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Abstract: The notion of partitions of unity is extremely useful as lbals one to extend local constructions on Euclidean patthes
global ones. It is widely used in many fields in mathematid¢ser&fore, prolongation of this useful tool to another maldiimay help
constructing many geometric structures. In this paper, evsttuct a partition of unity on a fiber bundle by using a gipantition of
unity on the base manifold. On the other hand we show thatdheetse is also possible if it is a vector bundle. As an apfitio, we
define a Riemannian metric on the fiber bundle by using indpeetition of unity on the fiber bundle.
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1 Introduction

A partition of unity is a useful tool that helps us work in lbcaordinates. This can be a tricky matter when we are doing
things all over our manifold, since it is almost never theeddst the entire manifold fits into a single coordinate pagch
(smooth) partition of unity is a way of breaking the functiwsith the constant value 1 up into a bunch of (smooth) pieces
that will be easier to work with.

Partitions of unity is widely used in many fields of matherositimost notably in many branches of Geometry and
Analysis, such as defining integration on manifolds and Riemman metric on an arbitrary manifold (s€g, [Prop.
5.1.8). Other geometric applications include section resiten property (SEP) on topological bundles, and fiber
homotopy equivalence for fibrations][ (See B], [6],[ 7] for further applications.)

More specifically, a partition of unity subordinate to an opmver {Uy} is a collection of non-negative smooth
functionsyy : M — R such that
1. Foralla, Supda} C Uy for somea (hereSupd @q} is the closure of the subset whepg(x) # 0).
2.0< Pa(x) <1lonM.
3. Set of support§Supf Y } }aci is alocally finite set. That igx € M, there is an open neighborhodgof x such that
there exist only finitely many, with Supd @q } NVx # 0.
4.5 o Yo (X) = 1 (this sum is finite because 8f.

For any manifoldV with atlasQ = {(Uq, @)}, there exists a Riemannian metgg on T,M such that

Ip(Xp, Yp) = Z Wa (p) < Xp,Yp >, (1)
ae
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wherep € M, and{()} is a partition of unity subordinate t®. Here for eachx, we label<,>? as the usual dot
product with respect to the coordinate basis dygr

In this paper, we suppose that all manifolds are real, andntfzaifolds are smooth and finite-dimensional. We shall
require the topology on each manifold to be Hausdorff, sdemuntable, and connected. It follows from these
assumptions that our manifolds admit partitions of unity.

Organization: In section 2, we define a partition of unity &by using an arbitrary partition of unity oM, which we

call induced partition of unity. We also show that one canstarct a partition of unity oM by using a partition of unity
on a vector bundI&. In section 3, we use the induced partition of unity to defiféemannian metric ofi. We call this

metric as the induced metric @

2 Induced partition of unity

In this section, we give some theorems/definitions to defiiaduced partition of unity on a fiber bundl, 7, M, F).

Lemma 1. Suppose that fM — R be a functionj1: E — M be a surjective map, and = {x € M : f(x) # 0}, and
A'={heE: (fom(h)#0}. Thenm(4’) = A.

Proof. Assume thak € ri(A’), then
x=mi(h), (fom(h)#0,

which implies that
xeM, f(x)#0.

Thenx € A, which shows thatt(A’) C A.

Assume thak € A. Then we have
xeM, f(x)#0.

Sincertis a surjective map, then there exibts E such thak = ri(h). Thereforen € m(x) and f (x) # 0.

he m(x), f(mh))#0
heE, (fom(h)£0
hea', m(h)=x

xe m(4’),

which shows that\ C ri(4A’).

Remark 1. If additionally, the functionrt in Lemmal is continuous, then there exists a following relation bemwe

supports of functiong andf o 11
supg{f} = ni(suppform}).

Theorem 1.LetE be a fibered manifold with base space M{df, } is a smooth partition of unity of M subordinate to its
atlas{(Uq, @)}, then{yy o 11} is a smooth partition of unity & subordinate to the open covéfrr1(Ug)}. Moreover,

if E is a fiber bundle, thefiyy o 71} is a smooth partition of unity subordinate to the atidst*(Uq ), (@ x ) o @g)} of

E.
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Proof. We begin our proof by showing that each support is a subset 6{Uy). Since{yy} is a partition of unity
subordinate tdU, }, then for eactor, sup Yo } C Uy. Moreover, sincetis a surjective continuous function, then from
Remark 1, we have

SUpP Ya}t = M(SUPR Yq o TT}),

which is a subset dfig, that isri(supp{( o 11}) C Ug. This impliessupp{ g o 11} € 1 1(Ug).
The second condition is obvious, sinee(yy o M) C Im(yYy), then we have

0< (Ygom(h) <1
The equations comes from the surjectiveness of the funetion

To show the third condition to hold, we show that there exifstste number of indexa such thatvh € E,

(Ya o m)(h) # 0.
Let
ly={a €l:Supdya}NVx# 0}

and

Il ={a €l :Supdq o m} NW, # 0}

where for allx € M, V represents an open neigbourhoogoéindW, = 17 1(Vx) with 71(h) = x. Sincertis a continuous
function, then\, is an open neighborhood bf Since{y} is a partition of unity, them, is a finite set.

Suppose thatr € I/, then
Jh e Supd Yy o T MW
mi(h) € m(SupH e o m}) and m(h) € m(Wh) C Vi
By Remark 1, we have

mi(h) € Supdwe} and mi(h) €V

SupdWa} NV # 0
acly,

which implies that/ C I} for all h € E, andri(h) = x € M. Sincely is a finite, therl{’ is also finite. Thus set of supports
of {Yq o 11} is locally finite set.

To show the last condition, we should show that the sum of lathents in the image o)y o 1T is 1. Sincermis a
surjective map, there existse M such thatrt(h) = x for all h € E. Thenvh € E

Z(Waon)(h): Z Ya(X) =1

ael ael

which implies that{ ), o 1} is a partition of unity subordinate to the open cover(Ug). Since{yyq} is smooth, then
{yq o 11} is also smooth. IE is a fiber bundle, then for every atl@8Jq, @) }, there exists an adapted coordinate system
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([8], Prop 1.1.14)
Yo : T Y (Ug) = Ug x Vg

defined by
Ya = (@ X Na) o P, 2
whereVy = (prao @g)(m1(Uy)). Therefore{ g o 11} is a partition of unity subordinate to adapted aflés 1 (Uq ), Vo) }-

By above theorem define a partition of unity Brwhich is induced by any partition of unity subordinateo We recall
that the induced partition of unity is the set of pull-backdtionst* )y . The natural question is in which conditions the
converse statement holds. Next theorem takes care of $his.is

Theorem 2.1f (E, ,M,F) is a vector bundle, then every partition of unityiy } on E induce a pull-back partition of
unity s iy, on M, where s I ().

Proof. Suppose thaf{i; } be a partition of unity subordinate 101 (Ug ). SinceE is a vector bundle, there exists a (global)
sections € I (11). To show the conditiord, suppose thalt be an index set, and lét= {h € E : {i;(h) # 0} (therefore
A=SupHJis}), andA’ = {xe M : ({ 05)(x) # 0}. Then

i(A) = {m(h) : P (h) # O}
If x € A’ then

(Paos)(x) #0
Pa(h) #0, s(x)=h
Ja(h) # 0, x=m(h)

x € 1(A)

which leads tod' C mi(A). On the other hand, singeis a continuous function, thel C 1(A). Since{ iy } is a partition
of unity subordinate tar *(Ug ), thenA = Supd i} € m1(Ug). Therefore

Supds'(fia)} = A C 1(A) C Ug.
For the third condition, suppose that
Ix={a el :3V e N(X),Supds Pa} NVy # 0},

here,N(x) represents the neighborhoodsxoflo show{s*{; } is locally finite, we need to show thét is finite for all
xe M.

Suppose tha®, = {y € M : s*({l)(y) # 0}, then Supfs'fia} = A,. ThereforeVa € I, there exists an open
neighborhood/ of x such that

Jze VNA,
S(z) € s(Vy), and g2) € s(A,)
s(2) e m (W), s(2) € S(A,)
(V) NS(AG) # 0.
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Since m is a continuous function, andf is open, thenrrl(VX) is an open. On the other hand since
s(x) € s(Vx) € (W), thenrt (V) is an open neighborhood efx).

So far, we have shown that there exists an open neighborrotii¥y) of s(x) such that
(V) NS(A;) # 0. )

On the other hand, suppose tizat s(Ay). Then there exists ac A}, such that = s(z). Thenyy(Z) = (Ya 05)(2) #0,
which implies tha? € A;. Sincesis a continuous function, thesfA,, ) C Ay. From Equatior8, we have

T L(Vy) NAg # 0,

which shows thatr € INS(X). Therefordy C TS(X). Sinceffl, is a partition of unity, then for at € I, I, is finite. Sinces(x) € E,
thenrs(x) is finite, which implies thaly is finite. So, set of suppor&upH Py o s} is locally finite. Thus, condition 3 holds.
Conditions 2 and 4 can be shown easily. Thigfiy o s} is a partition of unity subordinate tdJ, }.

Corollary 1. If (E, m,M,F) is a fiber bundle, and iy } is a partition of unity subordinate to an atlas on M, then for
all x € M, there exists a partition of unityyy, } subordinate to an atla® = {(V4,n«)} on F with the property that
a (V) = Wa (X), where ve y(m*{x}) and \4 = (przo @g)(m*(Ua)).

Proof. If (E,,M,F) is a fiber bundle, then for all € M, there exists a diffeomorphisg : m1{x} — F (which leads
() ~* being a diffeomorphism) and g} is a partition of unity subordinate to an atleéJq, @)}, then by Theorem
1, {Yq o 71} is a partition of unity subordinate to an adapted aflas®(Uy),ya)}, Wherey, is defined by Equatiog.
Suppose thafly = Yy o 1o Y * for all x € M. Since() ! is a diffeomorphism (therefore it is surjective and smopth)
theny, is also a partition of unity subordinate to the at{@¥y,nq4)}. Also, for allv e F,

Wa o T (V)
(Ya o m)(Pz*(x,V))
(Ya o pri)(x,v)
Ya(X),

Wa (V)

wherev € y (- 1{x}), which finishes the proof.

Definition 1. We call{yq o 11} and{ )y } as induced partitions of unity dfl and F respectively.

3 Riemannian Metrics

We now define the induced Riemannian metricdfbandF, by the above partition of unities di andF respectively,
which are defined in Sectich

Theorem 3. Suppose thatE, 7, M, F) be a fiber bundle. By Equatioh the induced Riemannian metrig; @n E (by
partition of unity subordinate to adapted atlas) is defined@lows:

9z (V, W) = g (7. (V), 7L (W) + gr (Y (V), Va (W) (4)

Here, g- is the metric, constructed by the induced partition urid, }.
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Proof.
Ya = (¢4 X Na)o Pg = (¢ © T, Na o przo Pg).

To define the induced metrgg; onE, we first compute<, >§ for all h € E. For allViy, Wh € THE,

< Vi, Wh >F =< (Ya)(V), (Ya) (W) >

By using Equatiorb we have

< Vi, W, >80
< (@ 0 11)+(V), (Na © Przo @ ). (Vh)), (¢ © 1)+ (Wh), (N © Prao @g). (Wh)) >
=< (@) (TL(Vh)), (@)« (T6.(Wh)) > + < (g 0 prao Pg). (Vi) ( « 0 Prao Og). (W) >

=< T0.(Vh)), T6(Wh)) >§ + < (przo @g).(Vh), przo @g). (Vi) >

where ®g(h) = (x,v). At this point we need to note that for alle M, there exists a diffeomorphism :

with y = prz o ®@g, therefore we can rewrite the last equation as follows:

< Vb Wh > =< 75 (V). T2 (Wh)) > + < ()« (Vh). (15)+ (Vi) >¥
where®g (h) = (x,v).

Now we define the induced metrig onE by using Equatio. For allh € E,

9. (Vh, Wh)

7oél Wa o 1)(h) < Vi, Wh >7

= GZEI Wa () (< T6(Vh)), T6(Wh)) >5 + < (K)(Vh), (%)« (Vh) >¥)

= GZEI War (X) < 76 (Vh), 6 (Wh) >¥ +GZEI War (%) < (1)« (Vi) ()« (Wh) >V
= gm (7% (Vn), T (Wh)) + 5 P (V) < (K« (Vh), (1K)« (Vh) >V

which ends the proof.

Definition 2. We call g; in Equation4 as induced Riemannian metric @h

(5)

mx} - F

(6)

Acknowledgements.Hulya Kadioglu would like to thank the Idaho State Univerdilepartment of Mathematics for
being such nice hosts during her visit between August 20&BteBnber 2016. She also acknowledges library support

from ISU.

References

[1] Dold, A., Partitions of Unity in the Theory of Fibrationdnnals of Math, 78 (2), pp: 223-255, 1963.
[2] Lovett, S., Differential Geometry of Manifolds, AK Pete Ltd., Natick, Massachusetts, 2010.
[3] Lee, J. M., Introduction to Smooth Manifolds, Springaiehce+Business, Newyork, 2003.

(© 2016 BISKA Bilisim Technology



=
NTMSCI 4, No. 2, 266-272 (2016)www.ntmsci.com BISKA 22

[4] Melenk, J. M. and Babuska, I, The Partition of Unity FenElement Method: Basic Theory and Applications, Computethidds
in Applied Mechanics and Engineering, 139 (No:1-4) 289;31906.

[5] Morimoto, A., Prolongations of G-Structures To TangBuindles, Nagoya Math. J12, pp: 67-108, 1968.

[6] Pemantle, R. and Wilson, M.C, Asymptotic expansions sifidatory integrals with complex phase, Contemporary idatatics:
520, pp: 220- 240, 2010.

[7] Richter, Christian, A chain of controllable partitioo$ unity on the cube and the approximation of Holder contirsifunctions,
lllinois J. Math. : 43 (1), pp: 159-191, 1999.

[8] Saunders D.J., The Geometry of Jet Bundles, Cambridgeetsity Press, Cambridge-New York, 1989.

[9] Walschap, Gerard, Metric Structures in Differentiald&eetry, Springer-Verlag, New York, 2004.

(© 2016 BISKA Bilisim Technology


www.ntmsci.com

	Introduction
	Induced partition of unity
	Riemannian Metrics

