
NTMSCI 4, No. 1, 160-167 (2016) 160

New Trends in Mathematical Sciences
http://dx.doi.org/10.20852/ntmsci.2016115851

A new class of unified integral formulas associated with
whittaker functions
N. U. Khan, T. Usman and M. Ghayasuddin

Department of Applied Mathematics, Aligarh Muslim University, Aligarh, India

Received: 21 August 2015, Revised: 30 October 2015, Accepted: 18 December 2015
Published online: 10 February 2016.

Abstract: In recent years, integral formulas involving a variety of special functions have been developed by a number of authors.
Recently Khan and Ghayasuddin established some interesting unified integrals involving Whittaker function, generalized Bessel
function and generalized Bessel-Maitland functions. In the present paper, we aim at establishing two new generalized integral
formulas involving Whittaker function of first kind Mk,µ (z), which are expressed in terms of Kampé de Fériet functions. Our integrals
are unified in nature and act as key formulas from which we also derived some special cases.
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1 Introduction

Many important functions in applied sciences are defined via improper integrals or series (or infinite products). The
general name of these important functions are called special functions. Bessel function are important special functions
and their closely related ones are widely used in physics and engineering; therefore, they are of interest to physicists and
engineers as well as mathematicians. In recent years, numerous integral formulas involving a variety of special functions
have been developed by many authors (see, [1], [2], [3], [4], [6] and [9]). Recently Khan and Ghayasuddin [8] established
some interesting unified integrals involving the Whittaker function of first kind Mρ,σ (z). Afterwards Khan and
Ghayasuddin [10] defined some another new integral formulas involving generalized Bessel function wν(z), in terms of
Wright hypergeometric function. Motivated by the above mentioned work, we present two another new unified integrals
involving the Whittaker function of first kind Mk,µ(z), which are expressed in terms of the Kampé de Fériet functions.

The Whittaker functions Mk,µ(z) and Wk,µ(z) were introduced by Whittaker [12] (see also Whittaker and Watson [13]) in
terms of confluent hypergeometric function 1F1 (or Kummer’s functions):

Mk,µ(z) = zµ+ 1
2 e−z/2

1F1

(
1
2
+µ − k ;2µ +1 ;z

)
. (1)

and

Wk,µ(z) = zµ+ 1
2 e−z/2 U

(
1
2
+µ − k ;2µ +1 ;z

)
. (2)

However the confluent hypergeometric function disappears when 2µ is an integer, so whittaker functions are often
defined instead. The whittaker functions are related to the parabolic cylinder functions.
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When | arg(z) |< 3π
2 and 2µ is not an integer,

Wk,µ(z) =
Γ (−2µ)

Γ ( 1
2 −µ − k)

Mk,µ(z)+
Γ (2µ)

Γ ( 1
2 +µ − k)

Mk,−µ(z). (3)

When | arg(−z) |< 3π
2 and 2µ is not an integer,

W−k,µ(z) =
Γ (−2µ)

Γ ( 1
2 −µ − k)

M−k,µ(−z)+
Γ (2µ)

Γ ( 1
2 +µ + k)

M−k,−µ(−z). (4)

In 1921, the four Appell functions were unified and generalized by Kampé de Fériet, who defined a general hypergeometric
function of two variables. The notation introduced by Kampé de Fériet for his double hypergeometric function of superior
order was subsequently abbreviated by Burchnall and Chaundy. We recall here the definition of a more general double
hypergeometric function in a slightly modified notation (see [11]):

F p: q; k
l: m; n

[
(ap) : (bq); (ck);
(αl) : (βm); (γn);

x,y

]
=

∞

∑
r,s=0

p
∏
j=1

(a j)r+s
q
∏
j=1

(b j)r
k
∏
j=1

(c j)s

l
∏
j=1

(α j)r+s
m
∏
j=1

(β j)r
n
∏
j=1

(γ j)s

xr

r!
ys

s!
, (5)

where, for convergence,

(i) p+q < l +m+1, p+ k < l +n+1, |x|< ∞, |y|< ∞, or
(ii) p+q = l +m+1, p+ k = l +n+1, and

|x|1/(p−l)+ |y|1/(p−l) < 1, i f p > l,

max{|x|, |y|}< 1, i f p ≤ l.

(6)

For our present investigation, the following interesting and useful result due to Lavoie and Trottier [7] will be required

∫ 1

0
xα−1 (1− x)2β−1

(
1− x

3

)2α−1(
1− x

4

)β−1
dx =

(
2
3

)2α Γ (α) Γ (β )
Γ (α +β )

, (ℜ(α)> 0 and ℜ(β )> 0). (7)

2 Main results

In this section, we establish two generalized integral formulas involving the Whittaker function, which are expressed in
terms of Kampé de Fériet functions.

First Integral: The following integral formula holds true: for ℜ(α)> 0, ℜ(β +µ)>− 1
2 ,

∫ 1

0
xα−1 (1− x)2β−1

(
1− x

3

)2α−1(
1− x

4

)β−1
Mk,µ

[
y(1− x

4
)(1− x)2

]
dx =

(
2
3

)2α
yµ+ 1

2

×
Γ (α)Γ (β +µ + 1

2 )

Γ (α +β +µ + 1
2 )

F1: 1: 0
1: 1; 0

 β +µ + 1
2 : µ − k+ 1

2 ; ;

α +β +µ + 1
2 : 2µ +1 ; ;

y, − y
2

. (8)
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Second Integral: The following integral formula holds true: for ℜ(α +µ)>− 1
2 ,ℜ(β +µ)>− 1

2 ,

∫ 1

0
xα−1 (1− x)2β−1

(
1− x

3

)2α−1(
1− x

4

)β−1
Mk,µ

[
xy(1− x

4
)(1− x)2

]
dx =

(
2
3

)2α
yµ+ 1

2

×
Γ (α +µ + 1

2 )Γ (β +µ + 1
2 )

Γ (α +β +2µ +1)
F2: 1: 0

2: 1; 0

 α +µ + 1
2 ,β +µ + 1

2 : µ − k+ 1
2 ; ;

α+β+2µ+1
2 , α+β+2µ+2

2 : 2µ +1; ;

y
4
, − y

8

 . (9)

Proof. In order to derive our first integral (8), we proceed as follows. Denoting the left-hand side of (8) by I, expressing
Mk,µ as a series with the help of (1), changing the order of integration and summation (which is verified by uniform
convergence of the involved series under the given conditions), we get

I = yµ+ 1
2

∞

∑
r,n=0

(µ −k+ 1
2 )n

(2µ +1)n

(y)n

n!
(− y

2 )
r

r!

×
∫ 1

0
xα−1(1− x)2β+2µ+2r+2n

(
1− x

3

)2α−1(
1− x

4

)β+µ+r+n− 1
2

dx.

Evaluating the above integral with the help of (1.6) and using the result (a)n =
Γ (a+n)

Γ (a) , we get

I =
(

2
3

)2α
yµ+ 1

2
Γ(α)Γ(β +µ + 1

2 )

Γ(α +β +µ + 1
2 )

∞

∑
r,n=0

(β +µ + 1
2 )r+n (µ −k+ 1

2 )n

(α +β +µ + 1
2 )r+n (2µ +1)n

yn

n!
(− y

2 )
r

r!
.

Finally, summing up the above series with the help of the definition (5), we arrive at the right-hand side of (8). This
completes the proof of our first result.

Proof. Similarly, to derive our second integral (9), denoting the left-hand side of (9) by I
′
. On expressing Mk,µ as a series

with the help of (1), changing the order of integration and summation (which is verified by uniform convergence of the
involved series under the given conditions), we get

I
′
= (y)µ+ 1

2

∞

∑
r,n=0

(µ −k+ 1
2 )n

(2µ +1)n

(y)n

n!
(− y

2 )
r

r!

×
∫ 1

0
xα+µ+r+n+ 1

2 (1− x)2β+2µ+2r+2n
(

1− x
3

)2α−1(
1− x

4

)β+µ+r+n− 1
2

dx.

Evaluating the above integral with the help of (7) and using the following results;

(a)n =
Γ (a+n)

Γ (a)
and (λ )2n = 22n

(
λ
2

)
n

(
λ +1

2

)
n
,

where (a)n is called the Pochhammer’s symbol [5] and after a little simplification, we have

I
′
=

(
2
3

)2α
(y)µ+ 1

2
Γ(α +µ + 1

2 )Γ(β +µ + 1
2 )

Γ(α +β +2µ +1)

×
∞

∑
r,n=0

(α +µ + 1
2 )r+n(β +µ + 1

2 )r+n(µ − k+ 1
2 )n

(α+β+2µ+1
2 )r+n(

α+β+2µ+2
2 )r+n (2µ +1)n

(y)n

n!
(− y

2 )
r

r!
.

which, upon using the definition (5), yields (9). This completes the proof of our second result.
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3 Special cases

In this section, we derive certain new integral formulas for the exponential functions, Modified Bessel functions, Sine
hyperbolic functions, Laguerre polynomials and Hermite polynomials. To do this, we recall here the following known
relations:

Mk,−k− 1
2
(z) = e

z
2 z−k. (10)

M0,µ(2z) = 22µ+ 1
2 Γ (1+µ)

√
z Iµ(z), (11)

where Iµ(z) is Modified Bessel function [11].

M0, 1
2
(2z) = 2sinhz. (12)

M p
2 +

1
2+m, p

2
(z) =

m!
(p+1)m

e−
z
2 z

p
2 +

1
2 Lp

m(z), (13)

where Lp
m(z) is the generalized Laguerre polynomial [11].

M 1
4+p,− 1

4
(z2) = (−1)p p!

2p!
e
−z2

2
√

z H2p(z), (14)

M 3
4+p, 1

4
(z2) = (−1)p p!

(2p+1)!
e
−z2

2
√

z
2

H2p+1(z). (15)

where Hp(z) is the generalized Hermite polynomial [11].

(i) On setting µ =−k− 1
2 and using (10) in our first integral (8), we get

∫ 1

0
xα−1 (1− x)2β−2k−1

(
1− x

3

)2α−1(
1− x

4

)β−k−1
exp

[
y(1− x

4 )(1− x)2

2

]
dx

=

(
2
3

)2α Γ (α)Γ (β − k)
Γ (α +β − k)

F1: 0: 0
1: 0; 0

 β − k : ; ;

α +β − k : ; ;
y, − y

2

, (16)

where ℜ(α)> 0 , ℜ(β − k)> 0.
(ii) Further, on setting µ =−k− 1

2 and using (10) in our second integral (9), we get

∫ 1

0
xα−k−1 (1− x)2β−2k−1

(
1− x

3

)2α−1(
1− x

4

)β−k−1
exp

[
xy(1− x

4 )(1− x)2

2

]
dx

=

(
2
3

)2α Γ (α − k)Γ (β − k)
Γ (α +β −2k)

F2: 0: 0
2: 0; 0


α − k , β − k : ; ;

α+β−2k
2 , α+β−2k+1

2 : ; ;

y
4
, − y

8

 , (17)

where ℜ(α − k)> 0 , ℜ(β − k)> 0.

c⃝ 2016 BISKA Bilisim Technology



NTMSCI 4, No. 1, 160-167 (2016) / www.ntmsci.com 164

(iii) On setting k = 0 and using (11) in our first integral (8), we get

∫ 1

0
xα−1 (1− x)2β

(
1− x

3

)2α−1(
1− x

4

)β− 1
2

Iµ

[
y(1− x

4 )(1− x)2

2

]
dx =

(
1
3

)2α
22(α−µ)

×
Γ (α)Γ (β +µ + 1

2 )

Γ (1+µ)Γ (α +β +µ + 1
2 )

F1: 1: 0
1: 1; 0

 β +µ + 1
2 : µ + 1

2 ; ;

α +β +µ + 1
2 : 2µ +1 ; ;

y, − y
2

 , (18)

where ℜ(α)> 0, ℜ(β +µ)>− 1
2 .

(iv) Further, on setting k = 0 and using (11) in our second integral (9), we get

∫ 1

0
xα− 1

2 (1− x)2β
(

1− x
3

)2α−1(
1− x

4

)β− 1
2

Iµ

[
xy(1− x

4 )(1− x)2

2

]
dx =

(
1
3

)2α
22(α−µ) yµ

×
Γ (α +µ + 1

2 )Γ (β +µ + 1
2 )

Γ (1+µ)Γ (α +β +2µ +1)
F2: 1: 0

2: 1; 0

 α +µ + 1
2 , β +µ + 1

2 : µ + 1
2 ; ;

α+β+2µ+1
2 , α+β+2µ+2

2 : 2µ +1 ; ;

y
4
, − y

8

, (19)

where ℜ(α +µ)>− 1
2 ,ℜ(β +µ)>− 1

2 .
(v) On setting k = 0, µ = 1

2 and using (12) in our first integral (8), we get

∫ 1

0
xα−1 (1− x)2β−1

(
1− x

3

)2α−1(
1− x

4

)β−1
sinh

[
y(1− x

4 )(1− x)2

2

]
dx =

(
1
3

)2α

× 22α−1 y
Γ (α) Γ (β +1)
Γ (α +β +1)

F1: 1: 0
1: 1; 0

 β +1 : 1; ;

α +β +1 : 2; ;
y, − y

2

 , (20)

where ℜ(α)> 0, ℜ(β )> 0.
(vi) Further, on setting k = 0, µ = 1

2 and using (12) in our second integral (9), we get

∫ 1

0
xα−1 (1− x)2β−1

(
1− x

3

)2α−1(
1− x

4

)β−1
sinh

[
xy(1− x

4 )(1− x)2

2

]
dx =

(
1
3

)2α
22α−1

× y
Γ (α +1) Γ (β +1)

Γ (α +β +2)
F2: 1: 0

2: 1; 0

 α +1, β +1 : 1; ;

α+β+2
2 , α+β+3

2 : 2; ;

y
4
, − y

8

 , (21)

where ℜ(α)> 0, ℜ(β )> 0.
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(vii) On setting k = p
2 +

1
2 +m (m is non negative integer) µ = p

2 and using (13) in our first integral (8), we get

∫ 1

0
xα−1 (1− x)2β+p

(
1− x

3

)2α−1(
1− x

4

)β+ p
2 −

1
2 exp

[
y(1− x

4 )(1− x)2

2

]

×Lp
m

[
y
(

1− x
4

)
(1− x)2

]
dx =

(
2
3

)2α (p+1)m

m!
Γ (α) Γ (β + p

2 +
1
2 )

Γ (α +β + p
2 +

1
2 )

× F1: 1: 0
1: 1; 0

 β + p
2 +

1
2 : −m ; ;

α +β + p
2 +

1
2 : p+1; ;

y, − y
2

 , (22)

where ℜ(α)> 0, ℜ(β + p
2 )>− 1

2 .

(viii) Further, on setting k = p
2 +

1
2 +m (m is non negative integer) µ = p

2 and using (13) in our second integral (9), we
get

∫ 1

0
xα+ p

2 +
1
2 (1− x)2β+p

(
1− x

3

)2α−1(
1− x

4

)β+ p
2 −

1
2

exp

[
xy(1− x

4 )(1− x)2

2

]

×Lp
m

[
xy

(
1− x

4

)
(1− x)2

]
dx =

(
2
3

)2α (p+1)m

m!
Γ (α + p

2 +
1
2 ) Γ (β + p

2 +
1
2 )

Γ (α +β + p+1)

× F2: 1: 0
2: 1; 0

α + p
2 +

1
2 , β + p

2 +
1
2 : −m ; ;

α+β+p+1
2 , α+β+p+2

2 : p+1; ;

y
4
, − y

8

 , (23)

where ℜ(α + p
2 )>− 1

2 , ℜ(β + p
2 )>− 1

2 .

(ix) Further, on setting k = 1
4 + p and µ =− 1

4 and using (16) in our first integral (8), we get

∫ 1

0
xα−1 (1− x)2β− 1

2

(
1− x

3

)2α−1(
1− x

4

)β− 3
4

exp

[
−y(1− x

4 )(1− x)2

2

]

×H2p

[
y
(

1− x
4

)
(1− x)2

] 1
2

dx =
(

2
3

)2α
(−1)−p 2p!

p!
Γ (α) Γ (β + 1

4 )

Γ (α +β + 1
4 )

× F1: 1: 0
1: 1; 0

 β + 1
4 : −p ; ;

α +β + 1
4 : 1

2 ; ;
y, − y

2

 , (24)

where ℜ(α)> 0, ℜ(β )>− 1
4 .
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(x) Further, on setting k = 1
4 + p and µ =− 1

4 and using (16) in our second integral (9), we get

∫ 1

0
xα− 3

4 (1− x)2β− 1
2

(
1− x

3

)2α−1(
1− x

4

)β− 3
4 exp

[
−xy(1− x

4 )(1− x)2

2

]

×H2p

[
xy

(
1− x

4

)
(1− x)2

] 1
2

dx =
(

2
3

)2α
(−1)−p 2p!

p!
Γ (α + 1

4 ) Γ (β + 1
4 )

Γ (α +β + 1
2 )

× F2: 1: 0
2: 1; 0

 α + 1
4 , β + 1

4 : −p ; ;

α+β+ 1
2

2 ,
α+β+ 3

2
2 : 1

2 ; ;

y
4
, − y

8

 , (25)

where ℜ(α)>− 1
4 , ℜ(β )>− 1

4 .

(xi) Further, on setting k = 3
4 + p and µ = 1

4 and using (17) in our first integral (8), we get

∫ 1

0
xα−1 (1− x)2β− 1

2

(
1− x

3

)2α−1(
1− x

4

)β− 3
4

exp

[
−y(1− x

4 )(1− x)2

2

]

×H2p+1

[
y
(

1− x
4

)
(1− x)2

] 1
2

dx =
(

1
3

)2α
22α+1 (−1)−p (2p+1)!

p!
(y)

1
2

Γ (α) Γ (β + 3
4 )

Γ (α +β + 3
4 )

× F1: 1: 0
1: 1; 0

 β + 3
4 : −p ; ;

α +β + 3
4 : 3

2 ; ;
y, − y

2

, (26)

where ℜ(α)> 0, ℜ(β )>− 3
4 .

(xii) Further, on setting k = 1
4 + p and µ =− 1

4 and using (17) in our second integral (9), we get

∫ 1

0
xα− 3

4 (1− x)2β− 1
2

(
1− x

3

)2α−1(
1− x

4

)β− 3
4 exp

[
−xy(1− x

4 )(1− x)2

2

]

×H2p+1

[
xy

(
1− x

4

)
(1− x)2

] 1
2

dx =
(

1
3

)2α
22α+1(−1)−p y

1
2
(2p+1)!

p!
Γ (α + 3

4 ) Γ (β + 3
4 )

Γ (α +β + 3
2 )

× F2: 1: 0
2: 1; 0

 α + 3
4 , β + 3

4 : −p ; ;

α+β+ 3
2

2 ,
α+β+ 5

2
2 : 3

2 ; ;

y
4
, − y

8

, (27)

where ℜ(α)>− 3
4 , ℜ(β )− 3

4 .

4 Concluding Remark

We investigate two unified integrals involving the Whittaker function of first kind, which are expressed in terms of Kampé
de Fériet functions. Also, we discussed some special cases of our main results. The result obtained here are basic in nature
and are likely to find useful applications in several fields notably electrical networks, probability theory and statistical
mechanics. We are also trying to find certain possible applications of these results to some other research areas.
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