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Abstract: In this paper, we obtained some characterizations of sigacalrves according to Bishop frame in Minkowski 3-spE§e
by using Laplacian operator and Levi-Civita connectiorrtf@rmore we gave the general differential equations wblieracterize the
spacelike curves according to the Bishop Darboux vectottleadormal Bishop Darboux vector.
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1 Introduction

It is well-known that a curve of constant slope or generaixhisldefined by the property that the tangent of the curve
makes a constant angle with a fixed straight line which isedathe axis of the general helix. A necessary and sufficient
condition for a curve to be a general helix is that the ratiewfvature to torsion be constant [12]. The study of these
curves inE2 has been given by many mathematicians. Moreover, llardladies! the characterizations of helices in
Minkowski 3—spac£f and found differential equations according to Frenet vsatbaracterizing the heliceslt‘rf [17].
Then, Kocayigit obtained general differential equatiorfsiolu characterize the Frenet curves in Euclidean 3-sgice
and Minkowski 3-spacg3 [13].

Analogue to the helix curve, Izumiya and Takeuchi have ddfan@ew special curve called the slant helix in Euclidean
3-spaceE? by the property that the principal normal of a space curvmakes a constant angle with a fixed direction
[21]. The spherical images of tangent indicatrix and binalrindicatrix of a slant helix have been studied by Kula and
Yayl [18]. They obtained that the spherical images of a detik are spherical helices. Moreover, Kula et al. studied t
relations between a general helix and a slant helix [19]yTave found some differential equations which charaateriz
the slant helix. Position vectors of slant helices have twadied by Ali and Turgut [3]. Also, they have given the
generalization of the concept of a slant helix in the Eudlite-spac&" [4].

Furthermore, Chen and Ishikawa classified biharmonic @ curves for whicldH = 0 holds in semi-Euclidean
spaceE]) whereA is Laplacian operator and is mean curvature vector field of a Frenet curve [10]. Latexayigit and
Hacisalihoglu studied biharmonic curves and 1-type cuiees the curves for whicltAH = AH holds, whereA is
constant, in Euclidean 3-spa&® [14] and Minkowski 3—spac«Ef [15]. They showed the relations between 1- type
curves and circular helix and the relations between biharcncurves and geodesics. Moreover, slant helices have been
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studied by Bukcu and Karacan according to Bishop Frame inlidaan 3-space [5] and Minkowski space [6,7].
Characterizations of space curves according to Bishop &iarBuclidean 3-spade® have been given in [15].

In this paper, we gave some characterizations of spacdlikees according to Bishop Frame in Minkowski 3-spEffe
by using Laplacian operator. We found the differential @unes characterizing spacelike curves according to thedis
Darboux vector and the normal Bishop Darboux vector.

2 Preliminaries

LetR3 = {(x1,%2,X3) : X1,X2,%3 € R} be a 3-dimensional vector space and¥et (X1,X%2,X3) andV = (y1,Y2,Y3) be two
vectors inR3. The Lorentz scalar product 8t andy is defined by

<7>, 7> = —X1Y1 + X2Y2 + X3Y3.

Ef = (R3, (7,7)) is called 3-dimensional Lorentzian space, Minkowski 3<&par 3-dimensional Semi-Euclidean

space. The vectdx in E3 is called a spacelike vector, null vector or a timelike veiftoX, X) >0o0rX = O,_()Y;>7> =0

and X #0, (Y,7> < 0, respectively [10]. Similarly a curve is called spacelike, timelike or null i{a’,a’> >0,
- = - =

<a’, a’> <Oor <a’, a’> = 0, respectively. FoiX e E3, the norm of the vectox defined by||X|| = \/|(X, X)], and

X is called a unit vector iff X|| = 1. For any vectorsX,y < E3, Lorentzian cross product 6t andy is defined by

XA 7 = (X2Y3 — XaY2,X1Y3 — XaY1,X1Y2 — X2Y1) -

Denoted the moving Frenet frame along a space curkrya{?, W, ﬁ} where?, N andﬁ are tangent, principal normal
and binormal vector ofr, respectively. Ifa is a spacelike curve, then this set of orthogonal unit vectemown as the
Frenet frame, has the following properties

I
=

= —£K?+T§

@l Zz| 4}

Il
|
Zl

Where<?,?> =1, <W,W> =€ and<§,§> =—¢.

The parallel transport frame is an allternative approactietiining a moving frame that is well-defined even when the
curve has vanishing second derivative. We can parallespran an orthonormal frame along a curve simply by paralel
transporting each component of the frame [1].

Its mathematical properties derive from the observatiat, tWhiIe?(s) for a given curve model is unique, we may
choose any convenient arbitrary baéiﬁl(s),ﬁz (s)) for the remainder of the frame, so long as it is in the normal

plane perpendicular @ (s) at each point. If the derivatives ¢€1‘\_Il> (s), I\_I;_ (s)) depend only onr (s) and not each other,

we can makeNl> (s) andl\_>|2 (s) vary smoothly throughout the path regardless of the cured;20].

Denote by ?,N_i,N—; the moving Bishop frame along the spacelike cumvés) : | ¢ R — E2 in the Minkowski
1
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3-spaceEi°’. For an arbitrary spacelike cureg(s) in the spacés,the following Bishop formula are given by

O T 0 k—k] [T
OgNi | = |-k 0 0 | | N 1)
O N ek 0 0 | | N

where<?, ?> =1, <N_>l, N_>l> =€ and<|\_>|2, l\_|_>2> = —&. The relations betweex, T, 8 andk, ko are given as follows.

K(s)=1/|K2—K3|, 6(s) argtanl‘(i) ki # 0.

so thatk; andk; effectively correspond to Cartesian coordinate systenthi®@polar coordinates, 8 with 6 = [ T(s)ds.
The orientation of the parallel transport frame includesdhbitrary choice of integration constafy, which disappears
from 1 due to the differentitation [7,9].

o — .
A regular spacelike curva .1 — E3 is called a slant helix if unit vectd¥; (s) of a makes a constant angewith a
fixed unit vector@ that is, Nl ﬁj> =cong., forallsel.

Let,a(s): 1 — Ef be a unit speed spacelike curve with nonzero naturel cueslty, ko. Thena is a slant helix if and
only if (€ is constant [5].

Let, O denotes the Levi-Civita connection given By, = ds wheres is the arclength parameter of the timelike cuove
The Laplacian operator af is defined by
A= Da/ = —0gOgr

[15].

3 Characterizations of Spacelike Curves

In this section, we gave the characterizations of the sji@celirves according to Bishop frame in Minkowski 3-space
E3 Furthermore, we obtained the general differential equatwhlch characterize the spacelike curves accordinggto th

Bishop Darboux vectoW and the normal Bishop Darboux vean¢ in E3.
Theorem 1. Let a (s) be a unit speed spacelike curve in Minkowski 3-space Ef with Bishop frame {?,N_i,N—;} and

curvatures ki, ko. The Bishop Darboux vector W of the curve a is given by
W = ekoN; — £k N (2)
Proof. The Bishop Darboux vectal of the curvea can be written as follow.

W =aT +bN; +cNj 3)

Taking the cross product ¢8) with ? we get

T —WAT = (a?+bN—>1+cN_>z) AT

= fscN_i - sbl\_>|2.
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Then,—ec = k; and—eb = —k,. Taking the cross product ¢8) with N_>1 we get
I\_I’i:\?VAN_Z: (a?+bN_>l+cN_>2) /\I\_Ii
—cT + £aN_>2.
Then,a= 0 andc = —¢k;. Taking the cross product ¢8) with l\_>|2 we obtain
N} — W ARG = (aT + b+ o) AR
= —b? + eaN_i.
Then,a= 0 andb = k. Thus we can get the Bishop darboux vec\?blas follow.
V_>V = ekzN_i - sklN—;.
Definition 1. A regular spacelike curve o in Ef said to have harmonic Darboux vector W if
AW =0,
Definition 2. A regular spacelike curve o in Ef said to have harmonic 1-type Darboux vector W if
AW =AW, A eR. 4)

Theorem 2. Let a (s) be a unit speed spacelike curve in Minkowski 3-space Ef with Bishop frame {?, N_>l, N_>2} and

Bishop curvatures ki, ky. The differential equation characterizing o according to the Bishop Darboux vector W is given
by

/\4D2/W+)\3D§/W+)\2DG/W+)\1W =0 (5)

where

Ay = 2

Ag=—f(f'—g)

Ao=—[(f'—9)g+ki (K’ +ekaf) f+ko (k' +ekaf)]

/

A =— [(f’ -9) (E—;) (k’2)2+k’1(k§_”+ek1f) f—k (K + ek f) f]

and

]
f= (k—,l) k2, g=kikj — K/ko.
2

Proof. Let o (s) be a unit speed spacelike curve in Minkowski 3-spE§ewith Bishop frame{?,l\_ﬁ,l\_l_;_} and Bishop

curvatures, ko. By differentiatingW three times with respect & we obtain the followings.

oW = —KoNj + KN (6)

[2W = (Kko — kaky) T — KNy + KNG )
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03,W = [(k’lkz —kqkh)' —kgkj + wl'kz} T 8)
+ [—kz + k1 (Kik2 — kiks)] N
+ [k — ko (Kiko — kaky) | N

From(2) and(6), we obtain

—> ki YV ki
N = e O W — LW
YKk kK, U Kk — kK, ®)
and ‘ y
Np— — 2 [, W+ 2___W. (10)

& (k’lkz — kj_k;_)
By substituting(9) and(10) in (7), we have

& (k’lkz — klklz)

s 1 s = kikj —Kiky 0 Kk, —kiky =

S S AT T L (11)
Kke—kiks T (ko —kikh)? T (Kike — kiky)?

By substituting(9), (10) and(11) in (8), we obtain

M08 W + A3002, W + AT W + AW = 0

where
Ay = f?
Ag=—f(f"—g)
Mo=—[(f'—0)g+ki (K +ekaf) f+ka (K +ekof)]
!
A= [(f’g) (%) (k)* K (k' + ko) £ — by (K + ko) f
2
and

k/
f= (k—;) K3, g=kiks —kiko.

Corollary 1. Let a(s) be a general helix in Ef with Bishop frame {?,I\_ILN_;} and Bishop curvatures ki, kp. The

differential equation characterizing a according to the Bishop Darboux vector W is given by

= (K20
gma,w+(k—i) (kKy) "W =0.

Theorem 3. Let a (s) be a unit speed spacelike curve in Minkowski 3-space Ef with Bishop frame {?,N_i,N—;} and
—
Bishop curvatures ki, ko. The differential equation characterizing a according to the normal Bishop Darboux vector W--
isgiven by
2wl IGRRTYIA
A302 W + A0,W+ + AW =0 (12)
where

K\’ 2
Az=1, Ax=g, Al:(k_’l) (k2)
2

(© 2016 BISKA Bilisim Technology


 ntmsci.com/cmma 

(_/
6 BISKA H. Kocayigit, B, Bukcu and |. Pektas: Characterizations jpd&like Curves according to Bishop...

and Y
f= (k—,l> K3, 9= kiks — Kiko.
2
Proof. Let o (s) be a unit speed spacelike curve in Minkowski 3-spE§ewith Bishop frame{?,N_i,l\_I;_} and Bishop

—
curvature,, k. By differentiatingW/- two times with respect tg, we obtain the followings.

—
W = eloN; — ekiNp (13)
—
Oa W' = ekgN; — k4N (14)
—
2 WL = ek)N; — k! N5 (15)
From(13) and(14), we get
_ — ! —
N_>1 = %Da’WL + % - (16)
& (Kiko — kak}) £ (Kko — kak})
and ‘ N Y .
N_>2 = ,_72,Dor’wL + W 17)
& (klkz — kj_kz) & (klkz — kj_kz)
By substituting(16) and(17) in (15), we obtain
2 i (K govzwd
fO5, W= 4 g0y W+ (k_’> (k)"W+ =0 (18)
2

Corollary 2. Let o (s) beadant helixin Ef with Bishop frame {?, l\_ll>, N_>2} and Bishop curvatureskj ko. The differential
—
equation characterizing a according to the normal Bishop Darboux vector W+ is given by
!

i LAY 27
oW +(k—,) (%) 2wl =0,
2

Theorem 4. Let a (s) be a unit speed spacelike curve in Ef with Bishop frame {?,N—I,N—; . Then, a is of harmonic
1-type Darboux vector if and only if the curvatures k; and k, of the curve a satisfy the followings.

—kKi =Aky, kiko—kik; =0, k3 =-2Aky (19)

Proof. Let a be a unit speed spacelike curve andAdie the Laplacian associated with From(6) and(7) we can obtain
following.
AW = — (Kiko — kikh) T — kgNy + £K/NG (20)

We assume that the spacelike cuovés of harmonic 1-type Darboux Vectov. Substituting 20) in (4), we get(19).

4 Conclusion

In this paper, by using Laplacian operator and Levi-Civitmmection, some characterizations of spacelike curves
according to Bishop frame in Minkowski 3-space are obtairedadditon the general differential equations which
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characterize the spacelike curves according to Bishopddartsector and normal Bishop Darboux vector are given. It is
obtained some useful results. These characterizatiorappted to other curves in different spaces.
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