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1 Introduction

Molodtsov [9] defined the notions of soft set theory as a new mathematical tool for dealing with uncertainties in

economics, engineering, social science, medical science,etc. Subsequently, many authors have introduced different

operations and on soft sets and studied a lot of applications. Many authors have developed algebra areas of soft set

theory, after Aktao and Çağman [1] introduced soft groups. In 2011, Shabir and Naz [11] defined soft topological spaces

and introduced basic properties. There have been many studies in the field of soft topology by some authors [?],[2], [3],

[5], [6], [10], [11], [12], [13], [14].

In [4], Császár defined the concept of generalized neighborhood systems and generalized topological spaces. Thomas

and John introduced soft generalized topology, soft generalized neighborhood systems and some properties in [15]. In

2008, Min defined the weak neighborhood systems and introduced some properties. The weak neighborhood systems are

generalized systems of open neighborhood systems but stronger than generalized neighborhood systems.

In this paper, we introduce the weak soft neighborhood systems on a soft set defined by using the concept of weak soft

neighborhoods. Let us note that weak soft neighborhood space is independent of a soft neighborhood space. We prove

that softws
ϕ̃ −opensets induced by the weak soft neighborhood systems form a soft topology. Furthermore, we define

the concepts of some soft continuity and connected soft interior and soft closure operators on weak soft neighborhood

spaces.

2 Preliminaries

In this section we will introduce necessary definitions and theorems for soft sets. Molodtsov [9] defined the soft set in the

following way.
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Let X be an initial universe set andE be a set of parameters. LetP(X) denotes the power set ofX andA,B⊆ E.

Definition 1. [9] A pair (F,A) is called a soft set over X, where F is a mapping given by F: A→ P(X).

In other words, the soft set is a parameterized family of subsets of the set X. For e∈ A, F(e) may be considered as the set

of e−elements of the soft set(F,A), or as the set of e−approximate elements of the soft set, i.e.,

(F,A) = {(e,F(e)) : e∈ A⊆ E, F : A→ P(X)} .

Definition 2. [7] For two soft sets(F,A) and(G,B) over X,(F,A) is called soft subset of(G,B) if

(i) A⊂ B and

(ii) ∀e∈ A, F(e) and G(e) are identical approximations.

This relationship is denoted by(F,A)⊆̃(G,B). Similarly, (F,A) is called a soft superset of(G,B) if (G,B) is a soft subset

of (F,A). This relationship is denoted by(F,A)⊇̃(G,B). Two soft sets(F,A) and (G,B) over X are called soft equal if

(F,A) is a soft subset of(G,B) and(G,B) is a soft subset of(F,A).

Definition 3. [7] The intersection of two soft sets(F,A) and (G,B) over X is the soft set(H,C), where C= A∩B and

∀e∈C, H(e) = F(e)∩G(e). This is denoted by(F,A)
∼
∩ (G,B) = (H,C).

Definition 4. [7] The union of two soft sets(F,A) and(G,B) over X is the soft set, where C= A∪B and∀e∈C,

H(ε) =






F(e), if e∈ A−B,

G(e), if e∈ B−A,

F(e)∪G(e) if e∈ A∩B.

This relationship is denoted by(F,A)
∼
∪ (G,B) = (H,C).

Definition 5. [7] A soft set(F,A) over X is said to be a NULL soft set denoted byΦ if for all e ∈ A, F(e) = /0 (null set).

Definition 6. [7] A soft set(F,A) over X is said to be an absolute soft set denoted by
∼
X if for all e∈ A, F(e) = X.

Definition 7. [11] The difference(H,E) of two soft sets(F,E) and(G,E) over X , denoted by(F,E)\(G,E), is defined

as H(e) = F(e)\G(e) for all e∈ E.

Definition 8. [11] Let Y be a non-empty subset of X , then
∼
Y denotes the soft set(Y,E) over X for which Y(e) = Y, for

all e∈ E.

In particular, (X,E) will be denoted by
∼
X.

Definition 9. [11] The complement of a soft set(F,E), denoted by(F,E)c, is defined(F,E)c = (Fc,E) , where Fc : E →

P(X) is a mapping given by Fc(e) = X\F (e) , ∀e∈ E and Fc is called the soft complement function of F.

Definition 10. [11] Letτ be the collection of soft set over X, thenτ is said to be a soft topology on X if

(i) Φ,
∼
X belongs toτ;

(ii) the union of any number of soft sets inτ belongs toτ;

(iii) the intersection of any two soft sets inτ belongs toτ.

The triplet(X,τ,E) is called a soft topological space over X.
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Definition 11. [11] Let(X,τ,E) be a soft topological space over X. Then members ofτ are said to be soft open sets in X.

Definition 12. [11] Let (X,τ,E) be a soft topological space over X. A soft set(F,E) over X is said to be a soft closed in

X, if its complement(F,E)c belongs toτ.

Proposition 1.[11] Let(X,τ,E) be a soft topological space over X. Then the collectionτe= {F(e) : (F,E) ∈ τ} for each

e∈ E, defines a topology on X.

Definition 13. [11] Let (X,τ,E) be a soft topological space over X and(F,E) be a soft set over X. Then the soft closure

of (F,E), denoted by cl(F,E) is the intersection of all soft closed super sets of(F,E). Clearly cl(F,E) is the smallest soft

closed set over X which contains(F,E).

Definition 14. [?] Let (F,E) be a soft set over X. The soft set(F,E) is called a soft point, denoted by(xe,E) , if for the

element e∈ E, F(e) = {x} and F(ec) =∅ for all ec ∈ E−{e}(briefly denoted by xe) .

Definition 15. [?] Two soft points(xe,E) and (ye′ ,E) over a common universe X, we say that the points are different

points if x6= y or e 6= e′.

Definition 16. [?] The soft point xe is said to be belonging to the soft set(F,E), denoted by xe∈̃(F,E), if xe(e)∈ F (e) ,i.e.,

{x} ⊆ F (e) .

Definition 17. [?] Let (X,τ,E) be a soft topological space over X. A soft set(F,E) in (X,τ,E) is called a soft

neighborhood of the soft point(xe,E) ∈̃(F,E) if there exists a soft open set(G,E) such that(xe,E) ∈̃(G,E)⊂̃(F,E).

Definition 18. [6] Let (X,τ,E) and(Y,τ ′,E) be two soft topological spaces, f: (X,τ,E)→ (Y,τ ′,E) be a mapping. For

each soft neighbourhood(H,E) of ( f (x)e,E) , if there exists a soft neighbourhood(F,E) of (xe,E) such that

f ((F,E))⊂̃(H,E), then f is said to be soft continuous mapping at(xe,E) .

If f is soft continuous mapping for all(xe,E), then f is called soft continuous mapping.

Definition 19. [6] Let (X,τ,E) and(Y,τ ′
,E) be two soft topological spaces, f: X →Y be a mapping. If f is a bijection,

soft continuous and f−1is a soft continuous mapping, then f is said to be soft homeomorphism from X to Y . When a

homeomorphism f exists between X and Y, we say that X is soft homeomorphic to Y .

Definition 20. [3] Let{(ϕs,ψs) : (X,τ,E)→ (Ys,τs,Es)}s∈S be a family of soft mappings and{(Ys,τs,Es)}s∈S is a family

of soft topological spaces. Then, the topologyτ generated from the subbaseδ =
{
(ϕs,ψs)

−1
s∈S(F,E) : (F,E) ∈ τs,s∈ S

}
is

called the soft topology (or initial soft topology) inducedby the family of soft mappings{(ϕs,ψs)}s∈S.

Definition 21. [4] Let X be a nonempty set and g be a collection of subsets of X. Then g is called a generalized topology

on X if and only if

(i) /0 ∈ g,

(ii) Gi ∈ g for i ∈ I 6= /0 implies∪
i∈I

Gi ∈ g.

Definition 22. [4] Let X be a nonempty set andψ : X → P(P(X)) satisfy x∈V for V ∈ ψ(x). Then V∈ ψ(x) is called a

generalized neighborhood of x∈ X andψ is called a generalized neighborhood system on X.

Definition 23. [15] Let µ be the collection of soft set over X. Thenµ is said to be a soft generalized topology on X if

(i) Φ belongs toτ;

(ii) the union of any number of soft sets inµ belongs toµ .

The triplet(X,µ ,E) is called a soft generalized topological space over X.
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Definition 24. [8] Let X be a nonempty set andψ : X → P(P(X)). Thenψ is called a weak neighborhood system on X if

it satisfies the following:

(i) For x∈ X and V∈ ψ(x), x∈V,

(ii) For U,V ∈ ψ(x), V∩U ∈ ψ(x),

(iii) For x∈ X, ψ(x) 6= /0.

Then the pair(X,ψ) is called a weak neighborhood space on X. V∈ ψ(x) is called a weak neighborhood of x∈ X.

3 Weak soft neighborhood systems and its spaces

Definition 25. Let ϕ̃ : SS(X)E → P(SS(X)E) be a mapping. Theñϕ is called a weak soft neighborhood system on(X,E)

if it satisfies the following conditions:

(i) For xe∈̃SS(X)E and(V,E) ∈ ϕ̃(xe), xe∈̃(V,E);

(ii) For (U,E), (V,E) ∈ ϕ̃(xe), (U,E)∩̃(V,E) ∈ ϕ̃(xe);

(iii) For xe∈̃SS(X)E, ϕ̃(xe) 6= Φ.

Then the triple(X, ϕ̃ ,E) is called a weak soft neighborhood space (briefly WSNS) on(X,E). The soft set(V,E) ∈ ϕ̃(xe)

is called a weak soft neighborhood of xe∈̃SS(X)E.

Definition 26.Let(X, ϕ̃ ,E) be a WSNS on(X,E) and(F,E)⊆̃(X,E) be a soft set. The soft interior of(F,E) onϕ̃ (denoted

by ι̃ϕ̃ ((F,E)) is defined as follows:

ι̃ϕ̃ ((F,E)) =
{

xe∈̃(F,E) : (V,E) ∈ ϕ̃(xe) such that(V,E)⊆̃(F,E)
}
.

Theorem 1.Let (X, ϕ̃ ,E) be a WSNS on(X,E). Then the following conditions are satisfied:

(i) For all (F,E)⊆̃(X,E), ι̃ϕ̃ ((F,E)) ⊆̃(F,E),

(ii) For all (F,E), (G,E)⊆̃(X,E), ι̃ϕ̃
(
(F,E)∩̃(G,E)

)
= ι̃ϕ̃ ((F,E)) ∩̃ι̃ϕ̃ ((G,E)),

(iii) ι̃ϕ̃ ((X,E)) = (X,E).

Proof. (1) and (3) are straighforward.

(2) Let xe∈̃ι̃ϕ̃ ((F,E)) ∩̃ι̃ϕ̃ ((G,E)). Then there are two weak soft neighborhood(U,E), (V,E) ∈ ϕ̃(xe) such that

(U,E)⊆̃(F,E) and (V,E)⊆̃(G,E). From the Definition 25.(ii), we have(U,E)∩̃(V,E) ∈ ϕ̃(xe). Therefore,

xe∈̃ι̃ϕ̃
(
(F,E)∩̃(G,E)

)
.

The convere of proof is obvious.

Example 1. Let X =
{

x1, x2, x3
}
, E = {e1, e2} and ϕ̃ : SS(X)E → P(SS(X)E) be a weak soft neighborhood system

defined as follows:

ϕ̃(x1
e1
) =

[{(
e1,

{
x1, x2}) ,

(
e2,

{
x2})}] ,

ϕ̃(x1
e2
) =

[{(
e1,

{
x1}) ,

(
e2,

{
x1, x2})}] ,

ϕ̃(x2
e1
) =

[{(
e1,

{
x2, x3}) ,

(
e2,

{
x1})}] ,

ϕ̃(x2
e2
) =

[{(
e1,

{
x1, x3}) ,

(
e2,

{
x2})}] ,

ϕ̃(x3
e1
) =

[{(
e1,

{
x1, x3}) ,

(
e2,

{
x1, x2})}] ,

ϕ̃(x3
e2
) =

[
X̃
]
.
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Suppose that(F,E) =
{(

e1,
{

x1, x2
})

,
(
e2,

{
x1, x2, x3

})}
⊆̃(X,E). Then ι̃ϕ̃ ((F,E)) =

{(
e1,

{
x1
})

,
(
e2,

{
x1
})}

but ι̃ϕ̃
(
ι̃ϕ̃ ((F,E))

)
= Φ and sõιϕ̃ ((F,E)) 6= ι̃ϕ̃

(
ι̃ϕ̃ ((F,E))

)
.

Definition 27.Let(X, ϕ̃ ,E) be a WSNS on(X,E) and(F,E)⊆̃(X,E) be a soft set. The soft closure of(F,E) on ϕ̃ (denoted

by κ̃ϕ̃ ((F,E)) is defined as follows:

κ̃ϕ̃ ((F,E)) =
{

xe∈̃SS(X)E : (V,E)∩̃(F,E) 6= Φ for all (V,E) ∈ ϕ̃(xe)
}
.

Example 2.According to the Example 1, The soft closureκ̃ϕ̃ ((F,E)) = X̃.

Theorem 2.Let (X, ϕ̃ ,E) be a WSNS on(X,E). Then the following conditions are satisfied:

(i) κ̃ϕ̃ (Φ) = Φ,

(ii) For all (F,E)⊆̃(X,E), (F,E)⊆̃κ̃ϕ̃ ((F,E)) ,

(iii) For all (F,E), (G,E)⊆̃(X,E), κ̃ϕ̃
(
(F,E)∪̃(G,E)

)
= κ̃ϕ̃ ((F,E)) ∪̃κ̃ϕ̃ ((G,E)) ,

(iv) κ̃ϕ̃ ((F,E)) =
(
ι̃ϕ̃ ((F,E)c)

)c
, ι̃ϕ̃ ((F,E)) =

(
κ̃ϕ̃ ((F,E)

c)
)c
.

Proof.From the Definition 27. and the Definition 26. it is obvious.

Definition 28.A mappingJ̃ : SS(X)E → SS(X)E is said to be a soft interior operator on the soft set(X,E) if the following

conditions hold.

(1) For all (F,E)⊆̃(X,E), J̃((F,E)) ⊆̃(F,E),

(2) For all (F,E), (G,E)⊆̃(X,E), J̃
(
(F,E)∩̃(G,E)

)
= J̃((F,E)) ∩̃J̃((G,E)),

(3) J̃((X,E)) = (X,E).

From the Theorem 1. and the definition of soft interior operator, we have the following results.

Theorem 3.

(1) Let (X, ϕ̃ ,E) be a WSNS on(X,E) and J̃ : SS(X)E → SS(X)E be defined as̃J((F,E)) = ι̃ϕ̃ ((F,E)) for each

(F,E)⊆̃(X,E). ThenJ̃ is a soft interior operator.

(2) Let J̃ : SS(X)E → SS(X)E be a soft interior operator andθ̃J̃ : SS(X)E → P(SS(X)E) be defined as

θ̃J̃ (xe) =
{

J̃((F,E)) : xe∈̃J̃((F,E)) for (F,E)⊆̃(X,E)
}

. Thenθ̃J̃ is a weak soft neighborhood system induced by

soft interior operatorJ̃.

Let (X, ϕ̃ ,E) be a WSNS on(X,E) andJ̃ : SS(X)E →SS(X)E be defined as̃J((F,E))= ι̃ϕ̃ ((F,E)) for each(F,E)⊆̃(X,E).

Then the soft interior operator̃J = ι̃ϕ̃ induces a weak soft neighborhood systemθ̃ι̃ϕ̃
. Moreover,̃θι̃ϕ̃

andϕ̃ are not equal as

the following example shows.

Example 3.Let X =
{

x1, x2, x3
}
, E = {e} andϕ̃ : SS(X)E → P(SS(X)E) be a weak soft neighborhood system defined

as follows:

ϕ̃(x1
e) =

[{(
e,

{
x1})} ,

{(
e,

{
x1, x3})}] ,

ϕ̃(x2
e) =

[{(
e,

{
x2})} ,

{(
e,

{
x2, x3})}] ,

ϕ̃(x3
e) =

[
X̃
]
.

Thenθ̃ι̃ϕ̃
is a weak soft neighborhood system induced byι̃ϕ̃ as follows:

θ̃ι̃ϕ̃
(x1

e) =
[{(

e,
{

x1})} ,
{(

e,
{

x1, x2})} , X̃
]
,

θ̃ι̃ϕ̃
(x2

e) =
[{(

e,
{

x2})} ,
{(

e,
{

x1, x2})} , X̃
]
,

θ̃ι̃ϕ̃
(x3

e) =
[

X̃
]
.
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Definition 29. Let (X, ϕ̃ ,E), (Y, ϕ̃ ′
,E

′
) be two WSNS’s and( f ,g) : (X, ϕ̃ ,E)→ (Y, ϕ̃ ′

,E
′
) be a soft mapping. Then( f ,g)

is called soft ws
(

ϕ̃ , ϕ̃ ′
)
− continuous if there is(U,E) ∈ ϕ̃ (xe) such that( f ,g)((U,E))⊆̃

(
V,E

′
)

for xe∈̃SS(X)E and
(
V,E

′
)
∈ ϕ̃ ′ (

f (x)g(e)

)
.

Theorem 4. Let ( f ,g) : (X, ϕ̃ ,E) → (Y, ϕ̃ ′
,E

′
) be a soft mapping on two WSNS’s(X, ϕ̃,E) and (Y, ϕ̃ ′

,E
′
). Then the

following statements are equivalent:

(1) ( f ,g) is soft ws
(

ϕ̃ , ϕ̃ ′
)
− continuous,

(2) For (F,E)⊆̃(X,E), ( f ,g)
(
κ̃ϕ̃ ((F,E))

)
⊆̃κ̃ϕ̃ ′ (( f ,g)((F,E))) ,

(3) For (G,E
′
)⊆̃(Y,E

′
), κ̃ϕ̃

(
( f ,g)−1

(
(G,E

′
)
))

⊆̃( f ,g)−1
(

κ̃ϕ̃ ′

(
(G,E

′
)
))

,

(4) For (G,E
′
)⊆̃(Y,E

′
), ( f ,g)−1

(
ι̃ϕ̃ ′

(
(G,E

′
)
))

⊆̃ι̃ϕ̃

(
( f ,g)−1

(
(G,E

′
)
))

.

Proof. (1)⇒(2) Letxe∈̃κ̃ϕ̃ ((F,E)) . Suppose thatf (x)g(e) /̃∈κ̃ϕ̃ ′ (( f ,g)((F,E))). Then there exists
(
V,E

′
)
∈ ϕ̃ ′ (

f (x)g(e)

)

such that
(
V,E

′
)
∩̃κ̃ϕ̃ ′ (( f ,g)((F,E))) = Φ. From the softws

(
ϕ̃ , ϕ̃ ′

)
− continuity, there exists(U,E) ∈ ϕ̃ (xe) such that

( f ,g)((U,E)) ⊆̃
(
V,E

′
)
, and so

( f ,g)((U,E)) ∩̃κ̃ϕ̃ ′ (( f ,g)((F,E))) = Φ.

Therefore,(U,E) ∩̃(F,E) = Φ; This is a contradiction. That is,f (x)g(e)∈̃κ̃ϕ̃ ′ (( f ,g)((F,E))).

(2)⇒(3) Suppose that(F,E) = ( f ,g)−1
(
(G,E

′
)
)

for (G,E
′
)⊆̃(Y,E

′
). From the hypothesis,

( f ,g)
(
κ̃ϕ̃ ((F,E))

)
⊆̃κ̃ϕ̃ ′ (( f ,g)((F,E))) = κ̃ϕ̃ ′ ( f ,g)

(
( f ,g)−1

(
(G,E

′
)
))

⊆̃κ̃ϕ̃ ′

(
(G,E

′
)
)
.

Thus,κ̃ϕ̃

(
( f ,g)−1

(
(G,E

′
)
))

⊆̃( f ,g)−1
(

κ̃ϕ̃ ′

(
(G,E

′
)
))

.

(3)⇒(4) From the Theorem 2, it is obvious.

(4)⇒(1) Let
(
V,E

′
)

∈ ϕ̃ ′ (
f (x)g(e)

)
for xe∈̃SS(X)E. Then f (x)g(e)∈̃ι̃ϕ̃ ′

(
(V,E

′
)
)

. From the hypothesis,

xe∈̃( f ,g)−1
(

ι̃ϕ̃ ′

(
(V,E

′
)
))

⊆̃ι̃ϕ̃

(
( f ,g)−1

(
(V,E

′
)
))

. By the definition of soft interior, there exists(U,E) ∈ ϕ̃ (xe) such

that(U,E)⊆̃( f ,g)−1
(
(V,E

′
)
)

. Therefore,( f ,g) is softws
(

ϕ̃ , ϕ̃ ′
)
− continuous.

Definition 30. Let (X, ϕ̃ ,E) be a WSNS on(X,E) and(F,E)⊆̃(X,E) be a soft set. Then(F,E) is called a soft wsϕ̃ −open

set if there exists(V,E) ∈ ϕ̃ (xe) such that(V,E)⊆̃(F,E) for each xe∈̃(F,E).

Let WS̃ϕ(X)E denote the collection of all soft wsϕ̃ −open set on a a WSNS(X, ϕ̃ ,E). The complements of soft ws
ϕ̃ −open

sets are called soft wsϕ̃ − closed sets.

Theorem 5.Let (X, ϕ̃ ,E) be a WSNS on(X,E). Then the collection WS̃ϕ(X)E of all soft ws
ϕ̃ −open subsets of(X,E) is

a soft topology on(X,E).

Proof. (1) It is clear thatΦ andX̃ are softws
ϕ̃ −opensets.

(2) Let (F,E) and(G,E) be two softws
ϕ̃ −opensets. Then for eachxe∈̃(F,E)∩̃(G,E) there exists(U,E) , (V,E) ∈ ϕ̃ (xe)

such that(U,E)⊆̃(F,E), (V,E)⊆̃(G,E). Since ϕ̃ (xe) is a weak soft neighborhood, then(U,E) ∩̃(V,E) ∈ ϕ̃ (xe).

Therefore,(F,E)∩̃(G,E) is also softws
ϕ̃ −openset.
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(3) Let (Fi ,E)i∈I ∈WS̃ϕ(X)E. In this case, for eachxe∈̃ ∪̃
i∈I
(Fi ,E), there exists(Fi ,E) such thatxe∈̃(Fi ,E) for i ∈ I , and so

there is(V,E) ∈ ϕ̃ (xe) such that(V,E)⊆̃(Fi ,E)⊆̃ ∪̃
i∈I
(Fi ,E). Thus, ∪̃

i∈I
(Fi ,E) is a softws

ϕ̃ −openset.

Remark.Let us definẽϕ : SS(X)E → P(SS(X)E) in a soft topological space(X, τ̃,E) as

ϕ̃ (xe) =
{
(F,E) ∈ τ̃ : xe∈̃(F,E)

}

for xe∈̃SS(X)E. Thenϕ̃ is a weak soft neighborhood system. Thus,WS̃ϕ(X)E = τ̃ .

Definition 31. Let (X, ϕ̃ ,E) be a WSNS on(X,E) and(F,E)⊆̃(X,E) be a soft set. The soft ws
ϕ̃ -interior of (F,E) (denoted

by ĩϕ̃ ((F,E))) is the soft union of all(G,E) ⊆̃(F,E) such that(G,E) ∈WS̃ϕ(X)E. The soft wsϕ̃ -closure of(F,E) (denoted

by c̃ϕ̃ ((F,E))) is the soft intersection of all soft wsϕ̃ − closed sets containing(F,E).

Theorem 6. Let (X, ϕ̃ ,E) be a WSNS on(X,E) and (F,E)⊆̃(X,E) be a soft set. Then the following conditions are

satisfied.

(1) ĩϕ̃ ((F,E))⊆̃ι̃ϕ̃ ((F,E)) ,

(2) κ̃ϕ̃ ((F,E)) ⊆̃c̃ϕ̃ ((F,E)) ,

(3) (F,E) is soft ws
ϕ̃ −open set iff̃iϕ̃ ((F,E)) = (F,E),

(4) (F,E) is soft ws
ϕ̃ − closed set iff̃cϕ̃ ((F,E)) = (F,E).

Proof. (1) Let xe∈̃ĩϕ̃ ((F,E)). Then there exists a softws
ϕ̃ − openset (G,E) such thatxe∈̃ (G,E)⊆̃(F,E). From the

definition of soft ws
ϕ̃ − open set, there exists(V,E) ∈ ϕ̃ (xe) such that xe∈̃(V,E)⊆̃(G,E)⊆̃(F,E). Therefore,

xe∈̃ι̃ϕ̃ ((F,E)) .

(2) It is similar to (1).

(3) and (4) are straighforward.

Example 4. Let X =
{

x1, x2, x3
}
, E = {e1, e2} and ϕ̃ : SS(X)E → P(SS(X)E) be a weak soft neighborhood system

defined as follows:

ϕ̃(x1
e1
) =

[{(
e1,

{
x1, x2}) ,

(
e2,

{
x2})}] ,

ϕ̃(x1
e2
) =

[{(
e1,

{
x3}) ,

(
e2,

{
x1, x3})}] ,

ϕ̃(x2
e1
) =

[{(
e1,

{
x1, x2}) ,

(
e2,

{
x2, x3})}] ,

ϕ̃(x2
e2
) =

[{(
e1,

{
x1}) ,

(
e2,

{
x2})}] ,

ϕ̃(x3
e1
) =

[{(
e1,

{
x3}) ,

(
e2,

{
x1, x2, x3})}] ,

ϕ̃(x3
e2
) =

[{
(e1, /0) ,

(
e2,

{
x2, x3})}] .

Suppose that

(F,E) =
{(

e1,
{

x1, x2}) ,
(
e2,

{
x1, x2, x3})}⊆̃(X,E).

Then

ι̃ϕ̃ ((F,E)) =
{(

e1,
{

x1, x2}) ,
(
e2,

{
x2, x3})}

and

ĩϕ̃ ((F,E)) =
{(

e1,
{

x2}) , (e2, /0)
}
.

Thus,

ι̃ϕ̃ ((F,E)) 6= ĩϕ̃ ((F,E)) .
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Theorem 7.Let (X, ϕ̃,E) be a WSNS on(X,E) and(F,E)⊆̃(X,E) be a soft set. Theñιϕ̃ ((F,E)) = (F,E) iff (F,E) is soft

ws
ϕ̃ −open set.

Proof.Let ι̃ϕ̃ ((F,E)) = (F,E). There exists(V,E) ∈ ϕ̃ (xe) such thatxe∈̃(V,E)⊆̃(F,E) = ι̃ϕ̃ ((F,E)) , and sõιϕ̃ ((F,E))

is a softws
ϕ̃ −openset.

Conversely, suppose that(F,E) is softws
ϕ̃ −openset. From the Theorem 6.(3), We have

(F,E) = ĩϕ̃ ((F,E))⊆̃ι̃ϕ̃ ((F,E))⊆̃(F,E).

That is,̃ιϕ̃ ((F,E)) = (F,E).

Theorem 8.Let J̃ : SS(X)E → SS(X)E be a soft interior operator. Then there exists a weak soft neighborhood system̃ϕ
induced byJ̃ such that(F,E) is soft ws

ϕ̃ −open set iffJ̃((F,E)) = (F,E).

Proof. Let us definẽϕ : SS(X)E → P(SS(X)E) by ϕ̃ (xe) =
{
(V,E) : J̃((V,E)) = (V,E) andxe∈̃(V,E)

}
for xe∈̃SS(X)E.

Thenϕ̃ is a WSNS. (F,E) is softws
ϕ̃ −openset iff (F,E) = ∪̃

xe∈̃(F,E)
(V,E) where(V,E) ∈ ϕ̃ (xe). SinceJ̃((V,E)) = (V,E)

for (V,E) ∈ ϕ̃ (xe) , then

(F,E) = ∪̃
xe∈̃(F,E)

(V,E) = ∪̃
xe∈̃(F,E)

J̃((V,E))⊆̃J̃

(
∪̃

xe∈̃(F,E)
(V,E)

)
= J̃((F,E)) .

Therefore,(F,E) is a softws
ϕ̃ −openset iff J̃((F,E)) = (F,E).

Definition 32. Let (X, ϕ̃ ,E), (Y, ϕ̃ ′
,E

′
) be two WSNS’s and( f ,g) : (X, ϕ̃ ,E)→ (Y, ϕ̃ ′

,E
′
) be a soft mapping. Then( f ,g)

is called soft ws−continuous if( f ,g)−1 ((G,E)) is soft ws
ϕ̃ −open set in WS̃ϕ(X)E for every soft ws

ϕ̃ ′ −open set(G,E) ∈

WS̃ϕ ′ (Y)E′ .

Theorem 9. Let ( f ,g) : (X, ϕ̃ ,E) → (Y, ϕ̃ ′
,E

′
) be a soft mapping on two WSNS’s(X, ϕ̃,E) and (Y, ϕ̃ ′

,E
′
). Then the

following statements are equivalent:

(1) ( f ,g) is soft ws− continuous;

(2) For each ws
ϕ̃ ′ − closed set(G,E) in (Y,E

′
), ( f ,g)−1 ((G,E)) is soft ws

ϕ̃ − closed set in(X,E),

(3) For all (F,E)⊆̃(X,E), ( f ,g)
(
c̃ϕ̃ ((F,E))

)
⊆̃c̃ϕ̃ ′ (( f ,g)((F,E))) ,

(4) For all (G,E)⊆̃(Y,E), c̃ϕ̃
(
( f ,g)−1 ((G,E))

)
⊆̃( f ,g)−1

(
c̃ϕ̃ ′ ((G,E))

)
,

(5) For all (G,E)⊆̃(Y,E), ( f ,g)−1
(

ĩϕ̃ ′ ((G,E))
)
⊆̃ĩϕ̃

(
( f ,g)−1 ((G,E))

)
.

Proof.Straighforward.

Theorem 10.Let ( f ,g) : (X, ϕ̃ ,E) → (Y, ϕ̃ ′
,E

′
) be a soft mapping on two WSNS’s(X, ϕ̃ ,E) and (Y, ϕ̃ ′

,E
′
). If ( f ,g) is

soft ws
(

ϕ̃ , ϕ̃ ′
)
− continuous, then it is also soft ws− continuous.

Proof. Let (G,E) be a softws
ϕ̃ ′ − openset. From the Theorem 7, it follows̃ιϕ̃ ((G,E)) = (G,E). By Theorem 3.7. and

Theorem 3.10.(5), we have

( f ,g)−1 ((G,E)) = ( f ,g)−1(ι̃ϕ̃ ((G,E))
)
⊆̃ι̃ϕ̃

(
( f ,g)−1 ((G,E))

)
.

Therefore,( f ,g)−1 ((G,E)) is ws
ϕ̃ −openset.

From the following example, the converse of Theorem 10 is nottrue.

c© 2016 BISKA Bilisim Technology



NTMSCI 4, No. 1, 113-124 (2016) /www.ntmsci.com 121

Example 5. Let X =
{

x1, x2, x3, x4
}
, E = {e} and ϕ̃ : SS(X)E → P(SS(X)E) be a weak soft neighborhood system

defined as follows:

ϕ̃(x1
e) =

[{(
e,

{
x1, x3})}] ,

ϕ̃(x2
e) =

[{(
e,

{
x2})}] ,

ϕ̃(x3
e) = ϕ̃(x4

e) =
[
X̃
]
.

Let us define the soft mapping( f ,1E) : (X,WS̃ϕ(X)E,E)→ (X,WS̃ϕ(X)E,E) as follows:

f (x1)1E(e) = x1
e, f (x2)1E(e) = x2

e,

f (x3)1E(e) = x4
e, f (x4)1E(e) = x3

e.

Then ( f ,1E) is soft ws − continuous, but it is not soft ws(ϕ̃ , ϕ̃) − continuous because forx1
e∈̃SS(X)E and

(V,E) =
{(

e,
{

x1, x3
})}

∈ ϕ̃
(

f (x1)1E(e)

)
, there is no(U,E) ∈ ϕ̃

(
x1

e

)
such that( f ,1E)((U,E)) ⊆̃(V,E).

4 New soft interior and closure operators on a WSNS

Definition 33. Let (X, ϕ̃ ,E) be a WSNS on(X,E) and(F,E)⊆̃(X,E) be a soft set. Then,

(1) J̃∗ϕ̃ ((F,E)) =
{

xe∈̃(F,E) : (F,E) ∈ ϕ̃ (xe)
}
,

(2) c̃∗ϕ̃ ((F,E)) =
{

xe∈̃(X,E) : (F,E)c /∈ ϕ̃ (xe)
}
.

Theorem 11.Let(X, ϕ̃ ,E) be a WSNS on(X,E) and(F,E), (G,E)⊆̃(X,E) be two soft sets. Then the following statements

are satisfied.

(1) J̃∗ϕ̃ ((F,E))⊆̃(F,E),

(2) J̃∗ϕ̃ ((F,E)) ∩̃J̃∗ϕ̃ ((G,E)) ⊆̃J̃∗ϕ̃
(
(F,E)∩̃(G,E)

)
,

(3) J̃∗ϕ̃ ((F,E))⊆̃ι̃ϕ̃ ((F,E)) ,

(4) J̃∗ϕ̃ ((F,E)) =
(

c̃∗ϕ̃ ((F,E)
c)
)c

.

Proof.(1) Straighforward.

(2) Let xe∈̃J̃∗ϕ̃ ((F,E)) ∩̃J̃∗ϕ̃ ((G,E)). Then (F,E) and (G,E) ∈ ϕ̃ (xe). From the property of weak soft neighborhood,

(F,E)∩̃(G,E) ∈ ϕ̃ (xe). Therefore,xe∈̃J̃∗ϕ̃
(
(F,E)∩̃(G,E)

)
.

(3) Obvious.

(4) Letxe∈̃J̃∗ϕ̃ ((F,E)) for (F,E)⊆̃(X,E). In this case,(F,E) = ((F,E)c)c ∈ ϕ̃ (xe) and by Definition 33,xe /̃∈c̃∗ϕ̃ ((F,E)
c).

Hence, we havexe∈̃
(

c̃∗ϕ̃ ((F,E)
c)
)c

.

The converse of proof is obvious.
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Example 6. Let X =
{

x1, x2, x3
}
, E = {e1, e2} and ϕ̃ : SS(X)E → P(SS(X)E) be a weak soft neighborhood system

defined as follows.

ϕ̃(x1
e1
) =

[{(
e1,

{
x1, x3}) ,

(
e2,

{
x1, x2})}] ,

ϕ̃(x1
e2
) =

[{(
e1,

{
x3}) ,

(
e2,

{
x1})}] ,

ϕ̃(x2
e1
) =

[{(
e1,

{
x2}) ,

(
e2,

{
x2, x3})}] ,

ϕ̃(x2
e2
) =

[{(
e1,

{
x1}) ,

(
e2,

{
x2})}] ,

ϕ̃(x3
e1
) =

[{(
e1,

{
x2, x3}) ,

(
e2,

{
x1, x2, x3})}] ,

ϕ̃(x3
e2
) =

[{
(e1, /0) ,

(
e2,

{
x3})}] .

Suppose that(F,E) =
{(

e1,
{

x1, x3
})

,
(
e2,

{
x1, x2

})}
⊆̃(X,E). Then we have the following results.

(1) Since J̃∗ϕ̃ ((F,E)) =
{(

e1,
{

x1
})

, (e2, /0)
}

and ι̃ϕ̃ ((F,E)) =
{(

e1,
{

x1
})

,
(
e2,

{
x1, x2

})}
, then

J̃∗ϕ̃ ((F,E)) 6= ι̃ϕ̃ ((F,E)) .

(2) Let (G,E) = (X,E). Then(F,E)⊆̃(G,E) andJ̃∗ϕ̃ ((G,E)) = Φ. Thus,J̃∗ϕ̃ ((F,E))  ̃J̃∗ϕ̃ ((G,E)).

(3) Let (G,E) = (X,E). Since J̃∗ϕ̃
(
(F,E)∩̃(G,E)

)
=

{(
e1,

{
x1
})

, (e2, /0)
}

and J̃∗ϕ̃ ((F,E)) ∩̃J̃∗ϕ̃ ((G,E)) = Φ, then

J̃∗ϕ̃
(
(F,E)∩̃(G,E)

)
 ̃J̃∗ϕ̃ ((F,E)) ∩̃J̃∗ϕ̃ ((G,E)).

Theorem 12.Let(X, ϕ̃ ,E) be a WSNS on(X,E) and(F,E), (G,E)⊆̃(X,E) be two soft sets. Then the following statements

are satisfied.

(1) (F,E)⊆̃c̃∗ϕ̃ ((F,E)) ,

(2) c̃∗ϕ̃
(
(F,E)∪̃(G,E)

)
⊆̃c̃∗ϕ̃ ((F,E)) ∪̃c̃∗ϕ̃ ((G,E)) ,

(3) c̃∗ϕ̃ ((F,E)) =
(

J̃∗ϕ̃ ((F,E)
c)
)c

,

(4) κ̃ϕ̃ ((F,E)) ⊆̃c̃∗ϕ̃ ((F,E)) .

Proof. (1), (3) and (4) are obvious.

(2) Let xe∈̃c̃∗ϕ̃ ((F,E)) ∪̃c̃∗ϕ̃ ((G,E)). Then(F,E)c and (G,E)c ∈ ϕ̃ (xe). From the property of weak soft neighborhood,

(F,E)c∩̃(G,E)c ∈ ϕ̃ (xe). Therefore,xe/̃∈c̃∗ϕ̃
(
(F,E)∪̃(G,E)

)
.

Theorem 13.Let (X, ϕ̃ ,E) be a WSNS on(X,E) and(F,E)⊆̃(X,E) be a soft set. Then the following hold:

(1) If J̃∗ϕ̃ ((F,E)) = (F,E), then(F,E) is soft ws
ϕ̃ −open,

(2) If c̃∗ϕ̃ ((F,E)) = (F,E), then(F,E) is soft ws
ϕ̃ − closed.

Proof. (1) Let J̃∗ϕ̃ ((F,E)) = (F,E) for (F,E)⊆̃(X,E). Since(F,E) = J̃∗ϕ̃ ((F,E))⊆̃ι̃ϕ̃ ((F,E)) and ι̃ϕ̃ ((F,E))⊆̃(F,E),

thenι̃ϕ̃ ((F,E)) = (F,E). By Theorem 3.8.,(F,E) is softws
ϕ̃ −open.

(2) Sincec̃∗ϕ̃ ((F,E)) =
(

J̃∗ϕ̃ ((F,E)c)
)c

, then it is obvious.

Definition 34. Let (X, ϕ̃ ,E), (Y, ϕ̃ ′
,E

′
) be two WSNS’s and( f ,g) : (X, ϕ̃ ,E)→ (Y, ϕ̃ ′

,E
′
) be a soft mapping. Then( f ,g)

is called soft ws
∗
− continuous if for xe∈̃SS(X)E and(G,E) ∈ ϕ̃ ′ (

f (x)g(e)
)
, ( f ,g)−1 ((G,E)) is in ϕ̃ (xe).

Every soft ws∗ − continuousis a soft ws
(

ϕ̃ , ϕ̃ ′
)
− continuous, but the following example shows that every soft

ws
(

ϕ̃ , ϕ̃ ′
)
− continuousfunction may not be a softws∗ − continuous.
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Example 7. Let X =
{

x1, x2
}
, Y =

{
y1, y2

}
and E = {e1, e2} . Consider two weak soft neighborhood systemsϕ̃ :

SS(X)E → P(SS(X)E) andϕ̃ ′
: SS(Y)E → P(SS(Y)E) defined respectively as follows:

ϕ̃(x1
e1
) =

[{(
e1,

{
x1}) ,

(
e2,

{
x1, x2})}] ,

ϕ̃(x1
e2
) =

[{(
e1,

{
x2}) ,

(
e2,

{
x1})}] ,

ϕ̃(x2
e1
) =

[{(
e1,

{
x2}) ,

(
e2,

{
x1, x2})}] ,

ϕ̃(x2
e2
) =

[{(
e1,

{
x1}) ,

(
e2,

{
x2})}] ,

and

ϕ̃
′
(y1

e1
) =

[{(
e1,

{
y1, y2}) ,

(
e2,

{
y1, y2})}] ,

ϕ̃
′
(y1

e2
) =

[{(
e1,

{
y1, y2}) ,

(
e2,

{
y1})}] ,

ϕ̃
′
(y2

e1
) =

[{(
e1,

{
y2}) ,

(
e2,

{
y1, y2})}] ,

ϕ̃
′
(y2

e2
) =

[{(
e1,

{
y1}) ,

(
e2,

{
y2})}] .

Let us ( f ,g) : (X, ϕ̃ ,E) → (Y, ϕ̃ ′
,E

′
) be defined byf (xi)g(ei) = yi

ei
for i = 1,2 andxi

ei
∈̃SS(X)E. Then( f ,g) is a soft

ws
(

ϕ̃ , ϕ̃ ′
)
− continuousbut notws∗ − continuous.

Corollary 1. From the above results, we have the following implications.

ws∗ − continuous=⇒ ws
(

ϕ̃ , ϕ̃ ′
)
− continuous=⇒ ws− continuous.

Theorem 14.Let ( f ,g) : (X, ϕ̃ ,E) → (Y, ϕ̃ ′
,E

′
) be a soft mapping on two WSNS’s(X, ϕ̃ ,E) and (Y, ϕ̃ ′

,E
′
). Then the

following conditions are equivalent:

(1) ( f ,g) is soft ws∗ − continuous.

(2) For (G,E)⊆̃(Y,E
′
), ( f ,g)−1(J̃∗

ϕ̃ ′ ((G,E)) ⊆̃J̃∗ϕ̃
(
( f ,g)−1 ((G,E))

)
,

(3) For (G,E)⊆̃(Y,E
′
), c̃∗ϕ̃

(
( f ,g)−1 ((G,E))

)
⊆̃( f ,g)−1(c̃∗

ϕ̃ ′ ((G,E)) .

Proof. (1)⇒(2) Let ( f ,g) be softws∗ − continuousandxe∈̃( f ,g)−1(J̃∗
ϕ̃ ′ ((G,E)). Then(G,E) ∈ ϕ̃ ′ (

f (x)g(e)

)
. From the

definition of softws∗ − continuous, ( f ,g)−1 ((G,E)) ∈ ϕ̃ (xe) . Hence,xe∈̃J̃∗ϕ̃
(
( f ,g)−1 ((G,E))

)
.

(2)⇒(3) It is obtained from the Definition 33.

(3)⇒(1) It is obvious by the Theorem 33. and the Theorem 12.

5 Conclusions

In this paper, the concepts of weak soft neighborhood space,soft ws
(

ϕ̃ , ϕ̃ ′
)
− continuous, softws− continuousand soft

ws∗ − continuouson weak soft neighborhood spaces are defined. We introduce their basic theorems and some interesting

results. By using same idea, we can define softws
(

ϕ̃ , ϕ̃ ′
)
−openfunctions, softws−openfunctions and softws∗ −open

functions on weak soft neighborhood spaces.
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