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Abstract: In this paper, we study dual curves of constant breadth ihldu@ntzian Spacé))f. We obtain the differential equations

characterizing dual curves of constant breadt]Dimnd we introduce some special cases for these dual curvglseFuaore, we obtain
that the total torsion of a closed dual spacelike curve oftamt breadth is zero while the total torsion of a simpleediodual timelike
curve is equal to 2, (n € Z).
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1 Introduction

The properties of plane convex curves have been studied Iy m@ometers so far. Two brief reviews of the most
important publications on this subject have been publighe8truik [19). Also, a number of properties of plane curves
of constant breadth are included in the works of EurBall [2], Barbier [3], Blaschke #] and Mellish [L5].

A space curve of constant breadth was defined by FujiraHe considered a closed curve whose normal plane at a
point P has only one more poir@ in common with the curve, and for whiak{P, Q) is constant. For such curv®) is

also normal aQ. Furthermore, spherical curve of constant breadth was etktiy Blaschkeq]. Kose presented some
concept for space curves of constant breadth in Euclideapa8e 12 13]. Furthermore, differential equations
characterizing space curves of constant breadth werengotéy Sezer]8]. Similar characterization of space curves of
constant breadth in Euclidean 4-space were given by MagddrKose 14]. Also, the curves of constant breadth have
been studied in Minkowski 3-space spacelike and timelikeweesi of constant breadth are normal curves, helices and
spherical curves in some special cese.16][Kocayigit andOnder showed that in Minkowski 3-space spacelike and
timelike curves of constant breadth in are normal curvelicdeand spherical curves in some special ceses. Moreover,
Onder, Kocayigit and Candan studied differential equeticharacterizing timelike and spacelike curves of comstan
breadth in Minkowski 3-spacEi” and gave a criterion for a timelike or spacelike curve of tah® curve of constant
breadth inEf [17). Spacelike curves of constant breadth in Minkowski 4-spa@re given by KazazOnder and
Kocayigit [11]. Furthermore, Yilmaz have studied dual timelike curvesarfstant breadth in dual Lorentzian spa28| |

and in 4] Yilmaz et. al have given some characterizations of closeal dpacelike curves of constant breadth in dual
Lorentzian spac®3.
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In this paper we study dual curves of constant breadth in do@ntzian spac@?. We obtain a third order differential
equation which characterizes dual curves of constant mmamﬁ and give some special cases.

2 Dual curves and dual Lorentzian space

The Minkowski 3-spacEi°’ is the real vector spad®® provided with the standart flat metric given by
g=—dx 4 dx3 +dx3

where(x1, X2, X3) is a rectangular coordinate systenﬁft An arbitrary vectorv = (v1,V2,v3)in Ef can have one of three
Lorentzian casual characters; it can be spaceligﬂ?,V) > 0orV =0, timelike ifg(7,7) < 0 and null (lightlike)
if 9(7, 7) =0andV = 0. Similarly, an arbitrary curvel = 7(3) can locally be spacelike, timelike or null (lightlike),
if all of its velocity vectorsﬁ’(s) are respectively spacelike, timelike or null (lightlike)g,22]. We say that a timelike
vector is future pointing or past pointing if the first compaolwf the vector is positive or negative, respectively. For a
vectorsX = (X1,%2,X3) andy = (Y1,Y2,¥3) in Ef, in the meaning Lorentz vector product®& andy is defined by

€ —€ —€3
KXY =|x1 X X3 |=(Xay3—Xay2, X1y3 — Xay1, XoY1 — X1y2)
Y1 Y2 Y3

where

1,i=j,
dj{o i%} & = (31,02,03) and e; X & = —€3, € X €3 = €1, €3 X €1 = —€p.

The Lorentzian sphere and hyperbolic sphere of radarsd center O inEf are given by

S ={X = (x1,%,%3) € E3: g(X,X) =r?}

and

HE = {X = (x1,%,x3) € B : g(X, X) = —r?}

respectively [20].

LetD=R xR ={a=(aa"):aa" € R} be the set of the pairfg,a*). Fora= (a,a*), b= (b,b*) € D the following
operations are defined dh

Equality:a= bea= b, a* = b*, addition:a+ b= (a+b,a*+b*)and multiplicationalg: (ab,ab* +a*b).
The element = (0,1) € D satisfies the relationships#0, €2=0, el=1c=¢.

Let consider the elemeate D of the forma = (a,0). Then the mapping : D — R, f(a,0) = ais a isomorphism. So,
we can writea = (a,0). By the multiplication rule we have that

a= (ava*) = (a,O) + (0, a*) = (a,O) + (0, 1)(3'*50) =a+t+eéea’.
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Thena = a+ €a* is called dual number andis called dual unit. Thus the set of dual numbers is given by
D={a=a+¢a":aa €R,e>=0}.

The setD forms a commutative group under additidgh{]. The associative laws hold for multiplication. Dual numbe
are distributive and form a ring over the real number fieldaCfunction of dual number presents a mapping of a dual
numbers space on itself. The general expression for dubjtan@ifferentiable) function as follows

f(X) = f(x+ex") = f(x) + ex" f'(x),
wheref’(x) is derivative off (x) andx, x* € R.
LetD® =D x D x D be the set of all triples of dual numbers, i.e.,
D3 = {&=(ay,a,a3): & €D,i =1,2,3}.

Then the seb? is called dual space. The element@dfare called dual vectors. Similar to the dual numbers, a degtbv
& may be expressed in the form="a + eal — (&, 5*?), where@ anda’ are the vectors ok3. Then for any vectors
a=d+ 8? andb = B> + eEz of D3, the scalar product and the vector product are defined by

<&b>=<d, D> te(< 375; >+ < EE,B) >),

and
ax E):?xB)Jre(?xEZJr;xB)),

respectively, wherec ?,B) > and @ x B> are the inner product and the vector product of the vecﬁ)ramd? in RS,
respectively. The norm of a dual vec®is given by

. <d.a >

A dual vectorawith norm 1+ €0 is called dual unit vector. The set of dual unit vectors &giby
& ={a=(ag,az,a3) € D?: <&,a>=1+¢£0},
and called dual unit sphere (For detafisq, 21]).
The Lorentzian inner product of two dual vectars: & + 8?, b=1b + eEz € D3 is defined by
<&b>=<d, D> te(< 375; >+ < EE,B) >),

where< ?,B) > is the Lorentzian inner product of the vecttﬁsandﬁ> in the Minkowski 3—spacé&§. Then a dual
vectord'= & + 852 is said to be timelike ifa is timelike, spacelike ifa is spacelike ora = 0 and lightlike (null) if

A #0[20.
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The set of all dual Lorentzian vectors is called dual Loremtspace and it is denoted By,
D3— (4= T +eat &, a €RY).
The Lorentzian cross product of dual vectarb & ID)? is defined by
axb= ?x6>+£(g*} ><_b>+? X Ez),
where@ x b is the Lorentzian cross pruductR.

Letd=d + 852 € ]D)f. Thendis said to be dual unit timelike (resp. spacelike) vectohé vectorsa andg’Z satisfy the
following equations:
<d,d>=-1(resp.< A, A >=1), < ?,? >=0.

The set of all unit dual timelike vectors is called the dugbénbolic unit sphere, and is denotedl-ﬂgl,
HE = {a= (aap,a3) € D} :< &8 >= —1+£0}.
Similarly, the set of all unit dual spacelike vectors is edlthe dual Lorentzian unit sphere, and is denotegﬁby
F={a= (a,@,a3) € D} :< &8>=1+€0}.
(For details seeZ0)).

Letg:l CR — Df be a dual curve with are lenght paramegefhen the unit tangent vector is definéd: (é—‘g =fand
the principal normal i1 = f(—wherel? is never pure-dual and™denotes the derivative with respectsoThe function
K(S) =| f||= k(s)+ ek*(s) is called dual curvature of dual curge Then the binormal vector a is given by the dual

vectorb = +f x fi. Hence, the triplgf, fi,b} is called dual Frenet frame gfand Frenet formulas are given by

f 0 Kk o] [f
fil = |-&&Kk 0 T (1)
b 0 —&&TO0| |b

where<fi>=¢&, <fAfi>=&, <bb>=& and<fi>=<fb>=<A,b>=0.

HereT(S) = 1(s) 4+ £T*(s) is dual torsion of dual curvg and we suppose, as the curvataiie never pure-duall].

3 Dual curves of constant breadth inD3

In this section, we consider dual curves of constant breiadinal Lorentzian spacgs.

Definition 1. Let C be a dual curve in ]D)f with dual position vector ¢ = (;J(é). If C has parallel tangents in opposite
directions at corresponding points and if the distance between these points is always constant then C is called a dual
curve of constant breadth in ]D)f. Moreover, a pair of dual curves C and C, for which the tangents at the corresponding
points qb(é) and Z (s7) areparallel and in opposite directions and the distance between these pointsis always constant is
called a dual curve pair of constant breadth in D3 where 4 (s7) isdual position vector of dual curve C; in D3.

(© 2016 BISKA Bilisim Technology
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Let nowC andC, be a pair of unit speed dual curves of cl@Sswith nonzero dual curvature and dual torsioriD]'% and
let those dual curves have parallel tangents in opposkietiins at corresponding points. Then we may write the jposit
vector of dual curv€; as follows

{ =@+ VE+0f+Ab 2
wherey, 5 andA are arbitrary functions of. By differentiating @) with respect teswe get
{ dg dy d6_ dA
=1+ —=— o)t —— A 5+ —=)b. 3
s, ds =(1+ s E1EKO) +(KV+ &2&3TA )i+ (T + 05 =) 3)
Since we havé, = —t from (3) it follows
dy _ ds; 5
5= _1_d_s_+El_EZK6
R = —Ky+ &&TA 4)
dA =
HS- == —T6
If we call ¢ as the dual angle between the tangent of dual cGraethe pointp and a given fixed direction and consider
‘é—‘g =K= % an dggz =K; = then the systemd{ can be given as follows

= -&&5— ()
% = —V—i—_fzfsTPA ()
fy =90

wheref (@) = p + p;. Using the system of ordinary differential equatiob} (ve have the following dual third order
differential equation with respect o

e {as rae (o i) ) ome ()~ (1) -0 ©

Then we can give the following corollary.

Corollary 1. The dual differential equation givenin (6) is a characterization for dual curve C; and the position vector of
this dual curve can be determined by the solution of this equation.

Let now investigate the solution of equatid) {n a special case. Assume thas), 7(s) be constants i.ek, k*, T andt*
be constant. It means that dual cufvés a dual helix. In the case equatid) fas the form

1 d3y 2 dy .
58 059 (7 Ele)d—a”O'

Then we have the following corollary.

Corollary 2. The dual differential equation characterizing dual helix curves of constant breadth in Df isgiven asfollows.

(© 2016 BISKA Bilisim Technology
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1 d3y o y7 _

Now, there are three cases for solution of equati®)n (

Case 1. LetC be a dual timelike helix. Then we hafe = —1, &, = &3 = 1. In this case equatiobecomes

By (12 dy
—y+<ﬁ+1>—Z+f (8)

K2
6_\/’%+1{Bcos ] %Jrl)Asin ¢/ 5+1 ]+%f (9)

whereA andB are constants. Then we have the following theorem.

Theorem 1.Dual time like helices C and C; form a dual curve pair of constant breadth in ]D)f if and only if there exists
the following relationship between the dual position vectors of the curves

. - B v N
Z:¢+{Acos(¢ %+1)+Bsm(¢ %+1)_KK+<¢;_2]¢]I
+{\/%+1{Bcos<5 %H)As‘n(q? %+1>:|+%f:|ﬁ

K
— — . —_— gs_ T e
+{%[Acos<¢ %+1>+Bsm<¢ ,%Jrlﬂ%(i‘z(ngﬂifzg—f)}b

Case 2. Let nowC be a dual spacelike helix with a dual timelike principal nat Then we havé; =3 =1,&, = —1.

In this caseT) gives us

#y /2 \dy
i () a0 4o

+ (11)

(© 2016 BISKA Bilisim Technology
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whereK andL are constants.

From (1) we have the following theorem,

Theorem 2.Let C has dual timelike principal normal fi. Then dual spacelike helices C and C; forma dual curve pair of
constant breadth in D? if and only if there exists the following relationship between the dual position vectors of the curves

L~ | T? . [ T? K%§
Kcosh | ¢ Kﬁ‘i’l +Lsnh{ ¢ ﬁ+1 7E2+f2f

{=0+

T2 ~ | T? _ _ /T2 2 ~
+ ﬁ+1 Lcosh ¢ ﬁ+1 +Ksmh ¢ ﬁ+1 +I?2—|—'l_'2f n
K _ [ (7 2F 2 df].

Case 3. Let nowC be a dual spacelike helix with a dual timelike binorrBaTI'henEl =& =1,&=—-1andfrom7) it
follows

ey

d¢3

The solution of 12) depends on the sign e;)'; — 1. Then we have the following subcases.

dy .
1>d—¢7f0. (12)

NN

() k=T1andk* = T*.Thus%g7 = f. By this way we have the components

V:%f, 6_<1+§)f, X;:Ka;)HS—H. (13)

(i) £ =% andt > k.In this case from12) we obtain

VKcosh(qT %1)+Lsinh(q? gl)ﬂ_zfzqgf
6_:—\/%7—1[&0511(5 %—1)+Ksjnh(a\/;;§7_1) R (1)
N 22 _ . _ - L o

A=K [Kcosh(tﬁ ,%1)+Lsmh<¢\/’%71>}$ 2;?2,{—1—2 3_f)

whereK andL are constants.

iy £ = ’;— andrt < k.Then, by means of solution 0f2), we have the components

5,/%1[8005(5 %1)Asjn<qﬂ/%l }Jr,(—ffzf (15)

Then we give the following theorem.

(© 2016 BISKA Bilisim Technology
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Theorem 3. Let C has dual timelike binormal vector b.Then dual spacelike helices C and C; form a dual curve pair
of constant breadth in Df if and only if the relationship between dual position vectors of the curves determined by the
components obtained (13), (14) and (15).

Let now consider the general case again, i.e.klet*, T and7* be non-constant. Since the distance between opposite
points ofC andC, is constant, we can write

1 —@|=| &y + &5 + &3A |= constant. (16)
Then, we have the following special cases.
Casel. & =-1,& = & = 1. Thus, equationl) becomes
| =2+ 62+ A2 |= congtant. (17)
By differentiating (L7) with respect tap it follows

dy =dd —dA
d¢+6d$+Ad¢ 0. (18)

Solution of the differential equatior1®) was investigated by Yiimaz2[]. In this way, he obtained the followings:

By virtue of (5), the differential equatioril®) yields

/(28) -0 "

From (19) the following cases are obtained.

(i) y=0. Then, the other components are

— - kdf
5=—f, A_—?_d—(ﬁ, (20)

and the relationship between dual position vectors of emdireadth timelike curves is given by

(= fi-

|IX|

df
s (21)

(i) —g — —&. Thatisf = 0. Then followings are obtained,

(8) k = T andk™ = 1*. Thus, the components are

y=

m|m,

®;5:—§4,X:%(§+$40. 22)

(© 2016 BISKA Bilisim Technology
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(b) £ = ‘;- andrt > k. Then the components

y= Acos(q? % - 1> +Bsin <cﬁ\/71>

xkﬂ'-«’\!

5—— %1[8005(5\/’%71)Asm(6 %1)] 23)
)T:%(\/%i—) [ACOS((F\/?-)—FBS.H((F %—1)}

(c) ¥ = ‘;- andrt < k. Consequently the components

o (§3-F) ruom(s
,\/E {Lcosh (5\/7%) +
(VE) fon(s

<
H

S
I

sinh (a 1;)] (24)

> |
Il
~Ix
X“;I—c’\l
|_\
|
X’JIH’\!
~— X
_|_
—
Qa.
>
>
7N
S
H
|
xr\l"ﬂl\!
N——

(See R3)).

Theorem 4.The relationship between dual position vectors of dual timelike curves of constant breadth is determined by
the components obtained in (20)-(24).

Let new consider other case not studied in [23]. Then by cemigig a dual spacelike curve we can give the followings
according to Lorentzian casual character of principal radieind binormal vectors of the curve.

Case 2. LetC be a dual spacelike curve with a timelike principal normdleié; = &3 = 1, &, = —1. Thus, equation
(16) becomes

| 2 — 82+ A2|= condtant. (25)
By differentiating 5) with respect tap we have

_dy ~ds  —dA
By using systemX) we get

y<2d—¢7+ f> (27)

and from @7) we have the following special cases.

@i y=0. Thusé = f and we have the components as follows

_ = = K df
= =f, A=—=— 2
y=0, d=f, Td0 (28)
(ii) 2 + f = 0. Then we get the following components
_1df 1 TR ALY 17T
y= _Ed_q? Kﬁd’ 525, AZ_é;—‘Pf (29)

(© 2016 BISKA Bilisim Technology
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Case 3. Let nowC be a dual spacelike curve with a timelike binormal. Thee- £, = 1, {3 = —1. So equation1(6) gives
us

| 2+ 62— A2 |= congtant. (30)
By differenting B0) with respect tap it follows

_dy  sdd —dA
yﬁ$+§ﬁrma$_o (31)

By using systems) from (31) we have?(Zg—g + f) = 0, which is the same with27). Then we obtained the special cases
given in 28) and @9) again. So that, we can give the following theorem.

Theorem 5. The relationship between dual position vectors of spacelike curves of constant breadth is determined by the
components obtained in (28) and (29).

So far we have deal with a pair of dual curves having paradiegjénts in opposite directions at corresponding points in
D3. Now let us consider a simple closed unit speed dual cGreéclassC? in D? for which the normal plane of every
point P on the curve meets the curve of a single opposite pRinther tharP. Let ¢ anquQ denote the dual position
vectors of the point® andQ, respectively. Then, we may give the following theorem @ning the dual space curves of
constant breadth.

Theorem 6. Let C be a dual curve having parallel tangents in opposite directions at the opposite points of the curve in
D?. If the chord joining the opposite points of C is a double-normal, then C has constant breadth, and conversely, if C is
adual curve of constant breadth in D3 then every normal of C is a double-normal.

Proof. Let dual vectorD = (bQ —p=y+ 5fi+ Ab be a double-normal o& wherey, 5 andA are arbitrary functions
of Swhich is the dual are length parameteifThen we gek D,fp >= — < D,fg >= y = 0 wherefp andiq are dual
tangents at the poinBandQ, respectively. Thus from4j we get
—d6 _ —dA
20 S + &3 i 0
It follows that&, 32+ E3A 2 = congtant, i.e., the breadth dC)isconstant.  Conversely,fifD ||2= & y2+ E202 1 EN2 =
congtant, then as showny = 0. This means thdd is perpendicular té andio. SoD is the double-normal afc).

Let now consider the systerB)( Assume that dual curnv@ is a timelike curve. Then from Theorem 6 we haxve 0. In
this case from%) we obtain

5= MCOSjaﬁ'[TddT—F Nsinjb‘ﬁﬁdrﬁ

- - (32)
A = —Msin ¢ Tpd@ + Ncos f Tpdd
whereM, N are constants. The)gives us
. . o . Y b N\~
{=0+ (Mcos/ Tpd¢+Nsm/ rpd¢) i+ (Msm/ Tpd¢ +Ncos/ Tpd¢> b (33)
0 0 0 0

A simple closed dual timelike curve having parallel tangentopposite directions at opposite points may be repredent
by equation 83). In this case a pair of opposite poinst of the curvegis(¢), @ ($)) for § where 0< ¢ < 271. SinceC is

(© 2016 BISKA Bilisim Technology



CMMA 1, No. 1, 14-25 (2016) htmsci.com/cmma BISKA 24

a simple closed dual timelike curve we g&#(0) = ¢ (2m). Hence from 83) we have

2n

ptd¢ =2nm, (neZ).

Using the equalityls= pd@, this formula may be given a§. tds= 2nm. This says that the total torsion Gfis equal to
2nm, (n € Z). So, we can give the following corollary.

Corollary 3. Thetotal torsion of a simple closed dual timelike curve C of constant breadthis 2nm, (n € Z).

Let now assume thal is a spacelike curve. Then from Theorem 9 we have0 and from ) we obtain

5= Rcoshffr?ddﬁr Ssinhffr?dq?

- - (34)
A=— (Rsinhfg’ 7pd¢ + Scosh [ r?dq?)
whereR, Sare constants. The) gives us
. . o o__ O _ o__ b N\ .
{=¢+ (Rcosh/ Tpd¢+Ssmh/ Tpd¢) A <Rsmh/ 70dp +5cosh/ Tpd¢> b (35)
Jo 0 0 0

A simple closed dual spacelike curve having parallel tatgjgnopposite directions at opposite points may be reptesen
by equation 85). In this case a pair of opposite points of the curve@s(@), @ (¢)) for § where 0< ¢ < 271. SinceC is
a simple closed dual spacelike curve we @gt0) = @y (27). Hence from 85) we have

2m

ptd¢ = 0.
0

Using the equalityds= pd¢, this formula may be given ag. 7ds= 0. This says that the total torsion 6fis equal to
zero. So, we can give the following corollary.

Corollary 4. Thetotal torsion of a simple closed dual spacelike curve C of constant breadth is zero.

4 Conclusion

Characterizations of dual curves of constant breadth in doientzian spac@? are investigated in the paper. Some
special cases such as the curves are helices are considdrbe aelationships between dual position vectors araredda
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