDym = <x,y|x2mi1 =y’ =e¢, yxy= x_1+2m72>

for every m > 4. Note that the orders x and y are 2”~! and 2, respectively.

Theorem 4.2. The periods of the k-step o-generalized Pell-Padovan sequences in the semidihedral group SDonfor initial

(seed) set x, y are as follows:
i. Pery (SDom3x, y) = 3-2Mm2
ii. Pery (SDom;x, y) = th{2 2M=2for 3 < k < 4.

iii. Pery (SDyn;x, y) = hP},-2"73 for k > 5.

Proof.i. The sequence PP, (SDym;x, y) is

am-l_p om=l_4 om=l_6
X, ¥, ¥, Xy, X Y, X, ¥, X Y, X, ¥, X Yy
Using the relations of the SD,m, this sequence becomes:
X0=X, X] =Y, X2=Y, ",
o - o2 h2iy,
X3i = X, X3i41 =Y, X3j42 = X Y,
So we need the smallestsuchthat2” ! — 2i = 0, iis a natural numbers. Thus, we obtain

X3om-2 = X, X3om-2,1 = yand x3,m-2,, = y. Since the elements succeeding x3 ym—2,%3 ym—2 1,X3.om-2, 5, depend on x,y

and y for their values, the cycle begins again with the (3 : 2’”’2)nd element. So we get Pery (SDym;x, y) =3-2"72,

ii. Note that hP31"2 = 15 and the sequence PP; (SDam;x, y) is

2 2»171_1 2m71_2 2m72_1
x’y7y’x’xy’x’x y"x y?'x y’xy’

om=241 om=2_] 2 om=2_1 2. 4 2m2_]
X +7x , €, X7y, €, X , XY, XY, X .
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So, by the relations of the SD,n, this sequence becomes:

X0 =X, X] =), 2 =Y, X3 =X, -+,

_ _ .4 _ _ omlg
X30 = X, X31 = XY, X32 =), X33 = X ) T

4i om=l_4i+1
X300 = X, X30i+1 = XY, X30i42 = Y, X30i43 = X SRS

So we need the smallestsuchthat2™ ! = 4i, i is a natural numbers. If 2”3 = j we obtain
X300m-3 = X, Xzgom-3y = Y, Xzgom-2,, = Yy andxzgom—-2,3 = x. Since the elements succeeding
X15.0m—2,X15.0m-21,X15.0m-242,X150m-2,3 depend on x,y,y and x for their values, the cycle begins again with the

(15- Zm_z)nd element. So we get Pers (SDym;x, y) = 15-2"72 = hP31’22m_2.
The proof for k = 4 is similar to the above and it is omitted.

iii. Let k > 5. We have the sequence

X0 =X, X] =Y, X2 =Y, X3 =X, X4 =Xy, X5 :X3, teey

Yonpl,—k+3 = & Xonpl,—k+2 = € T Xoppl 1 = 6

Xanpl, = X, Yonply+1 = Y Xonply 2 = Vs Xonpl 43 =% Xonpl 44 = 2%, Xonpl,+5 =% ST
Yonply i—k+3 = € Yonplyick+2 T € 0 Xonpl o1 T 6

— Sitl - - - — \Sitl — ,Sit+3
Yonplyi =X Xonpl ikt TV Xonpl a2 TV Xonpl i3 T X Xionpl, 44 =XV Yopplis =X

So, we need the smallest suchthat2™ ! = 8i,i is a natural numbers. If 2m—4 — | we obtain

Thplyom3 k3 = € Mpploomippn T 6ty Xpploom3y =€ Xypl ome3 = Xy Xyploom3py = Yy Xppl om-3ig =

n
YXupl am-343 = Xs Xppl w34 = xy and Xpp)yom-345 = x>, Thus, the cycle begins again with the (thl,2~2’”*3)

element. So we get Pery (SDyn;x, y) = hP), -2"=3,
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