
NTMSCI 4, No. 3, 140-150 (2016) 140

New Trends in Mathematical Sciences
http://dx.doi.org/10.20852/ntmsci.2016318838

Ostrowski type inequalities for p-convex functions
Imdat Iscan

Department of Mathematics, Faculty of Arts and Sciences, Giresun University, Giresun, Turkey

Received: 13 May 2016, Accepted: 27 May 2016
Published online: 22 June 2016.

Abstract: In this paper, we give a different version of the concept ofp-convex functions and obtain some new properties ofp-convex
functions. Moreover we establish some Ostrowski type inequalities for the class of functions whose derivatives in absolute values at
certain powers arep-convex.
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1 Introduction

Let f : I→R, whereI ⊆ R is an interval, be a mapping differentiable inI◦ (the interior ofI ) and leta,b∈ I◦ with a< b.

If | f ′(x)| ≤ M, for all x∈ [a,b] , then the following inequality holds

∣

∣

∣

∣

f (x)− 1
b−a

∫ b

a
f (t)dt

∣

∣

∣

∣

≤ M
b−a

[

(x−a)2+(b− x)2

2

]

(1)

for all x ∈ [a,b] . In the literature, the inequality (1) is known as Ostrowski inequality (see [18]), which gives an upper

bound for the approximation of the integral average1
b−a

∫ b
a f (t)dt by the valuef (x) at pointx∈ [a,b]. In [3,5,6,9,10,11],

the reader can find generalizations, improvements and extensions for the inequality (1).

For p∈ R the power meanMp(a,b) of orderp of two positive numbersa andb is defined by

Mp = Mp(a,b) =







(

ap+bp

2

)1/p
, p 6= 0

√
ab, p= 0

.

It is well-known thatMp(a,b) is continuous and strictly increasing with respect top∈ R for fixeda,b> 0 with a 6= b.

Let L = L(a,b) = (b−a)/(lnb− lna), I = I (a,b) = 1
e

(

aa/bb
)1/a−b

, A= A(a,b) = (a+b)/2, G= G(a,b) =
√

ab and

H = H (a,b) = 2ab/(a+b) be the logarithmic, identric, arithmetic, geometric, and harmonic means of two positive real

numbersa andb with a 6= b, respectively. Then

min{a,b}< H (a,b) = M−1(a,b)< G(a,b) = M0(a,b)< L(a,b)< I (a,b)< A(a,b) = M1(a,b)< max{a,b} .

Let M be the family of all mean values of two numbers inR+ = (0,∞) . Given M,N ∈ M, we say that a function

f : R+ → R+ is (M,N)-convex if f (M(x,y)) ≤ N( f (x), f (y)) for all x,y ∈ R+. The concept of(M,N)-convexity has

been studied extensively in the literature from various points of view (see e.g. [1,4,12,15]).
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141 I. Iscan: Ostrowski type inequalities forp-convex functions

Let A(a,b; t) = ta+(1− t)b, G(a,b; t) = atb1−t , H (a,b; t) = ab/(ta+(1− t)b) andMp(a,b; t) = (tap+(1− t)bp)1/p

be the weighted arithmetic, weighted geometric, weighted harmonic , weighted power of orderp means of two positive

real numbersa andb with a 6= b for t ∈ [0,1] , respectively.Mp (a,b; t) is continuous and strictly increasing with respect

to t ∈ R for fixed p∈R\{0} anda,b> 0 with a> b. See [8,14] for some kinds of convexity obtained by using weighted

means.

In [8], the author gave definition Harmonically convex and concave functions as follow.

Definition 1. Let I ⊂R\{0} be a real interval. A function f: I → R is said to be harmonically convex, if

f

(

xy
tx+(1− t)y

)

≤ t f (y)+ (1− t) f (x) (2)

for all x,y∈ I and t∈ [0,1]. If the inequality (2) is reversed, then f is said to be harmonically concave.

The following result of the Hermite-Hadamard type holds forharmonically convex functions.

Theorem 1([8]). Let f : I ⊂R\{0}→R be a harmonically convex function and a,b∈ I with a< b. If f ∈ L[a,b] then the

following inequalities hold

f

(

2ab
a+b

)

≤ ab
b−a

b
∫

a

f (x)
x2 dx≤ f (a)+ f (b)

2
.

The above inequalities are sharp.

2 The Definition of p-convex Function

In [19], Zhang and Wan give the definition ofp-convex function as follows:

Definition 2. Let I be a p-convex set. A function f: I → R is said to be a p-convex function or belongs to the class PC(I),

if

f
(

[txp+(1− t)yp]1/p
)

≤ t f (x)+ (1− t) f (y)

for all x,y∈ I and t∈ [0,1].

Remark.[19]. An interval I is said to be a p-convex set if[txp+(1− t)yp]1/p ∈ I for all x,y ∈ I and t ∈ [0,1], where

p= 2k+1 or p= n/m, n= 2r +1, m= 2t +1 andk, r, t ∈ N.

Remark.If I ⊂ (0,∞) be a real interval andp∈ R\{0}, then

[txp+(1− t)yp]1/p ∈ I for all x,y∈ I and t ∈ [0,1].

According to Remark2, we can give a different version of the definition ofp-convex function as follows:

Definition 3. Let I ⊂ (0,∞) be a real interval and p∈ R\{0} . A function f : I → R is said to be a p-convex function, if

f
(

[txp+(1− t)yp]1/p
)

≤ t f (x)+ (1− t) f (y) (3)

for all x,y∈ I and t∈ [0,1]. If the inequality (3) is reversed, then f is said to be p-concave.

According to Definition3, It can be easily seen that forp= 1 andp=−1, p-convexity reduces to ordinary convexity and

harmonically convexity of functions defined onI ⊂ (0,∞), respectively.
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Example 1.Let f : (0,∞)→ R, f (x) = xp, p 6= 0, andg : (0,∞)→ R, g(x) = c, c∈ R, then f andg are bothp-convex

andp-concave functions.

In [7, Theorem 5], if we takeI ⊂ (0,∞) , h(t) = t andp∈R\{0} , then we have the following theorem.

Theorem 2.Let f : I ⊂ (0,∞)→R be a p-convex function, p∈R\{0}, and a,b∈ I with a< b. If f ∈ L[a,b] then we have

f

(

[

ap+bp

2

]1/p
)

≤ p
bp−ap

b
∫

a

f (x)
x1−pdx≤ f (a)+ f (b)

2
. (4)

Remark.The inequalities (4) are sharp. Indeed we consider the functionf : (0,∞)→ R, f (x) = 1. Thus

1= f
(

[tap+(1− t)bp]1/p
)

= t f (y)+ (1− t) f (x) = 1

for all x,y∈ (0,∞) andt ∈ [0,1]. Thereforef is p-convex on(0,∞) . We also have

f

(

[

ap+bp

2

]1/p
)

= 1,
p

bp−ap

b
∫

a

f (x)
x1−pdx= 1,

and
f (a)+ f (b)

2
= 1

which shows us that the inequalities (4) are sharp.

For some results related top-convex functions and its generalizations, we refer the reader to see [7,?,?,17,19].

3 Main Results

Proposition 1.Let I ⊂ (0,∞) be a real interval, p∈ R\{0} and f : I →R is a function, then ;

(1) If p ≤ 1 and f is convex and nondecreasing function then f is p-convex.

(2) If p ≥ 1 and f is p-convex and nondecreasing function then f is convex.

(3) If p ≤ 1 and f is p-concave and nondecreasing function then f is concave.

(4) If p ≥ 1 and f is concave and nondecreasing function then f is p-concave.

(5) If p ≥ 1 and f is convex and nonincreasing function then f is p-convex.

(6) If p ≤ 1 and f is p-convex and nonincreasing function then f is convex.

(7) If p ≥ 1 and f is p-concave and nonincreasing function then f is concave.

(8) If p ≤ 1 and f is concave and nonincreasing function then f is p-concave.

Proof.Sinceg(x) = xp, p∈ (−∞,0)∪ [1,∞) , is a convex function on(0,∞) andg(x) = xp, p∈ (0,1] , is a concave function

on (0,∞) ,the proof is obvious from the following power mean inequalities

[txp+(1− t)yp]1/p ≥ tx+(1− t)y, p≥ 1,

and

[txp+(1− t)yp]1/p ≤ tx+(1− t)y, p≤ 1,

for all x,y∈ (0,∞) andt ∈ [0,1] .

According to above Proposition, we can give the following examples forp-convex andp-concave functions.
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Example 2.Let f : (0,∞)→ R, f (x) = x, then f is p-convex function forp≤ 1 and f is p-concave function forp≥ 1.

Example 3.Let f : (0,∞)→ R, f (x) = x−p, p≥ 1, then f is p-convex function.

Example 4.Let f : (0,∞)→ R, f (x) =− lnx andp≥ 1, then f is p-convex function.

Example 5.Let f : (0,∞)→ R, f (x) = lnx andp≥ 1, then f is p-concave function.

The following proposition is obvious.

Proposition 2. If f : [a,b] ⊆ (0,∞) → R and if we consider the function g: [ap,bp] → R, defined by g(t) = f
(

t1/p
)

,

p∈ R\{0}, then f is p-convex on[a,b] if and only if g is convex on[ap,bp] , p> 0 (or [bp,ap] , p< 0).

Remark.According to Proposition2, as examples ofp-convex functions we can takef (t) = g(t p), p∈ R\{0}, whereg

is any convex function on[ap,bp]. Thus, we can obtain the inequality (4) in a different manner as follows:

If f is a isp-convex on[a,b] then we write the Hermite-Hadamard inequality for the convex functiong(t) = f
(

t1/p
)

on

the closed interval[ap,bp] as follows

g

(

ap+bp

2

)

≤ 1
bp−ap

bp
∫

ap

g(t)dt ≤ g(ap)+g(bp)

2

that is equivalent to

f

(

[

ap+bp

2

]1/p
)

≤ 1
bp−ap

bp
∫

ap

f (t1/p)dt ≤ f (a)+ f (b)
2

. (5)

Using the change of variablex= t1/p, then

bp
∫

ap

f (t1/p)dt = p

b
∫

a

f (x)
x1−pdx

and we get the inequality (4) by using the inequality (5).

Lemma 1.Let f : I ⊆ (0,∞)→R be a differentiable function on I◦ and a,b∈ I with a< b and p∈R\{0}. If f ′ ∈ L[a,b]

then

f (x)− p
bp−ap

b
∫

a

f (u)
u1−pdu=

1
p(bp−ap)







(xp−ap)2
1
∫

0

t

(txp+(1− t)ap)1−1/p
f ′
(

[txp+(1− t)ap]1/p
)

dt

− (bp− xp)2
1
∫

0

t

(txp+(1− t)bp)1−1/p
f ′
(

[txp+(1− t)bp]1/p
)

dt







.
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Proof. Integrating by part and changing variables of integration yields

1
p(bp−ap)







(xp−ap)2
1
∫

0

t

(txp+(1− t)ap)1−1/p
f ′
(

[txp+(1− t)ap]1/p
)

dt

− (bp− xp)2
1
∫

0

t

(txp+(1− t)bp)1−1/p
f ′
(

[txp+(1− t)bp]1/p
)

dt







=
1

(bp−ap)



(xp−ap)

1
∫

0

td f
(

[txp+(1− t)ap]1/p
)

+(bp− xp)

1
∫

0

td f
(

[txp+(1− t)bp]1/p
)





=
1

(bp−ap)



(xp−ap)







t f
(

[txp+(1− t)ap]1/p
)∣

∣

∣

1

0
−

1
∫

0

f
(

[txp+(1− t)ap]1/p
)

dt











+
1

(bp−ap)



(bp− xp)







t f
(

[txp+(1− t)bp]1/p
)∣

∣

∣

1

0
−

1
∫

0

f
(

[txp+(1− t)bp]1/p
)

dt











= f (x)− p
(bp−ap)

b
∫

a

f (u)
u1−pdu.

Lemma 2.Let 0< a≤ x≤ b, p∈ R\{0} ,λ ≥ 0,µ ≥ 0 andη ≥ 1. Then

1
∫

0

tλ (1− t)µ

(txp+(1− t)ap)η−η/p
dt =Ca,p(x,λ ,µ ,η) =

{

Ba,p(x,λ ,µ ,η), p< 0

Aa,p(x,λ ,µ ,η), p> 0
,

1
∫

0

tλ (1− t)µ

(txp+(1− t)bp)η−η/p
dt = Sb,p(x,λ ,µ ,η),=

{

Tb,p(x,λ ,µ ,η), p< 0

Ub,p(x,λ ,µ ,η), p> 0
,

where

Ba,p(x,λ ,µ ,η) =
β (λ +1,µ +1)

aη p−η .2F1

(

η −η/p,λ +1;λ + µ +2;1−
(x

a

)p)

,

Aa,p(x,λ ,µ ,η) =
β (µ +1,λ +1)

xη p−η .2F1

(

η −η/p,µ +1;λ + µ +2;1−
(a

x

)p)

,

Tb,p(x,λ ,µ ,η) =
β (µ +1,λ +1)

xη p−η .2F1

(

η −η/p,µ +1;λ + µ +2;1−
(

b
x

)p)

,

Ub,p(x,λ ,µ ,η) =
β (λ +1,µ +1)

bη p−η .2F1

(

η −η/p,λ +1;λ + µ +2;1−
(x

b

)p)

,

β is Euler Beta function defined by

β (x,y) =
Γ (x)Γ (y)
Γ (x+ y)

=

1
∫

0

tx−1 (1− t)y−1dt, x,y> 0,
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and2F1 is hypergeometric function defined by

2F1 (a,b;c;z) =
1

β (b,c−b)

1
∫

0

tb−1 (1− t)c−b−1(1− zt)−adt, c> b> 0, |z|< 1 (see [2]).

Proof. (i) Let p> 0. Then

1
∫

0

tλ (1− t)µ

(txp+(1− t)ap)η−η/p
dt =

1
xη p−η

1
∫

0

tµ(1− t)λ

[

1− t
(

1−
(

a
x

)p)]η−η/p
dt

=
β (µ +1,λ +1)

xη p−η .2F1

(

η −η/p,µ +1;λ + µ +2;1−
(a

x

)p)

and

1
∫

0

tλ (1− t)µ

(txp+(1− t)bp)η−η/p
dt =

1
bη p−η

1
∫

0

tλ (1− t)µ

[

1− t
(

1−
(

x
b

)p)]η−η/p
dt

=
β (λ +1,µ +1)

bη p−η .2F1

(

η −η/p,λ +1;λ + µ +2;1−
(x

b

)p)

.

(ii) Let p< 0. Then

1
∫

0

tλ (1− t)µ

(txp+(1− t)ap)η−η/p
dt =

1
aη p−η

1
∫

0

tλ (1− t)µ

[

1− t
(

1−
(

x
a

)p)]η−η/p
dt

=
β (λ +1,µ +1)

aη p−η .2F1

(

η −η/p,λ +1;λ + µ +2;1−
(x

a

)p)

and

1
∫

0

tλ (1− t)µ

(txp+(1− t)bp)η−η/p
dt =

1
xη p−η

1
∫

0

tµ(1− t)λ

[

1− t
(

1−
(

b
x

)p
)]η−η/p

dt

=
β (µ +1,λ +1)

xη p−η .2F1

(

η −η/p,µ +1;λ + µ +2;1−
(

b
x

)p)

.

By using Lemma1and Lemma2, we obtained the following some new Ostrowski type inequalities forp-convex functions.

Theorem 3.Let f : I ⊆ (0,∞)→ R be a differentiable function on I◦, a,b∈ I◦ with a< b, p∈ R\{0} and f′ ∈ L[a,b]. If

| f ′|q is p-convex on[a,b] for q≥ 1, then for all x∈ [a,b], we have

∣

∣

∣

∣

∣

∣

f (x)− p
bp−ap

b
∫

a

f (u)
u1−pdu

∣

∣

∣

∣

∣

∣

≤ 1
p(bp−ap)

(6)

×
{

(xp−ap)2C1−1/q
a,p (x,1,0,1)

[

Ca,p(x,2,0,1)
∣

∣ f ′ (x)
∣

∣

q
+Ca,p(x,1,1,1)

∣

∣ f ′ (a)
∣

∣

q]1/q

+(bp− xp)2 S1−1/q
b,p (x,1,0,1)

[

Sb,p(x,2,0,1)
∣

∣ f ′ (x)
∣

∣

q
+Sb,p(x,1,1,1)

∣

∣ f ′ (b)
∣

∣

q]1/q
}

.
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Proof.From Lemma1, Power mean integral inequality and thep-convexity of| f ′|q on [a,b], we have

∣

∣

∣

∣

∣

∣

f (x)− p
bp−ap

b
∫

a

f (u)
u1−pdu

∣

∣

∣

∣

∣

∣

≤ 1
p(bp−ap)







(xp−ap)2
1
∫

0

t

(txp+(1− t)ap)1−1/p

∣

∣

∣ f ′
(

[txp+(1− t)ap]1/p
)∣

∣

∣dt

+ (bp− xp)2
1
∫

0

t

(txp+(1− t)bp)1−1/p

∣

∣

∣ f ′
(

[txp+(1− t)bp]1/p
)∣

∣

∣dt







≤ (xp−ap)2

p(bp−ap)





1
∫

0

t

(txp+(1− t)ap)1−1/p
dt





1−1/q

×





1
∫

0

t

(txp+(1− t)ap)1−1/p

∣

∣

∣ f ′
(

(txp+(1− t)ap)1−1/p
)∣

∣

∣

q
dt





1/q

+
(bp− xp)2

p(bp−ap)





1
∫

0

t

(txp+(1− t)bp)1−1/p
dt





1−1/q

×





1
∫

0

t

(txp+(1− t)bp)1−1/p

∣

∣

∣ f ′
(

(txp+(1− t)bp)1−1/p
)∣

∣

∣

q
dt





1/q

≤ (xp−ap)2

p(bp−ap)





1
∫

0

t

(txp+(1− t)ap)1−1/p
dt





1−1/q

×





1
∫

0

t2 | f ′ (x)|q+ t(1− t) | f ′ (a)|q

(txp+(1− t)ap)1−1/p
dt





1/q

+
(bp− xp)2

p(bp−ap)





1
∫

0

t

(txp+(1− t)bp)1−1/p
dt





1−1/q

×





1
∫

0

t2 | f ′ (x)|q+ t(1− t) | f ′ (b)|q

(txp+(1− t)bp)1−1/p
dt





1/q

. (7)

Hence, If we use (7) and the equalities in Lemma2 , we obtain the desired result. This completes the proof.

Theorem 4.Let f : I ⊆ (0,∞)→ R be a differentiable function on I◦, a,b∈ I◦ with a< b, p∈ R\{0} and f′ ∈ L[a,b]. If

| f ′|q is p-convex on[a,b] for q≥ 1, then for all x∈ [a,b], we have

∣

∣

∣

∣

∣

∣

f (x)− p
bp−ap

b
∫

a

f (u)
u1−pdu

∣

∣

∣

∣

∣

∣

≤ 1
p(bp−ap)

{

(xp−ap)2C1−1/q
a,p (x,0,0,1) (8)

×
[

Ca,p(x,q+1,0,1)
∣

∣ f ′ (x)
∣

∣

q
+Ca,p(x,q,1,1)

∣

∣ f ′ (a)
∣

∣

q]1/q

+(bp− xp)2S1−1/q
b,p (x,0,0,1)

[

Sb,p(x,q+1,0,1)
∣

∣ f ′ (x)
∣

∣

q
+Sb,p(x,q,1,1)

∣

∣ f ′ (b)
∣

∣

q]1/q
}

.

Proof.From Lemma1 and Lemma2, Power mean integral inequality and thep-convexity of| f ′|q on [a,b], we have

∣

∣

∣

∣

∣

∣

f (x)− p
bp−ap

b
∫

a

f (u)
u1−pdu

∣

∣

∣

∣

∣

∣

≤ 1
p(bp−ap)







(xp−ap)2
1
∫

0

t

(txp+(1− t)ap)1−1/p

∣

∣

∣ f ′
(

[txp+(1− t)ap]1/p
)∣

∣

∣dt

+ (bp− xp)2
1
∫

0

t

(txp+(1− t)bp)1−1/p

∣

∣

∣ f ′
(

[txp+(1− t)bp]1/p
)∣

∣

∣dt
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≤ (xp−ap)2

p(bp−ap)





1
∫

0

1

(txp+(1− t)ap)1−1/p
dt





1−1/q

×





1
∫

0

tq

(txp+(1− t)ap)1−1/p

∣

∣

∣
f ′
(

[txp+(1− t)ap]1/p
)∣

∣

∣

q
dt





1/q

+
(bp− xp)2

p(bp−ap)





1
∫

0

1

(txp+(1− t)bp)1−1/p
dt





1−1/q

×





1
∫

0

tq

(txp+(1− t)bp)1−1/p

∣

∣

∣
f ′
(

[txp+(1− t)ap]1/p
)∣

∣

∣

q
dt





1/q

≤ (xp−ap)2

p(bp−ap)





1
∫

0

1

(txp+(1− t)ap)1−1/p
dt





1−1/q

×





1
∫

0

tq+1 | f ′ (x)|q+ tq(1− t) | f ′ (a)|q

(txp+(1− t)ap)1−1/p
dt





1/q

+
(bp− xp)2

p(bp−ap)





1
∫

0

1

(txp+(1− t)bp)1−1/p
dt





1−1/q

×





1
∫

0

tq+1 | f ′ (x)|q+ tq(1− t) | f ′ (b)|q

(txp+(1− t)bp)1−1/p
dt





1/q

≤ 1
p(bp−ap)

{

(xp−ap)2C1−1/q
a,p (x,0,0,1)×

[

Ca,p(x,q+1,0,1)
∣

∣ f ′ (x)
∣

∣

q
+Ca,p(x,q,1,1)

∣

∣ f ′ (a)
∣

∣

q]1/q

+(bp− xp)2S1−1/q
b,p (x,0,0,1)

[

Sb,p(x,q+1,0,1)
∣

∣ f ′ (x)
∣

∣

q
+Sb,p(x,q,1,1)

∣

∣ f ′ (b)
∣

∣

q]1/q
}

.

This completes the proof.

Forq≥ 1, we can give the following result:

Corollary 1. Let f : I ⊆ (0,∞)→R be a differentiable function on I◦, a,b∈ I◦ with a< b, p∈R\{0} and f′ ∈ L[a,b]. If

| f ′|q is p-convex on[a,b] for q≥ 1. If | f ′(x)| ≤ M, x∈ [a,b] then

∣

∣

∣

∣

∣

∣

f (x)− p
bp−ap

b
∫

a

f (u)
u1−pdu

∣

∣

∣

∣

∣

∣

≤ M
p(bp−ap)

min{I1, I2}

where

I1 =
{

(xp−ap)2C1−1/q
a,p (x,1,0,1) [Ca,p(x,2,0,1)+Ca,p(x,1,1,1)]

1/q

+(bp− xp)2S1−1/q
b,p (x,1,0,1)

[

Sb,p(x,2,0,1)+Sb,p(x,1,1,1)
]1/q
}

,

I2 = (xp−ap)2C1−1/q
a,p (x,0,0,1) [Ca,p(x,q+1,0,1)+Ca,p(x,q,1,1)]

1/q

+(bp− xp)2S1−1/q
b,p (x,0,0,1)

[

Sb,p(x,q+1,0,1)+Sb,p(x,q,1,1)
]1/q

.

Theorem 5.Let f : I ⊆ (0,∞)→ R be a differentiable function on I◦, a,b∈ I◦ with a< b, r ∈ R\{0} and f′ ∈ L[a,b]. If

| f ′|q is p-convex on[a,b] for q> 1, 1
r +

1
q = 1, then

∣

∣

∣

∣

∣

∣

f (x)− p
bp−ap

b
∫

a

f (u)
u1−pdu

∣

∣

∣

∣

∣

∣

≤ 1
p(bp−ap)

(

1
q+2

)1/q{

(xp−ap)2C1/r
a,p(x,0,0, r) (9)

×
[

∣

∣ f ′ (x)
∣

∣

q
+

1
q+1

∣

∣ f ′ (a)
∣

∣

q
]1/q

+(bp− xp)2S1/r
b,p(x,0,0, r)

[

∣

∣ f ′ (x)
∣

∣

q
+

1
q+1

∣

∣ f ′ (b)
∣

∣

q
]1/q

}

.
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Proof.From Lemma1 and Lemma2, Hölder’s inequality and thep-convexity of| f ′|q on [a,b], we have

∣

∣

∣

∣

∣

∣

f (x)− p
bp−ap

b
∫

a

f (u)
u1−pdu

∣

∣

∣

∣

∣

∣

≤ 1
p(bp−ap)

×











(xp−ap)2





1
∫

0

1

(txp+(1− t)ap)r−r/p
dt





1/r



1
∫

0

tq
∣

∣

∣ f ′
(

[txp+(1− t)ap]1/p
)∣

∣

∣

q
dt





1/q

+ (bp− xp)2





1
∫

0

1

(txp+(1− t)bp)r−r/p
dt





1/r



1
∫

0

tq
∣

∣

∣
f ′
(

[txp+(1− t)bp]1/p
)∣

∣

∣

q
dt





1/q










≤ 1
p(bp−ap)

(

1
q+2

)1/q
{

(xp−ap)2C1/r
a,p(x,0,0, r)×

[

∣

∣ f ′ (x)
∣

∣

q
+

1
q+1

∣

∣ f ′ (a)
∣

∣

q
]1/q

+(bp− xp)2S1/r
b,p(x,0,0, r)

[

∣

∣ f ′ (x)
∣

∣

q
+

1
q+1

∣

∣ f ′ (b)
∣

∣

q
]1/q

}

.

This completes the proof.

Theorem 6.Let f : I ⊆ (0,∞)→ R be a differentiable function on I◦, a,b∈ I◦ with a< b, r ∈ R\{0} and f′ ∈ L[a,b]. If

| f ′|q is p-convex on[a,b] for q> 1, 1
r +

1
q = 1, then

∣

∣

∣

∣

∣

∣

f (x)− p
bp−ap

b
∫

a

f (u)
u1−pdu

∣

∣

∣

∣

∣

∣

≤ 1
p(bp−ap)

{

(xp−ap)2C1/r
a,p(x, r,0, r)×

[ | f ′ (x)|q+ | f ′ (a)|q
2

]1/q

+(bp− xp)2S1/r
b,p(x, r,0, r)

[ | f ′ (x)|q+ | f ′ (b)|q
2

]1/q
}

.

Proof.From Lemma1 and Lemma2, Hölder’s inequality and thep-convexity of| f ′|q on [a,b], we have

∣

∣

∣

∣

∣

∣

f (x)− p
bp−ap

b
∫

a

f (u)
u1−pdu

∣

∣

∣

∣

∣

∣

≤ 1
p(bp−ap)

×











(xp−ap)2





1
∫

0

tr

(txp+(1− t)ap)r−r/p
dt





1/r



1
∫

0

∣

∣

∣ f ′
(

[txp+(1− t)ap]1/p
)∣

∣

∣

q
dt





1/q

+ (bp− xp)2





1
∫

0

tr

(txp+(1− t)bp)r−r/p
dt





1/r



1
∫

0

∣

∣

∣ f ′
(

[txp+(1− t)bp]1/p
)∣

∣

∣

q
dt





1/q










≤ 1
p(bp−ap)

{

(xr −ar)2C1/r
a,p(x, r,0, r)×

[ | f ′ (x)|q+ | f ′ (a)|q
2

]1/q

+(bp− xp)2S1/r
b,p(x, r,0, r)

[ | f ′ (x)|q+ | f ′ (b)|q
2

]1/q
}

.

This completes the proof.
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Theorem 7.Let f : I ⊆ (0,∞)→ R be a differentiable function on I◦, a,b∈ I◦ with a< b, r ∈ R\{0} and f′ ∈ L[a,b]. If

| f ′|q is p-convex on[a,b] for q> 1, 1
r +

1
q = 1, then

∣

∣

∣

∣

∣

∣

f (x)− p
bp−ap

b
∫

a

f (u)
u1−pdu

∣

∣

∣

∣

∣

∣

≤ 1
p(bp−ap)

(

1
r +1

) 1
r {

(xp−ap)2[Ca,p(x,1,0,q)
∣

∣ f ′ (x)
∣

∣

q
+Ca,p(x,0,1,q)

∣

∣ f ′ (a)
∣

∣

q]1/q

+(bp− xp)2[Sb,p(x,1,0,q)
∣

∣ f ′ (x)
∣

∣

q
+Sb,p(x,0,1,q)

∣

∣ f ′ (b)
∣

∣

q]1/q
}

.

Proof.From Lemma1 and Lemma2, Hölder’s inequality and thep-convexity of| f ′|q on [a,b], we have

∣

∣

∣

∣

∣

∣

f (x)− p
bp−ap

b
∫

a

f (u)
u1−pdu

∣

∣

∣

∣

∣

∣

≤ 1
p(bp−ap)

×











(xp−ap)2





1
∫

0

trdt





1/r



1
∫

0

∣

∣

∣ f ′
(

[txp+(1− t)ap]1/p
)∣

∣

∣

q

(txp+(1− t)ap)q−q/p
dt





1/q

+ (bp− xp)2





1
∫

0

trdt





1/r



1
∫

0

∣

∣

∣ f ′
(

[txp+(1− t)bp]1/p
)∣

∣

∣

q

(txp+(1− t)bp)q−q/p
dt





1/q










≤ 1
p(bp−ap)

(

1
r +1

) 1
r {

(xp−ap)2[Ca,p(x,1,0,q)
∣

∣ f ′ (x)
∣

∣

q
+Ca,p(x,0,1,q)

∣

∣ f ′ (a)
∣

∣

q]1/q

+(bp− xp)2[Sb,p(x,1,0,q)
∣

∣ f ′ (x)
∣

∣

q
+Sb,p(x,0,1,q)

∣

∣ f ′ (b)
∣

∣

q]1/q
}

.

This completes the proof.

Forq> 1, we can give the following result:

Corollary 2. Let f : I ⊆ (0,∞)→ R be a differentiable function on I◦, a,b∈ I◦ with a< b, r ∈R\{0} and f′ ∈ L[a,b]. If

| f ′|q is p-convex on[a,b] for q> 1, 1
r +

1
q = 1, if | f ′(x)| ≤ M, x∈ [a,b] then

∣

∣

∣

∣

∣

∣

f (x)− p
bp−ap

b
∫

a

f (u)
u1−pdu

∣

∣

∣

∣

∣

∣

≤ M
p(bp−ap)

min{J1,J2,J3} (10)

where

J1 =

(

1
q+1

)1/q{

(xp−ap)2C1/r
a,p(x,0,0, r)+ (bp− xp)2S1/r

b,p(x,0,0, r)
}

,

J2 = (xp−ap)2C1/r
a,p(x, r,0, r)+ (bp− xp)2S1/r

b,p(x, r,0, r),

J3 =

(

1
r +1

) 1
r {

(xp−ap)2 [Ca,p(x,1,0,q)+Ca,p(x,0,1,q)]
1/q

+(bp− xp)2[Sb,p(x,1,0,q)+Sb,p(x,0,1,q)
]1/q
}

.
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4 Conclusion

The paper deals with Ostrowski type inequalities for p-convex functions. Firstly, we give a different version of the concept

of p-convex functions and get some new properties of p-convex functions. Later, by using a new identity, we obtain several

new Ostrowski type inequalities for this class of functionsvia hypergeometric functions.
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