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Abstract: Nil geometry is one of the eight geometries of Thurston’s conjecture. In this paper we study in Nil 3-space and the Nil
metric with respect to the standard coordinates (x,y,z) is gyis, = (dx)? + (dy)? + (dz — xdy)? in IR3. In [8] we have already find out the
explicit parametric equation of a general helix and Frenet vector fields, with first and second curvatures k and 7, respectively, in Nil
3-Space. Here we find out the parametric equations of the Darboux ruled surface of the general helix in Nil Space Nil3.
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1 Introduction and preliminaries

In mathematics, Thurston’s conjecture proposed a complete characterization of geometric structures on
three-dimensional manifolds. The conjecture was proposed by William Thurston (1982), and implies several other
conjectures, such as the Poincaré conjecture and Thurston’s elliptization conjecture. Thurston’s geometrization
conjecture states that certain three-dimensional topological spaces each have a unique geometric structure that can be
associated with them. It is an analogue of the uniformization theorem for two-dimensional surfaces, which states that

every simply-connected Riemann surface can be given one of three geometries (Euclidean, spherical, or hyperbolic).

In three dimensions, it is not always possible to assign a single geometry to a whole topological space. Instead, the
geometrization conjecture states that every closed 3-manifold can be decomposed in a canonical way into pieces that
each have one of eight types of geometric structure. Thurston’s conjecture is that, after you split a three-manifold into its
connected sum and the Jaco-Shalen-Johannson torus decomposition, the remaining components each admit exactly one

of the following geometries:

(1) Euclidean geometry,

(2) Hyperbolic geometry,

(3) Spherical geometry,

(4) The geometry of S? x R,

(5) The geometry of H> x R,

(6) The geometry of the universal cover SL 2R of the Lie group SL_2R,
(7) Nil geometry,

(8) Sol geometry.

For more detail see [15].
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Nilmanifolds are important geometric objects. A nilmanifold is a differentiable manifold which has a transitive nilpotent
group of diffeomorphisms acting on it. In the Riemannian category, there is also a good notion of a nilmanifold. A
Riemannian manifold is called a homogeneous nilmanifold if there exist a nilpotent group of isometries acting
transitively on it. The requirement that the transitive nilpotent group acts by isometries leads to the following rigid
characterization: every homogeneous nilmanifold is isometric to a nilpotent Lie group with left-invariant metric (see

[16]).

The two-parameter family of metrics first appeared in the works of Bianchi, Cartan and Vranceanu, these spaces are
often referred to as Bianchi-Cartan-Vranceanu spaces, or BCV — spaces for short. Some well-known examples of
BCV — spaces are the Riemannian product spaces S> x R, H? x R and the 3-dimensional Heisenberg group [4].

Definition 1. Let k and T be real numbers, with © > 0. The Bianchi-Cartan-Vranceanu spaces, (BCV — spaces) M> (k, )
is defined as the set

{(xyy,z) €R?: 1+§ (@ 1?) > 0}

equipped with metric
dx? + dy?
(14502 +)°
() if k = 7 =0, then M (x,7) = IE>
(i) if x = 0 and T # 0, then M? (k, 7) = Nil3.
More details can be found in [4] and [17].

ds* =

vdx — xdy 2
7))

dz+T——5—>5+
+< -+ I+ E(2 1)

In [4] it is restricted to the 3-dimensional Heisenberg group coming from R?> with the canonical symplectic form
w((x,y),(x1,y1)) = xy1 — X1y, i.e., they consider R® with the group operation

X X
(-x7yaz) * (Xla)’th) = (x+xlaY+)’17Z+Zl + % - %y)

For every non-zero number 7 the following Riemannian metric on (R3, *) is left invariant:

dx —xd
ds® = d® +dy* + 41 (dz + ”%)2.

After the change of coordinates (x,y,27z) — (x,y,z), this metric is expressed as
ds? = dx® +dy* + (dz+ 7 (ydx — xdy))>.

By some authors the notation Nils is only used if T = %

1.1 Riemannian structure of Nil space Nil3

The Riemannian Structure of Sol, Nil and Heisenberg Spaces are examined in [11]. Linear biharmonic maps into Sol, Nil
and Heisenberg Spaces are examined with three metric too. It is well known that Nil space is isometric to Heisenberg

space. The geometry of Nil is the three dimensional Lie group of all real 3 triangular matrices of the form

o O
O =
—_— <N

(© 2016 BISKA Bilisim Technology



=
NTMSCI 4, No. 1, 15-24 (2016) / www.ntmsci.com BISKA 17

Let (R3, gnir;) denote Nil space, where the metric with respect to the standard coordinates (x,y,z) in R> can be written (
[11]) as
gnis = (dx)* + (dy)? + (dz — xdy)*.

Hence we get the symetric tensor field gy;;, on Nil3 by components

1 0 0
8ij = 0 1—|—x2 —X
0 —x 1

Note that the Nil metric can also be written as: ds*> = ¥} | @i ® 0i, where 0! = dx, ®* = dy, ®° = dz — xdy, and the

orthonormal basis dual to the 1-forms is E| = %7 Ey = % +xa% Es = %. With respect to this orthonormal basis, the

Levi-Civita connection and the Liebrackets can be easily computed as:

1 -1
Vg E1 =0, Vg Er = §E3, Vg E, = 7E2
-1 1
VE2E1 :7E37 VEzEZ = 0, VE2E3 = EEl
-1 1
VE3E‘1 :7E27 VE3E2 = EEI; VE3E3 =0.

[E1,E>] = E3, [E», E3] =0, [E,E3] =0.

Hence
Ve Er Vi E, Vg E, 0 1B FE
V=|VgE VgE VgE|=|5E 0 lE
Vi,E1 ViEy Vi Es SE, IE; 0

is the matrix with (i, j) — element in the table equals Vg, E; for the basis {E}, E», E3}.

2 The parametric equation of general helix in Nil space Nil;

Helix is one of the fascinating curve in science and nature. In this section, we study on the general helices in Nil3. We
characterize the general helices in terms of their curvature and torsion. A curve of constant slope or general helix is
defined by the property that the tangent makes a constant angle with a fixed straight line (the axis of the helix). A
classical result stated by M. A. Lancret in 1802 and first proved by B. de Saint Venant in 1845 (see [13]. for details) is: A
necessary and sufficient condition that a curve be a helix is that the ratio of curvature to torsion be constant. Helices are
examined in [2], [10].

It is well-known that, if a curve is differentiable in an open interval, at each point, a set of mutually orthogonal unit
vectors can be constructed. And these vectors are called Frenet frame or moving frame vectors. The rates of these frame
vectors along the curve define curvatures of the curves. The set, whose elements are frame vectors and curvatures of a
curve «, is called Frenet-Serret apparatus of the curves. Let Frenet vector fields be T, N, B of the curve o and let the first
and second curvatures of the curve o be k and T, respectively. The quantities {T,N,B,D,k,t} are collectively
Frenet-Serret apparatus of the curves. Also the Darboux vector provides a concise way of interpreting curvature kK and
torsion T geometrically; curvature is the measure of the rotation of the Frenet frame about the binormal unit vector, and

torsion is the measure of the rotation of the Frenet frame about the tangent unit vector. For any unit speed curve «,in
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terms of the Frenet-Serret apparatus, the Darboux vector D can be expressed as D(s) = 7(s)T (s) 4+ k(s)B (s) .Let a vector
field be D(s) = £(s)T (s) + B(s) along o(s) under the condition that k(s) # 0 and it is called the modified Darboux
vector field of o (see [6]).Let & be a helix that lies on the cylinder. A helix which lies on the cylinder is called cylindrical
helix or general helix. Assume that {T,N,B,D,k, t} be the Frenet apparatus along the curve . It has been known that
the curve « is a cylindrical helix if and only if (%) is constant, then (%)/ = 0 where x and 7 are the curvatures of . If
the curve is a general helix, the ratio of the first curvature of the curve to the torsion of the curve must be constant. We
call a curve a circular helix if both 7 # 0 and x are constant. Then, the Frenet frame satisfies the following Frenet—Serret

equations
VT =kN,
V¢N =—«T + 1B,
VrB=—7N.

With respect to the orthonormal basis {E|, E», E3 }, we can write

T =TE|+1TE, +TZE3,
N =NE| +N,E» + N> E3,
B =T xN = B\E|+ByE>+ B3Ej3.

Parametric equations of general helices in the sol space Sol3 are examined in [14]. From the Riemannian Structure of Nil

space 3, parametric equations of general helices in in Nil Space are examined in the following theorem.

Theorem 1. Let o : I — Nil3 be a unit speed non-geodesic general helix.Then, the equation of a unit speed non-geodesic
general helix o, with respect to the orthonormal basis {E;,E,,Ez}

o(s) = <s1nﬁ sinD+C3> Ei+ (—smﬁ cosD+C4) E,
C1 Cl
. 2 . . 2
C
+ (S?C%ﬁ sin2D — %lnﬁsinD—&— (Slznclﬁ +cos[3> 5 —C3Cy +C5> Es,

where we take D = C1s+ C; and C,C; € IR.

Proof. Assume that o : I — Nil3 be a unit speed non-geodesic general helix. So,without loss of generality, we take its axis
as parallel to the vectore E3. Then, g, (T,E3) = T3 = cos B, where 3 is constant angle. On the other hand the tangent
vector T is an unit vector, so the following condition is satisfied le + T22 =1 —cos? f3.Since cos? B +sin’ B = 1,we have

the general solution of le + T22 = sin? 8 can be written in the following form
Ty =sinfBcosD, T, = sinfBsinD, T3 = cos 3

Also, without loss of generality, where we take D = C1s+ C,, C1,C, € IR. So, substituting the components 77, 7> and T3
in the equation, we have the following equation

T = sin B cos DE| + sin  sin DE; + cos BE3. €))
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Using £ = %, E, = a% +xa%, and E3 = a% in (1), we obtain

T =sinfcos (Cis+C2) 9 +sin B sin (Cys+C) [ J

+ J + B
Ix Iy xa cos

‘2
. . . sin . . .
= (smﬁ cosD, sinfsinD, c B sin? D+ Cysin B sinD + cosﬁ) .
1
From the definition of tangent vector field 7" of the curve o, we get the following equations;

£ =sinfcos(Cis+C2)
ds
dz

ds

=sinf sin (Cys +C3)
=x(s) sin B sin (Cys + C3) + cos B

Integrating both sides, we have

= x(s) =

Slgﬁ sin(Cis+C) +C3

1
inp cos(C1s+Cp)+Cy

1
.2 . )
sin“f8 . Cssin 8 (sm B > >
= z(s) = — sin2D — ———cosD + cosf |s | +C
) ( e G 2c, <P :

= y(s) =

where C3, Cy4, Cs are constant of integration. By substituting all them

os)= <Smﬁ 51n(C1s—|—C2)+C3> J
ox

2 sin? 8

( 12 s1 2D—|—( 20,

Using of equalities E| = %, E, = (% —HcaiZ7 and Es3 = a% proves our assertion.

0
cos (Cis+C) +C4) 2

sin 3 d
- — DCy+ .
>s 1 cosDC; C5) 7z

2.1 Frenet apparatus of general helices in Nil space Nil;

First, to calculate the normal vector field of the general helix we need to know the curvature ( first curvature ) of the
general helix in Nil Space Nil3. It can be given by the following theorem.

Theorem 2. The curvature ( first curvature) of the general helix in Nil Space Nil3 is
Kk =sinf (cosp—-Ci1); (cosp—Cp)>0. )
Proof. Assume that o : I — Nil3 be a unit speed non-geodesic general helix with tangent vector field

T = sin f cos DE| + sin 8 sin DE; + cos BE3.
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The Levi-Civita connection and Lie brackets can be easily computed as:

V1T = (T] + T2T3) E\+ (T2 —T T3) E> + (T3) Es
=(cosf —Cy) (sinfBsinDE; —sin  cos DE;).

By the use of Frenet formula V1T = kN and from the equation, g, (KN,kN) = Kzg,,,-l3 (N,N) itis achieved the curvature
Kk =sinf (cosf —Cy); (cosp—Cy) >0.

Theorem 3. Let o : I — Nilz be a unit speed non-geodesic general helix. Then, the tangent vector field of the general
helix in terms of E\,E,E3 is T = sin B cos DE| + sin 8 sin DE; + cos BE3.

Theorem 4. Let o : I — Nil3 be a unit speed non-geodesic general helix. Then, the normal vector field of the general helix
is N =sinDE| — cos DE,. Where we take D = Cy s+ C, and C,C, € IR.

Proof. By the use of Frenet formulae V1T = kN and from the above equation, it is achieved the normal vector field
N = (sinD,—cosD,0).

Theorem 5. The torsion ( second curvature) of the general helix in Nil Space Nils is

1
’L':,/C%—Clcosﬁ—}—z 3)

Proof. With the Levi-Civita connection and Lie brackets can be easily computed as:

. 1 1 . —1 -1 . 1 -1
VrN= <N1 + §N2T3 + 2N3T2) E; + <N2+ 7N1T3 + 2N3T1> E> + <N3 + §N2T1 + 2N1T2> E;

cosf3
2

1
VN = <C1 — > cosDE; + (C1 — C028ﬁ> sinDE» — 3 sin BE;.
Also for N=sinDE| — cos DE, we know that

Ni =sinD; Ny =CjcosD N, = —cosD; N, =CysinD, N3 =0, N3 =0.

Now it is easy to say that for V7N = 1 ((2C; —cos B) cos DE; + (2C; — cos 8) sin DE; — sin BE3). It is well known that

7= gnu, (VIN,B), hence 7= /C? —Cicos B+ § or T = %\/(ZCl —cos B)* +sin’ B.

Theorem 6. Let ¢ : [ — Nil3 be a unit speed non-geodesic general helix. Then, the binormal vector field of the general

helix is
{ (Ci —%cosﬁ —i—sinzﬁcosﬁ—sinzﬁCl)cosDEl
B= - +(C1 - %cosﬁ +sin® Bcos B — sinzﬁcl) sinDE, “
+ (cos? B —cos fC — %) sin BE3

where we take D = C1s+C, and T = %\/(ZCl —Cosﬁ)2 +sin’ B, for C1,C; € IR.

Proof. By using the Frenet-Serret equation VTN = —kT + 7B, we have

1
B=_ (ViN+«T)

1 ((Cl — %cosﬁ) cosD, (C1 — %cosﬁ) sinD, %lsinﬁ)
+x (sin B cos D, sin B sinD,cos f3) '

T

This proves our assertion. Thus, the proof of theorem is completed.

(© 2016 BISKA Bilisim Technology
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3 Darboux ruled surface of the general helix in Nil space Nil;

3.1 Ruled surface and Frenet ruled surfaces

A ruled surface can always be described (at least locally) as the set of points swept by a moving straight line. A ruled
surface is one which can be generated by the motion of a straight line in Euclidean 3 — space. Choosing a directrix on the
surface, i.e. a smooth unit speed curve o (s) orthogonal to the straight lines, and then choosing v(s) to be unit vectors along
the curve in the direction of the lines, the velocity vector o and v satisfy <(xl, v> = 0. To illustrate the current situation,
we bring here the famous example of L. K. Graves , so called the B — scroll. The special ruled surfaces B — scroll over
null curves with null rulings in 3-dimensional Lorentzian space form has been introduced by L. K. Graves in [5]. In the
paper [6] the following special two ruled surfaces associated to a space curve ¢ with k; # 0 which are respectively related

to cylindrical helices and Bertrand curves has been considered.
Definition 2. The ruled surface @ (s,u) = o (s) +uN(s) is called the normal surface of .

Definition 3. The ruled surface @ (s,u) = o (s) + uB(s) is called the binormal ruled surface of . The ruled surface
@ (s,u) = a(s) +uD(s)is the parametrization of the ruled surface which is called rectifying developable surface of the

curve & in [6]. Here, it is referred to as D — scroll cause of generator (directrix) vector is modified Darboux vector field.

The parametrization of the ruled surface which is called involutive B — scroll (binormal scroll) of the curve o [7].
Before, we find out the explicit parametric equation of helix with curvatures in the Nil3 (see [8]). Also ruled surface with
Bishop Frame is studied in [9]. Frenet ruled surface is one which can be generated by the motion of a Frenet vector of
any curve in Euclidean 3 — space. Tangent, Normal, Binormal,Darboux ruled surfaces of any curve are collectively
named Frenet ruled surfaces. In the paper [6], the following special ruled surfaces associated to a space curve o with

k1 # 0 which are respectively related to cylindrical helix and Bertrant curves has been considered.
We have already examined the parametric equation of normal and binormal ruled surface of general helix by the
following way in Nil3.

Theorem 7. Let o : I — Nily be a unit speed non-geodesic general helix and N be its normal vector field. Then, the
parametric equation of normal ruled surface, in terms of E1,E», E3, is given by

—sinf
C

1

o (s,u) = (Slcnlﬁ sinD+usinD+C3> E + (

. 2 . . 2
C
+ (SZ‘ B Gnap— 4?“[3 sin D+ (Sm P +cos/3>s—c3c4+05> E

cosD — ucosD+C4> E,

C? 1 2C,

where we take D = Cy1s + C, where C,C, € IR.

Theorem 8. Let & : I — Nils be a unit speed non-geodesic general helix and B its binormal. Then, the parametric equation

of binormal ruled surface, in terms of E\, E»,E3 is given by

i 1
o(s,u) = Ks?ﬁ sinD+C3> —|—% (C1 — Ecosﬁ +sin® B cos B —sinzﬁC1> cosD] E;
1

g 1
—I—[( sgnﬁ cosD+C4>+ (Cl—zcosﬁ—i—sinzﬁcosﬂ—sinzBCl)sinD}Ez

u
1 T

2 . )
. (Sf sin2D— SBsinD + (52 4 cosB ) s — C3Cy + s )
1

3.
+4 (cos? B —cos BCy — 1) sin B
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4 Darboux ruled surface along general helix in Nil space Nil;

In this section Darboux ruled surfaces of a general helix is examined. The ruled surface

¢ (s,u) = &t (s) + ub(s)

is the parametrization of the ruled surface which is called rectifying developable surface of the curve o in [6]. It is referred

to as D — scroll cause of generator vector is modified Darboux vector field Din[12].

Theorem 9. Let o : I — Nil3 be a unit speed non-geodesic general helix and B its binormal. Then, the parametric equation
of Darboux ruled surface, in terms of E|,E», E3 is given by

a*bCy—b+3+C -1

asinD+u E=rer

cosD+Cs

a*bCi—b+2+C) -1

o (s,u) = —acosD +u=—— =~

sinD +Cy

a*bCy—1+%) cot B—aCy
VI=4Cib

”zsﬂf“w—aalsinD—i— (%—I—b-l-Cl)S‘Hi(

Proof. Since ¢ (s,u) = o (s) +uD(s) we have the parametrization ¢ (s,u) = & (s) +u (%) T+ ulVyN. Substituing
% =a;and —C3C4+Cs = e in T = sin S cos DE| +sin 3 sin DE; + cos B E3,

1

VN = 3 ((2Cy —cos ) cosDE; + (2Cy — cos ) sin DE, — sin BE3)

and o (s), we have T = aC) cos DE| + aC| sinDE; + cos BE3,
1 1 . 1 .
VN = > (Cy —b)cosD, > (Cy —b)sinD, ~3 sinf,
and

o (s) =(asinD+C3)E| + (—acosD+Cy) E>

<a2 sin2D

) —aC4sinD+(;+cos[3)s+e>E3.

Also we can find curvatures as

/ 11
T= C%—Clcos/3+Z = 5\/1—4bC1

kK =sinf (cos B — Cy) = abC.

Also
242 2ab’sinB —2b+ g

KT ab\/1—4Cib
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Hence
inD+C
- ((asm D++é)) 2abzsinﬁ—2b+ﬁ aCjcosD
o (s,u) = —acos 4 +u aCysinD
. b\/1—4C\b
(azsyfnw_aatsinD—&—(%—i—cosﬁ)s—ke) “ : cosfB
| 1(C1—b)cosD
+ur——— 1 (C) —b)sinD
1 VT—4C, 2(11 b)
—-sinf
asinD + C;3
o (s,u) = —acosD+Cy
M+w—aC4sinD+(%+cosﬁ)s+e
CycosD Cy—b)cosD
o ab’sinf —b+2 acl inD | + ((C] b)) inD
[—4Cib Crab atisim 1o
cos 8 —sinf
asinD +C;
o (s,u) = —acosD+Cy

“zﬁfnw—aC‘lsinD—&- (4+cosB)s+e

(a*b*Cy —b+2) cosD+b(Cy —b)cosD
u

+———| | (a®$*Ci—b+2)sinD+b(C, —b)sinD
b\/T—4Cib
: (a2b2Cy —b+2) cot p —abCy
asinD+C;
= —acosD+Cy

52D _ 4 CysinD+ (4 +cosf) s+e

[(a*h*C1 —b+2) +b(Cy —b)| cosD
[(a®b*Cy —b+2) +b(Cy —b)] sinD

u
_l’_i
by/T—4Cib
: (a2b2Cy — b +2) ot —abC,

212 2
. a*b?Cy—b*+2+bCy —b
a51nD+u[ ,17\/174C1h 1 ]cosD—i-Cg

[a2b2Cy —b2+2+bCy —b)

= —acosD+u bUT=AC, sinD +Cy
a%sin2D . a u(a2b2C1 7b+2) cot B—abCy
szl qCysinD+ (§ +cosf) s+ N

2
Corollary 1. Darboux ruled surface, cant be defined.under the condition cosf = 1:3?1

(© 2016 BISKA Bilisim Technology
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Proof. It is trivial since

V/1—4Cb =0,

4C (cosf —Cy) =1.
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