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Abstract: The differential geometry of tangent bundles was studieddwgral authors, for example: Yano and Ishih&a\. Oproiu

[3], A.A. Salimov [5], D. E. Blair [1] and among others. It is well known that different structudefined on a manifoltfl can be lifted

to the same type of structures on its tangent bundle. Iniaddieveral authors was studied on operators too, for ebeamypA. Salimov

[5]. Our goal is to study Tachibana and Vishnevskii Operatauplied to X’ and X in almost paracontact structure on tangent bundle
T(M). In addition, this results which obtained shall be stud@dsbme special values in almost paracontact structure.
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1 Introduction

Let M be ann—dimensional differentiable manifold of cla€8 and letT,(M) be the tangent space bf at a pointp of
M. Then the setq]
T(M)= Tp(M 1
(M)= U To(M) M
is called the tangent bundle over the manifMd For any pointp™of T(M), the correspondenge— p determines the
bundle projectiont: T(M) — M, Thusm(p) = p, whererr: T(M) — M defines the bundle projection ®(M) overM.
The setrr1(p) is called the fibre ovep € M andM the base space.

Suppose that the base spatés covered by a system of coordinate neighbour-h({mﬂs(h} , where(x") is a system of
local coordinates defined in the neighbour-haddbf M. The open sett1(U) ¢ T(M) is naturally differentiably
homeomorphic to the direct produdtx R, R" being then—dimensional vector space over the real fiBldn such a
way that a pointpe T,(M)(p € U) is represented by an ordered p@itX) of the pointp € U, and a vectoX € R"
,whose components are given by the cartesian coordifiesf j in the tangent spach (M) with respect to the natural
base{d,}, whered, = %. Denoting by(x") the coordinates op = m(f) in U and establishing the correspondence
(x",y") — pe mL(U), we can introduce a system of local coordingtésy”) in the open setr 1(U) ¢ T(M). Here we
call (x",y") the coordinates im*(U) induced from(x") or simply, the induced coordinatesir*(U).

[

We denote byg(M) the set of all tensor fields of clag¥’and of type(r,s) in M. We now putd(M) = 3 Og(M),
0

r,s=!

which is the set of all tensor fields M. Similarly, we denote byIi(T (M)) andd(T (M)) respectively the corresponding
sets of tensor fields in the tangent bund@igv).
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1.1 Vertical lifts

If fis a function inM, we write f" for the function inT (M) obtained by forming the composition af: T(M) — M and
f:M — R, sothat
fV= forr. @)

Thus, if a pointp’e T 1(U) has induced coordinat¢s”,y"), then
F(p) = t¥(x,y) = for(p) = f(p) = f(x). 3)

Thus the value of V() is constant along each fibiig(M) and equal to the valug(p). We call ¥ the vertical lift of the
function f [8].

Let X € O3(T(M)) be such thaX f¥ = 0 for all f € O3(M). Then we say thak is a vertical vector field. Le(é%) be
components oK with respect to the induced coordinates. Théis vertical if and only if its components im(U)

satisfy "
-

Suppose thaX € 03(M), so that is a vector field iM. We define a vector fielX" in T(M) by
XY(1 @) = (wX)" (5)
w being an arbitrary Zform in M. We call X" the vertical lift of X [8].

Let @ € O%(T(M)) be such thato(X)" = 0 for all X € O3(M). Then we say thaf is a vertical +-form in T(M). We
define the vertical lifw" of the 1-form w by
"= (w)"(dX)" (6)

in each open set 1(U), where(U; x") is coordinate neighbourhoodM andw is given byw = wdx in U. The vertical
lift w” of cw with local expressiom = wydX has components of the form

w’: (w',0) (7)
with respect to the induced coordinateditM).

Vertical lifts to a unique algebraic isomorphism of the @ralgebrad(M) into the tensor algebid(T (M)) with respect
to constant coefficients by the conditions

P2QV=P'oQ’, P+RY=P'+R’ (8)

P,Q andR being arbitrary elements @f(M). The vertical liftsF¥ of an elemenE € 0}(M) with local components"
has components of the forr8][
v 20)
Fho
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Vertical lift has the following formulas4, 8]:

(fX)" = fYXY,1VX¥ =0,n"(X") =0 9)
(fr])v — erIV, [XV7YV] — O, ¢va — 0
XVfV =0,XVf¥ =0

hold good, wherd € O9(Mp), X,Y € O3(Mn), n € D¥(Mn), ¢ € TH(Mp), | = idw,.

1.2 Complete lifts

If fis afunctioninM, we write f¢ for the function inT (M) defined by
€= (df) (10)
and callf¢ the complete lift of the functiori. The complete liftf¢ of a functionf has the local expression
fC=yaf=0f (11)
with respect to the induced coordinatedifM), whered f denoteg/d; f.
Suppose thaX € 03(M). Then we define a vector fiel® in T(M) by
X¢f¢ = (Xf)°, (12)

f being an arbitrary function iV and callX® the complete lift ofX in T(M) [2,8]. The complete liftX® of X with
components” in M has components
Xh
c_
e () w9

with respect to the induced coordinateditM).
Suppose thab € 0(M), then a -form w® in T(M) defined by
w°(X®) = (wX)*® (14)

X being an arbitrary vector field ikl. We call w® the complete lift ofw. The complete liftw® of w with componentsy
in M has components of the form
w°: (0w, w) (15)

with respect to the induced coordinatedi(M) [2].

The complete lifts to a unique algebra isomorphism of thedemlgebral(M) into the tensor algebra(T(M)) with
respect to constant coefficients, is given by the conditions

PoQC=PPoQ+P'oQ° (P+RC=P°+F, (16)

(© 2016 BISKA Bilisim Technology
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whereP, Q andR being arbitrary elements af(M). The complete lift$C of an elemenE € 0} (M) with local components

F" has components of the form
FC: A" 0 :
OFNER

In addition, we know that the complete lifts are defined &\3[:

(FX)° = XY+ VX = (X ), (17)
Xt = (X)",n"(X) = (n (x))",
X'Ee = (Xf)" ¢VX° (6X)",
PXY = (6X)", (§X)° = $°X°,
n*(X%) = (n(X))*,n°(X*) = (n (X))",
[xV Y =X, Y], |c ,1YXC = XY, [XC,Y¢] = X, Y]°.

1.3 Horizontal lifts
The horizontal liftfH of f € O3(M) to the tangent bundi€(M) is given by

fH = fC_O,f, (18)

where
o, f = yof. (29)

LetX € O5(M). Then the horizontal lifiXH of X defined by

xH =xC€—g,x (20)
in T(M), where
0,X = yOX. (21)
The horizontal liftXH of X has the components
Xh
xH - . 22
(,—ihx|) ( )

with respect to the induced coordinatedifM), where
=yr. (23)
Let w € 09(M) with affine connectioril. Then the horizontal lifto™ of w is defined by
W = a® - Oyw (24)
in T(M), wheredyw = yOw. The horizontal liftew™ of w has component of the form

H (R, w) (25)

(© 2016 BISKA Bilisim Technology
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with respect to the induced coordinateditM).

Suppose there is given a tensor field

0
S= S‘kjﬁ@@ ®ah®dxk® .@dx (26)

in M with affine connectiorl, and inT (M) a tensor fieldd,S defined by

0,8=y 08" J(N ‘;h®d>é<®...®dxj (27)

with respect to the induced coordinate®, y") in m(U).

The horizontal liftS™ of a tensor fieldS of arbitrary type inM to T(M) is defined by
s=5-0,s (28)
For anyP,Q € T(M), we have

0,(P®Q) = (0,P) @ Q" +P' @ (0)Q), (29)
PoQ"=P'aQ"+P o Q".

Let M be ann—dimensional differentiable manifold. Differantial trdoemationD = Lx is called Lie derivation with
respect to vector fielX € O3(M) if

Lx f =X f,vf e O$(M), (30)
LxY = [X,Y],¥X,Y € O3(M).

[X,Y] is called by Lie bracked. The Lie derivatitg F of a tensor field= of type (1, 1) with respect to a vector field is
defined by §]
(LxF)Y = [X,FY] = F[X,Y]. (31)

Let M be ann—dimensional differentiable manifold. Differantial trdasmation of algebrd (M), defined by
D=vx:T(M)—=T(M),X e O§M),
is called as covariant derivation with respect to vectodfiif

Ofxgvt = fOxt+gOvt, (32)
vx f = X1,

wherevf,g € O3(M),VX,Y € O3(M), vt € O(M).
On the other hand, a transformation defined by

v O3(M) x T3 (M) — O3(M),

(© 2016 BISKA Bilisim Technology
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is called as an affine connectia ].

If we compare horizontal and complete lift, we obtain

XM = (Ox)¢ (33)
for anyX € 0§(Mp), where(l is an affine connection iy defined by
OxY = Oy X+ [X,Y] (34)

or
(DvX)Y = () + VX (35)
(Ox)C is the complete lift of the derivatidfl. We also know that the horizontal lifts are defined B8]
IH =1, 1Hxy=xY, I'xH =xY, IfxH = xH, (36)
XHV = (xf)Y, (1x)H = f'xH, o (XH) =0,
@'(X") = (w(X))", &"(X") = (w(X))",
FHXY = (FX)Y, FHX" = (FX)H.

Proposition 1.For any XY € O3(M) [8]

() XY, YH] = XYY = (OxY)Y = —(OvX)Y,
(i) [XC,YH] =X, YIH — y(LxY),
i) XYV =X Y]V + (OvX)Y,
(iv) [X",YH]=[X,Y]" — yR(X,Y), whereR denotes the curvature tensor of the affine connedion

Proposition 2. The horizontal liftd™ of an affine connectiofl in My, to T(M) defined by the conditions of

oYY =0, 0% Y" =0, (37)
R YY = (OxY)Y, DR YH = (Oxn)!

foranyX,Y € O5(Mn) [8].

2 Main results

2.1 Tachibana Operators Applied to’Xand X in Almost Paracontact Structure

Definition 1. Let an n—dimensional differentiable manifold Me endowed with a tensor fiefdof type(1,1), a vector
field ¢ and al—formn , | the identity and let them satisfy

p’=1-nwé  ¢&)=0  nop=0 né)=1 (38)

(© 2016 BISKA Bilisim Technology
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Then(¢,&,n) define almost paracontact structureMp[7]. From 38), we get on taking complete and vertical lifé [

(@M =1-n'0&"-n"ee (39)
pHev=0,9"¢" =0,n"0" =0

n"op™ =0,nY(&Y)=0,n"(&") =1

(&) =1n"(E" =o0.

We now define 41,1) tensor field on T (M,) by
J=¢"-&'an'-Man". (40)

Then it is easy to show thdEX¥ = XY andJ?X¢ = X¢, which give that is an almost product structure @tM,). We get
from (40)

IXY = (9X)¥ = (n(X)&)", (41)
IXP = (¢X)H — (n(X)&)

for anyX € O3 (Mn).

*

Definition 2. Let¢ € 0}(Mn), and0(Mn) = 370 05(Mn) be a tensor algebra over.R mapg |50 B(Mn) — O(Mn)
is called a Tachibana operator ag, operator on M if

(a) @y is linear with respect to constant coefficient,
(b) @ :0O(Mn) — 5, ,(Mp) forallrand s,

© @(KSL) = (gK)®L+Ke gL forall K,L € O(Mp),

(d) @xY =—(Lv¢)X forall X,Y € 03(My) whereLy is the Lie derivation with respect ¥

() (@xn)Y = (d(ivn(@X) = (d(iv(no@)X + n((Ly$)X) = (X (1yn))(¢X) = X(1gvN) + N ((Ly$)X)
for all n € O9(My) andX,Y € 03(My), whereiyn =n(Y) =n <§%Y, D*g(Mn) the module of all pure tensor fields of
type (r,s) on M, with respect to the affinor field [5].

Theorem 1.For ¢ Tachibana operator on M Lx the operator Lie derivation with respect ta Xe 0% (T (Mn)) defined
by (40) andn(Y) =0, we have

(i) @XM = —((Ox@)Y)" + ((Oxn)Y)vEN, (42)

(i) @ruX™ = —((Lx@))" + YRX, 0Y) + ((Lxn)Y) EY — HYR(X,Y) + (nYR(X,Y)) &Y + (n"yR(X,Y))EN,

(iii ) gonVxV:o,
)

(V) @ XY= —((Lx®)Y)"+ ((Ox$)Y)" + ((Lxn)Y)“E™ — (Oxn)Y)'E",

whereX,Y € 03(My), a tensor fieldp € 0} (M,), a vector field and a +-form n € 09(Mp).

(© 2016 BISKA Bilisim Technology
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Proof.ForJ = ¢" — &Y nY— E9 @ nH andn(Y) =0, we get

(i) @uX™ = —(Lyud)Y"

= —[x".(¢
~IX",(¢

—[X
—n"([X,
—((Lx¢
-n"([X,

Y)Y -

Y]
$)Y) —

M
—((Lx9)Y)* -

(
+ ¢(|—xY )Y (
)V

—(Lyn YV = JLyn YY)

Y)Y - <n<v>5>“]+<¢“—EV@nV—f“®n“>[xH,YV]
Y)Y+ XP (n() )]+ ¢H IXH Y — n¥(XH, YY) &Y — nH ([xH,yV)E"

] n
(OpvX)¥ + ¢ (X, Y]+ (OyX)Y) = n¥([X, Y]V + (OyX)") €
Y+ (OyX)¥)EH
(B(LxY))¥ — (Ox@Y)" — [V, X]" + (LxY)" + ($ Ty X)"
Y(OvX)M)EY = (nX,Y])E™ —n" (OyX)VE"
Y)Y~ ((Ox$)Y)" — ($0xY)" + ((Lx§)Y)"
Y) + (0 X)Y — (n[X,Y])'E™ — (n"™ (OyX)¥)&"
+ (9 (LxY))"+ " (OvX)Y + ((Lxn)Y)VE™

(n
(Lx
('—x

S S
\—/\./

¢Ox
\2 ]))
$OxY)Y+ (@ (LxY))Y + ¢ (OxY)¥ + Y, X]")
—(n (n(LyX)) €™

POxY)¥ + (B (LxY))Y + (¢ (OxY))Y — (§(LxY))"

+((OxmY))E + (n(LxY)) €™

)Y — (¢ 0xY > + (@ (OxY))Y+ (Lxm)Y) E™ + ((Oxn)Y))EH = ((Lxn)Y))“EH
) &,

Y4+ ((Exm)Y)Y)

xY
(OxY)")EH —
) (LxY)

(”) qO"YHX = (L HJ)Y :7LxHJY +JLxHY

—[xH,
~[XM,
=

oY)H —(n(V)E)]+ (" — &Y @n'— " @n™) X" Y1)
Y]+ XM, (n(V)E)]+ o [XH YH] — n¥(IXM YH]) gV — nH (XM, YH]) M

X, @Y™+ yRX,0Y) + 9" (X, YT —yR(X,Y))

fnv([X,Y]”fvﬁ(X,Y))EanH([X,Y]” YR(X,Y))&"

—((Lx®)Y)™ = (@ (LxY )™ + YR(X, 9Y) + (¢ (LxY)" — ¢HYR(X,Y)

—(NLxY)E¥+ (n“YR(X,Y)) €Y+ ([X, ] )M+ (NYR(X,Y)) €N

—((Lx®))™ +YRX, 9Y) + ((Lx)Y)'E¥ = 6™ YR(X,Y) + (NYR(X, Y)) ¥ + (N yR(X,Y)) "
—((Lx@)Y)™ + YRX, 9Y) + ((Lxn)Y)"E¥ = I(YR(X,Y)),

(i) QXY = —(Lxd)Y" = —LyvJdY" + JLxvY"
—[XY,(#Y) = (n(V)E ] + (¢" — &' @n’— g @n™)[XY, Y]
= —[X",(#Y)']+ XY, (n(Y)&)"]

:07
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(iv )qo~YHX = —(Lyvd)Y? = —LywdYH + JLeyH
—[XY,(6Y)" = (n(V)&)"]+ (¢" — '@ nY =" @n™) XV, Y]
=XV, (@) XY, (N ()E) ]+ @ XY, Y] = nV(IXY,YF])EY — n (XY, Y1) &
—[X, ¢Y]Y+ (OxdY)' + ¢ (X, Y] — (OxY)") = ¥ (X, Y)Y = (OxY)") €Y — n" (X, Y]V — (OxY)") €N
—((Lx®)Y)" = (¢(LxY))"+ ((Ox@)Y)" + ($0xY)" + (¢ (LxY))"
—(90xY)" = nV(IX,Y]")&¥+n"(OxY)"E¥ — (nLxY)*E" + (nOxY)g"
—((Lx®)Y)Y + (Ox$)Y)" + ((Lxn)Y)"E™ — ((Oxn)Y)*E™,

wherenLxY = Lxn(Y) — (Lxn)Y) andnOxY = Oxn(Y) — (Oxn)Y),9Y € O5(Mp).

—~

Corollary 1. If we putY= £, i.e.n(&) = 1and& has the conditions oBg), then we have

(i) @pX" = (LM = yR(X, &) = (Ox9)&)" + ((Oxn)€)vEN,
(i) @ren Xt = (Ox &)Y = (Lx$)EM + ((Lx)&)'EY — §"YR(X, &) + (YR(X, €)) &+ (n"YR(X, £))&",
(iil) @reX” = —(0¢X)",

(V) @ren XY = —((Lx$)&)" + ((Ox$)E)" + ((Lxn) &) E™ — ((Ox)&)“E™.

2.2 Vishnevskii Operators Applied to/Xand X in Almost Paracontact Structure

Definition 3. Suppose now thdf is a linear connection on M, and lgt € 0% (M,). We can replace the condition) af
defination2 by

d) WexY = OpxY — $OxY
foranyX,Y € D%(Mn). Then we can consider a new operator by a Vishnevskii opeoaipy —operator orM, we shall
mean a magy : J(M,) — O(Mp), which satisfies conditiors), b), c), e) of definition2 and the conditiorfd) [5].

Theorem 2. For ¢y Vishnevskii operator on M, OH the horizontal lift of an affine connectidd in M, to T(Mpn),
J e O}(T(Mn)) defined by40), we have

() WY = -0, (43)
) WYY = (v )X) = (Lvd)X)" + (nTyX)VEH — (nLyX)VEH,

(i) WY’ =—=(n(X)0gY)Y,
) Wi Y™ = (O )X)™ = ((Ly)X)™ + (D X)€Y = (NLyX)EY,

whereX,Y € 0} (My), a tensor fieldp € 0% (M,), a vector field and a +-form n € 09(Mp).

Proof.ForJ = ¢"H — &Y nY— &9 @ n", we get

(i) WY = DJHXVYH JofyH

Dixyv—npogm Y™ — (9" —&¥@nY— &M @ n™) O y"
= D'(JI Y™ = (n (X)) Ogh Y™

—(n(X))"(CgY)"

—(n(X)0gY)"

(© 2016 BISKA Bilisim Technology
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(il) WYY = O YV = JORnYY
= Digxo—(nooeyY” = (9" =€ @n” = & @n™)
= O YV - — " (OxY)"+n"(OxY)"&"
+nH(OxY)veH
= (OvpX)'+ ¢H(<DYX> [X,Y]Y) + (nOxY)vEH
= ((Ovg)X)"+ —((Lvy§)X)" = ((LyX))"
—(@OVX)" + (@ (LyX))Y + (nOxY)E"
= ((Ovg)X)Y - (nOxY)vEH
= ((Ovg)X)Y - N (OyX)¥ + X, YY) &N
= ((Cy9)X)" — ((Ly)X)" ("IDYX)VEH (NLyX)"&EH,
(i) WY’ =08 Y- 3DXVYV
= Do (n ) —&on'-&"en)oRyY

= OfgxpY' — (’I(X))VD?HYV
—(n(X)*(BeY)”
—(n(X)0eY)Y,

(V) Wy Y™ = 0% YH — 308, YH

= Olpxy—(nooenY —&eon'— &N on™)ORYH
= Do Y™ = (N(X)) DY — g™ (OxY)" +n(OxY)H €Y+ n* (OxY) €M
= (OpxY)™ — (n OxY)“€Y
= ((OvX) + " (OyX + X YDH 4+ nV(Oy X+ [X, Y)Y
= ((Ovd)X)" + <<LY¢>X>“ (@ (LyX)"
—(pOyX)H + (nDYX>VEV (NLyX)V&"
= ((Ovg)x)" - +(NDyX)'EY — (NLyX)VE.

Corollary 2. If we put X= £, i.e.n(&) = 1and¢& has the conditions of3g), then we have

(i) ‘-I-’jvKH

(i) YgenY'=

(iii) WseY'=—(0:Y)Y,
(iv) ‘I/ngYH:(( Ov$)&)™ -

3 Conclusion

The paper deals with Tachibana and Vishnevskii operatgiseaitoX¥ andX™ in almost paracontact structure on tangent
bundleT (M). Firstly, we give some properties about vertical lifts, gete lifts, horizontal lifts and almost paracontact
structure on tangent bundle and we get some general cooictuenM after the Tachibana and Vishnevskii operators

—((Byn)&)Vev+

— (D¢
<<ﬁ >> (Ly®)&)" — ((Dyn)&) EM + ((Lyn)X)vER,

((Lym)&)*e".

applied on almost parakontakt structure. Later, by usiatufes of almost parakontakt structure, we obtain sevesal n
results in almost paracontact structureTaiM).
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