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Abstract: The paper is devoted to the study of pointwise approximationof functions f ∈ Lp,ϕ (D) by double singular integral operators
with radial kernels atp−generalized Lebesgue points. Here,ϕ > 0 is a weight function satisfying some sharp conditions andLp,ϕ (D)

is the collection of all measurable and non-integrable functions for which
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is integrable onD, whereD = 〈a,b;c,d〉 is an arbitrary

bounded open, semi open or closed region orD =R
2.
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1 Introduction

In Taberski’s famous paper [18], the pointwise approximation of 2π− periodic Lebesgue integrable functions was
investigated by the convolution type, linear singular integral operators of the form:

Lλ ( f ;x) =

π
∫

−π

f (t)Kλ (t − x)dt, x∈ 〈−π ,π〉 , λ ∈ Λ ⊂ R
+
0 , (1)

whereKλ (t) is the kernel fulfilling appropriate conditions.

The papers [6] and [16], which are based on Taberski’s study [18], are devoted to the study of pointwise convergence of
the operators of type (1) on some planar sets consist of characteristic points(x0,y0) of various types. Besides, Bardaro
[2] presented significant results about the rate of pointwise convergence of some classes of the linear singular integral
operators. Distinctively, Esen [4,5] obtained some approximation results concerning the pointwise convergence and the
rate of pointwise convergence of non-convolution type linear singular integral operators atp−Lebesgue points.
Moreover, Karsli and Ibikli [8] extended the results in the articles [18], [6] and [16] by considering the more general
integral operators of the form:

Tλ ( f ;x) =

b
∫

a

f (t)Kλ (t − x)dt, x∈ 〈a,b〉 , λ ∈ Λ ⊂ R
+
0 , (2)

where f ∈ L1 (a,b) and〈a,b〉 denotes an arbitrary interval inR such as[a,b] , (a,b) , [a,b) or (a,b] . For some studies
concerning approximation of functions by linear positive operators in several settings, the reader may see also e.g.
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[9]-[14].

In [19], Taberski studied the pointwise approximation of functions f ∈ L1 (Q) by the three parameter family of
convolution type double singular integral operators of theform:

Vλ ( f ;x,y) =
∫∫

Q

f (t,s)Kλ (t − x,s− y)dsdt, (x,y) ∈ Q, (3)

whereλ ∈ Λ ⊂ R
+
0 andQ denotes a given rectangle.

In [22], Yilmaz et al. investigated the pointwise convergence of double singularintegral operators with radial kernels in
the following setting:

Lλ ( f ;x,y) =
∫∫

D

f (t,s)Hλ (t − x,s− y)dsdt, (x,y) ∈ D, λ ∈ Λ , (4)

whereD = 〈a,b;c,d〉 is an arbitrary bounded closed, semi-closed or open region or D = R
2 and f ∈ Lp (D) provided

1≤ p< ∞. Besides, the regionD was particularly chosen as〈−π ,π ;−π ,π〉 in this article.

It was natural to consider pointwise approximation in weighted Lebesgue spaces, as well as Lebesgue spaces. Therefore,
Alexits [1], Mamedov [11] and Esen [4] presented necessary conditions satisfied by kernel functions in order to obtain a
desired convergence, separately. Also, Taberski [20] studied the weighted pointwise convergence of double singular
integral operators of type (3) using two dimensional counterparts of the conditions obtained by Alexits [1]. Later on,
some weighted pointwise approximation results for the operator of type (4) were obtained in [21] using two dimensional
counterpart of the approximation method presented by Esen [4].

This paper may be seen as a continuation and further generalization of [21]. In this paper, our main concern is to prove
that the operators of type (4) converge to the functionf ∈ Lp,ϕ (D) at p−generalized Lebesgue point of it as(x,y,λ )
tends to(x0,y0,λ0). Here,ϕ > 0 is a weight function satisfying some sharp conditions andLp,ϕ (D) is the collection of

all measurable and non-integrable functions for which
∣

∣

∣

f
ϕ

∣

∣

∣

p
is integrable onD (1 ≤ p < ∞), whereD = 〈a,b;c,d〉 is

open, semi open or closed bounded region orD = R
2
.

The paper is organized as follows: In Section 2, we give some preliminary concepts. In Section 3, the existence of the
operators of type (4) is explored. In Section 4, main resultsare presented. In Section 5, the rate of pointwise convergence
of the operators of type (4) is established.

2 Preliminaries

Definition 1. A function H∈ L1
(

R
2
)

is said to be radial, if there exists a function K: R+
0 → R such that H(t,s) =

K
(√

t2+ s2
)

a.e. [3].

Definition 2.
(

Class Aϕ
)

Let Hλ : R2×Λ → R be a radial function i.e., there exists a function Kλ : R+
0 ×Λ → R such

that the following equality holds for(t,s) ∈ R
2 a.e.: Hλ (t,s) := Kλ

(√
t2+ s2

)

, whereΛ is a given set of non-negative

numbers with accumulation pointλ0. In addition, letφ(t,s) = sup
(x,y)∈D

∣

∣

∣

ϕ(t+x,s+y)
ϕ(x,y)

∣

∣

∣ for every(t,s) ∈ D andϕ : R2 → R
+.

Hλ (t,s) belongs to class Aϕ , if the following conditions are satisfied:

(a) Hλ (t,s) = Kλ

(√
t2+ s2

)

is non-negative and integrable as a function of(t,s) onR2 for each fixedλ ∈ Λ .

(b) For fixed(x0,y0) ∈ D, Kλ

(√

x2
0+ y2

0

)

tends to infinity asλ tends toλ0.
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(c) limλ→λ0

∣

∣

∣

∫∫

R2 Kλ

(√
t2+ s2

)

dsdt−1
∣

∣

∣= 0.

(d) limλ→λ0

[

sup
ξ≤

√
t2+s2 Kλ

(√
t2+ s2

)]

= 0, ∀ξ > 0.

(e) limλ→λ0

[

∫∫

ξ≤
√

t2+s2 Kλ

(√
t2+ s2

)

dsdt
]

= 0, ∀ξ > 0.

(f)

∥

∥

∥

∥

φ (., .)Kλ

√

(.)2+(.)2
∥

∥

∥

∥

L1(R2)
≤ M < ∞, ∀λ ∈ Λ .

(g) Kλ

(

√

(t − x)2+(s− y)2
)

is non-increasing as a function of t on〈x0,b〉 and non-decreasing on〈a,x0〉. Similarly,

Kλ

(

√

(t − x)2+(s− y)2
)

is non-increasing as a function of s on〈y0,d〉 and non-decreasing on〈c,y0〉 , for each fixed

λ ∈ Λ and for fixed(x0,y0) ∈ D. As a function of(t,s) , Kλ

(

√

(t − x)2+(s− y)2
)

is bimonotonically increasing on

〈x0,b;y0,d〉 and〈a,x0;c,y0〉. Similarly, Kλ

(

√

(t − x)2+(s− y)2
)

is bimonotonically decreasing on〈a,x0;y0,d〉 and

〈x0,b;c,y0〉 .

Throughout this paper we suppose that the kernel functionHλ (t,s) belongs to classAϕ .

Remark.For more information about the concept of bimonotonicity, the reader may see also e.g. [7].

3 Existence of the operators

Main results in this work are based on the following theorem.

Theorem 1.Let 1≤ p< ∞. If f ∈ Lp,ϕ (D) , then Lλ ( f ;x,y) defines a continuous transformation acting on Lp,ϕ (D) .

Proof.Let D = 〈a,b;c,d〉 is an arbitrary bounded closed, semi-closed or open region and 1< p< ∞. By the linearity of
the operatorLλ ( f ;x,y) , it is sufficient to show that the following expression:

‖Lλ‖ϕ = sup
f 6=0

‖Lλ ( f ;x,y)‖Lp,ϕ (D)

‖ f‖Lp,ϕ (D)

remains uniformly bounded.

We define a function such that

g(t,s) =

{

f (t,s) , (t,s) ∈ D,

0, (t,s) ∈ R
2\D.

(5)

The expression
(

∫∫

D

∣

∣

∣

f (x,y)
ϕ(x,y)

∣

∣

∣

p
dydx

)
1
p

defines the norm in the spaceLp,ϕ (D) ; see, for example, [20]. The following
equality is obtained for the norm of the operator of type (4) i.e.:

‖Lλ ( f ;x,y)‖Lp,ϕ (D) = ‖Lλ (g;x,y)‖Lp,ϕ (D)

=





∫∫

D

1
[ϕ (x,y)]p

∣

∣

∣

∣

∣

∣

∫∫

R2

g(t,s)Kλ

(
√

(t − x)2+(s− y)2
)

dsdt

∣

∣

∣

∣

∣

∣

p

dydx





1
p

.

By using the generalized Minkowski inequality (see, e.g., [17]) and condition( f ) of classAϕ , we obtain

‖Lλ ( f ;x,y)‖Lp,ϕ (D) ≤ M ‖ f‖Lp,ϕ (D) .

Note that the proof of the casep= 1 is quite similar to the above one. In addition, one may provethe assertion for the
caseD = R

2 analogous to the above proof. Thus the proof is completed.
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4 Pointwise convergence

Theorem 2.Suppose that D= 〈a,b;c,d〉 is an arbitrary bounded closed, semi-closed or open region.If (x0,y0) ∈ D is a
common p−generalized Lebesgue point of the functions f∈ Lp,ϕ (D) andϕ ∈ Lp (D), then

lim
(x,y,λ )→(x0,y0,λ0)

Lλ ( f ;x,y) = f (x0,y0)

under the conditions

∂Kλ

(

√

(t − x)2+(s− y)2
)

∂ t
× ∂ϕ (t,s)

∂ t
> 0, for each fixed(x,y) ∈ D, (6)

∂Kλ

(

√

(t − x)2+(s− y)2
)

∂s
× ∂ϕ (t,s)

∂s
> 0, for each fixed(x,y) ∈ D, (7)

and

∂ 2Kλ

(

√

(t − x)2+(s− y)2
)

∂ t∂s
× ∂ 2ϕ (t,s)

∂ t∂s
> 0, for each fixed(x,y) ∈ D (8)

providing that first and second order (mixed) partial derivatives of Kλ

(

√

(t − x)2+(s− y)2
)

andϕ (t,s) w.r.t. (t,s) exist

a.e. onR2, on any set Z on which the function

x0+δ
∫

x0−δ

y0+δ
∫

y0−δ

ϕ (t,s)Kλ

(
√

(t − x)2+(s− y)2
)

∣

∣

∣d
[

(x0− t)(α+1) (s− y0)
(α+1)

]∣

∣

∣ ,

where d
[

(x0− t)(α+1) (s− y0)
(α+1)

]

is the Lebesgue-Stieltjes measure with respect to(x0− t)(α+1) (s− y0)
(α+1)

, is

bounded as(x,y,λ ) tends to(x0,y0,λ0) .

Proof. Let (x0,y0) ∈ D be a commonp−generalized Lebesgue point of the functionsf ∈ Lp,ϕ (D) andϕ ∈ Lp(D) . Let
|x− x0| < δ

2 and|y− y0| < δ
2 for a givenδ > 0. The proof will be given for the case 0< x0− x< δ

2 and 0< y0− y< δ
2

for all δ > 0 satisfyingx0+ δ < b, x0− δ > a, y0+ δ < d andy0− δ > c. For the remaining cases, the proof follows a
similar line. Also, for the simplicity, the proof will be stated for the case 1< p< ∞. The proof of the casep= 1 may be
given using similar strategy.

According to the definition ofp−generalized Lebesgue point given in [22], for all givenε > 0, there exists aδ > 0 such
that for allh,k satisfying 0< h,k≤ δ , the inequality

x0
∫

x0−δ

y0
∫

y0−δ

∣

∣

∣

∣

f (t,s)
ϕ (t,s)

− f (x0,y0)

ϕ (x0,y0)

∣

∣

∣

∣

p

dsdt< ε p (hk)(α+1) (9)

holds.
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SetI(x,y,λ ) := |Lλ ( f ;x,y)− f (x0,y0)|. We may easily write

I(x,y,λ ) =

∣

∣

∣

∣

∣

∣

∫∫

D

f (t,s)Hλ (t − x,s− y)dsdt− f (x0,y0)

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

∫∫

D

f (t,s)Kλ

(
√

(t − x)2+(s− y)2
)

dsdt− f (x0,y0)

∣

∣

∣

∣

∣

∣

≤
∫∫

D

∣

∣

∣

∣

f (t,s)
ϕ (t,s)

− f (x0,y0)

ϕ (x0,y0)

∣

∣

∣

∣

ϕ (t,s)Kλ

(
√

(t − x)2+(s− y)2
)

dsdt

+

∣

∣

∣

∣

f (x0,y0)

ϕ (x0,y0)

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∫∫

D

ϕ (t,s)Kλ

(
√

(t − x)2+(s− y)2
)

dsdt−ϕ (x0,y0)

∣

∣

∣

∣

∣

∣

.

Since wheneverm, n being positive numbers the inequality(m+n)p ≤ 2p(mp+np) holds (see, e.g., [15]), we have

[I(x,y,λ )]p ≤ 2p

















∫∫

D\Bδ

+
∫∫

Bδ











∣

∣

∣

∣

f (t,s)
ϕ (t,s)

− f (x0,y0)

ϕ (x0,y0)

∣

∣

∣

∣

ϕ (t,s)Kλ

(
√

(t − x)2+(s− y)2
)

dsdt







p

+2p

∣

∣

∣

∣

f (x0,y0)

ϕ (x0,y0)

∣

∣

∣

∣

p
∣

∣

∣

∣

∣

∣

∫∫

D

ϕ (t,s)Kλ

(
√

(t − x)2+(s− y)2
)

dsdt−ϕ (x0,y0)

∣

∣

∣

∣

∣

∣

p

= I1+ I2,

whereBδ :=
{

(t,s) : (t − x0)
2+(s− y0)

2 ≤ δ 2
, (x0,y0) ∈ D

}

.

From Theorem 4.1 in [22], we see thatI2 → 0 as(x,y,λ ) tends to(x0,y0,λ0) . Now, applying Hölder’s inequality (for
Hölder’s inequality, see [15]) to the integralI1, and then using the inequality given as(m+n)p ≤ 2p(mp+np), we obtain

I1 ≤ c(x,y,λ )22p

{

Kλ

(

δ√
2

)

sup
D\Bδ

ϕ (t,s)

{

‖ f‖p
Lp,ϕ (D)

+

∣

∣

∣

∣

f (x0,y0)

ϕ (x0,y0)

∣

∣

∣

∣

p

|b−a| |c−d|
}

}

+ c(x,y,λ )2p
∫∫

Bδ

∣

∣

∣

∣

f (t,s)
ϕ (t,s)

− f (x0,y0)

ϕ (x0,y0)

∣

∣

∣

∣

p

ϕ (t,s)Kλ

(
√

(t − x)2+(s− y)2
)

dsdt

= c(x,y,λ )
{

22pI11+2pI21
}

,

wherec(x,y,λ ) :=

(

∫∫

D
ϕ (t,s)Kλ

(

√

(t − x)2+(s− y)2
)

dsdt

)
p
q

.

From Theorem 4.1 in [22], c(x,y,λ ) → [ϕ (x0,y0)]
p
q as(x,y,λ ) tends to(x0,y0,λ0) , and by condition(e) of classAϕ ,

I11 → 0 as(x,y,λ ) tends to(x0,y0,λ0) .

The following inequality holds for the integralI21:

I21≤







x0
∫

x0−δ

y0
∫

y0−δ

+

x0+δ
∫

x0

y0
∫

y0−δ







∣

∣

∣

∣

f (t,s)
ϕ (t,s)

− f (x0,y0)

ϕ (x0,y0)

∣

∣

∣

∣

p

ϕ (t,s)Kλ

(
√

(t − x)2+(s− y)2
)

dsdt

+







x0
∫

x0−δ

y0+δ
∫

y0

+

x0+δ
∫

x0

y0+δ
∫

y0







∣

∣

∣

∣

f (t,s)
ϕ (t,s)

− f (x0,y0)

ϕ (x0,y0)

∣

∣

∣

∣

p

ϕ (t,s)Kλ

(
√

(t − x)2+(s− y)2
)

dsdt

= I211+ I212+ I213+ I214.
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Since
I21 ≤ I211+ I212+ I213+ I214,

it is sufficient to show that the terms on the right hand side ofthe last inequality tends to zero as(x,y,λ )→ (x0,y0,λ0) on
Z. Let us consider the integralI211.

For this aim, we define the new function as follows:

F (t,s) :=

x0
∫

t

y0
∫

s

∣

∣

∣

∣

f (u,v)
ϕ (u,v)

− f (x0,y0)

ϕ (x0,y0)

∣

∣

∣

∣

p

dvdu.

From (9), for allt andssatisfying 0< x0− t ≤ δ and 0< y0− s≤ δ we have

|F (t,s)| ≤ ε p (x0− t)(α+1) (y0− s)(α+1)
. (10)

Now, we can concentrate the integralI211. From Theorem 2.5 in [19], we have the following equality:

I211=

x0
∫

x0−δ

y0
∫

y0−δ

∣

∣

∣

∣

f (t,s)
ϕ (t,s)

− f (x0,y0)

ϕ (x0,y0)

∣

∣

∣

∣

p

ϕ (t,s)Kλ

(
√

(t − x)2+(s− y)2
)

dsdt

= (LS)

x0
∫

x0−δ

y0
∫

y0−δ

ϕ (t,s)Kλ

(
√

(t − x)2+(s− y)2
)

dF (t,s) ,

where(LS) denotes Lebesgue-Stieltjes integral.

Two-dimensional integration by parts (see Theorem 2.2, p.100 in [19]) gives us

x0
∫

x0−δ

y0
∫

y0−δ

ϕ (t,s)Kλ

(
√

(t − x)2+(s− y)2
)

dF (t,s)

=

x0
∫

x0−δ

y0
∫

y0−δ

F (t,s)d

[

ϕ (t,s)Kλ

(
√

(t − x)2+(s− y)2
)]

+

x0
∫

x0−δ

F (t,y0− δ )dt

[

ϕ (t,y0− δ )Kλ

(
√

(t − x)2+(y0− y− δ )2
)]

+

y0
∫

y0−δ

F (x0− δ ,s)ds

[

ϕ (x0− δ ,s)Kλ

(
√

(x0− x− δ )2+(s− y)2
)]

+F (x0− δ ,y0− δ )ϕ (x0− δ ,y0− δ )Kλ

(
√

(x0− x− δ )2+(y0− y− δ )2
)

.
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From (10), we can write

|I211| ≤ ε p

x0
∫

x0−δ

y0
∫

y0−δ

(x0− t)(α+1) (y0− s)(α+1)
∣

∣

∣

∣

d

[

ϕ (t,s)Kλ

(
√

(s− x)2+(t − y)2
)]∣

∣

∣

∣

+ ε pδ (α+1)

x0
∫

x0−δ

(x0− t)(α+1)
∣

∣

∣

∣

dt

[

ϕ (t,y0− δ )Kλ

(
√

(t − x)2+(y0− y− δ )2
)]∣

∣

∣

∣

+ ε pδ (α+1)

y0
∫

y0−δ

(y0− s)(α+1)
∣

∣

∣

∣

ds

[

ϕ (x0− δ ,s)Kλ

(
√

(x0− x− δ )2+(s− y)2
)]∣

∣

∣

∣

+ ε pδ 2(α+1)ϕ (x0− δ ,y0− δ )Kλ

(
√

(x0− δ − x)2+(y0− δ − y)2
)

.

From(6)− (8), we see that the monotonicity properties of

Kλ

(
√

(t − x)2+(s− y)2
)

andϕ (t,s)Kλ

(
√

(t − x)2+(s− y)2
)

coincide for each fixed(x,y) ∈ D. Applying two-dimensional integration by parts to the last inequality, we get the
following inequality:

|I211| ≤ ε p

x0
∫

x0−δ

y0
∫

y0−δ

ϕ (t,s)Kλ

(
√

(t − x)2+(s− y)2
)

d
[

(x0− t)(α+1) (y0− s)(α+1)
]

.

For the integralsI212, I213, andI214 the proof is similar to the above one. Thus we obtain following inequalities:

|I212| ≤ −ε p

x0+δ
∫

x0

y0
∫

y0−δ

ϕ (t,s)Kλ

(
√

(t − x)2+(s− y)2
)

d
[

(t − x0)
(α+1) (y0− s)(α+1)

]

,

|I213| ≤ −ε p

x0
∫

x0−δ

y0+δ
∫

y0

ϕ (t,s)Kλ

(
√

(t − x)2+(s− y)2
)

d
[

(x0− t)(α+1) (s− y0)
(α+1)

]

,

|I214| ≤ ε p

x0+δ
∫

x0

y0+δ
∫

y0

ϕ (t,s)Kλ

(
√

(t − x)2+(s− y)2
)

d
[

(t − x0)
(α+1) (s− y0)

(α+1)
]

.

Collecting the estimatesI212, I213, andI214, we have

|I21| ≤ ε p

x0+δ
∫

x0−δ

y0+δ
∫

y0−δ

ϕ (t,s)Kλ

(
√

(t − x)2+(s− y)2
)

∣

∣

∣d
[

(x0− t)(α+1) (s− y0)
(α+1)

]∣

∣

∣ .

Therefore, if the points(x,y,λ ) are sufficiently close to(x0,y0,λ0), we have

I21 ≤ ε pC,
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where

C= sup







x0+δ
∫

x0−δ

y0+δ
∫

y0−δ

ϕ (t,s)Kλ

(
√

(t − x)2+(s− y)2
)

∣

∣

∣d
[

(x0− t)(α+1) (s− y0)
(α+1)

]∣

∣

∣ : (x,y,λ ) ∈ Z







.

From Theorem 4.1 in [22], c(x,y,λ )→ [ϕ (x0,y0)]
p
q as(x,y,λ ) tends to(x0,y0,λ0) . This completes the proof.

Theorem 3.Suppose that D= R
2, and the hypotheses (6)-(8) of Theorem 2 are satisfied. If(x0,y0) ∈ R

2 is a common
p−generalized Lebesgue point of the functions f∈ Lp,ϕ

(

R
2
)

andϕ ∈ Lp
(

R
2
)

,then

lim
(x,y,λ )→(x0,y0,λ0)

Lλ ( f ;x,y) = f (x0,y0)

on any set Z on which the function

x0+δ
∫

x0−δ

y0+δ
∫

y0−δ

ϕ (t,s)Kλ

(
√

(t − x)2+(s− y)2
)

∣

∣

∣d
[

(x0− t)(α+1) (s− y0)
(α+1)

]∣

∣

∣ ,

where d
[

(x0− t)(α+1) (s− y0)
(α+1)

]

is the Lebesgue-Stieltjes measure with respect to(x0− t)(α+1) (s− y0)
(α+1)

, is

bounded as(x,y,λ ) tends to(x0,y0,λ0) .

Proof.The proof of this theorem is quite similar to the proof of Theorem 2, and it is omitted.

5 Rate of convergence

In this section, two theorems concerning the rate of pointwise convergence of the operators of type (4) will be given.

Theorem 4.Suppose that the hypotheses of Theorem 2 are satisfied. Let

∆ (x,y,λ ,δ ) =
x0+δ
∫

x0−δ

y0+δ
∫

y0−δ

|x0− t| |s− y0|ϕ (t,s)Kλ

(
√

(t − x)2+(s− y)2
)

dsdt,

where0< δ ≤ δ0 for a fixed (and finite!) positive numberδ0, and the following conditions are satisfied:

(i) ∆ (x,y,λ ,δ )→ 0 as(x,y,λ ) tends to(x0,y0,λ0) for someδ > 0.
(ii) ∀ξ > 0 and∀α ∈ (0,1) , we have Kλ (ξ ) =o

(

(∆ (x,y,λ ,δ ))α) as(x,y,λ ) tends to(x0,y0,λ0) .

(iii) ∀α ∈ (0,1) ,

∣

∣

∣

∣

∫∫

D
ϕ (t,s)Kλ

(

√

(t − x)2+(s− y)2
)

dsdt−ϕ (x0,y0)

∣

∣

∣

∣

=o
(

(∆ (x,y,λ ,δ ))α) as (x,y,λ ) tends to

(x0,y0,λ0) .

Then, at each common p−generalized Lebesgue point of f∈ Lp,ϕ (D) andϕ ∈ Lp (D) we have

|Lλ ( f ;x,y)− f (x0,y0)|= o
(

(∆ (x,y,λ ,δ ))
α
p

)

as(x,y,λ ) tends to(x0,y0,λ0).
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Proof.By the hypotheses of Theorem 2, the following inequality holds:

|Lλ ( f ;x,y)− f (x0,y0)|p ≤ 22pKλ

(

δ√
2

)

sup
D\Bδ

ϕ (t,s)‖ f‖p
Lp,ϕ (D)





∫∫

D

ϕ (t,s)Kλ

(
√

(t − x)2+(s− y)2
)

dsdt





p
q

+22pKλ

(

δ√
2

)∣

∣

∣

∣

f (x0,y0)

ϕ (x0,y0)

∣

∣

∣

∣

p

|b−a| |c−d|





∫∫

D

ϕ (t,s)Kλ

(
√

(t − x)2+(s− y)2
)

dsdt





p
q

+2p(α +1)2 ε p

x0+δ
∫

x0−δ

y0+δ
∫

y0−δ

|x0− t|α |s− y0|α ϕ (t,s)Kλ

(
√

(t − x)2+(s− y)2
)

dsdt

×





∫∫

D

ϕ (t,s)Kλ

(
√

(t − x)2+(s− y)2
)

dsdt





p
q

+2p

∣

∣

∣

∣

f (x0,y0)

ϕ (x0,y0)

∣

∣

∣

∣

p
∣

∣

∣

∣

∣

∣

∫∫

D

ϕ (t,s)Kλ

(
√

(t − x)2+(s− y)2
)

dsdt−ϕ (x0,y0)

∣

∣

∣

∣

∣

∣

p

.

Set

A(x,y,λ ,δ ) :=

x0+δ
∫

x0−δ

y0+δ
∫

y0−δ

|x0− t|α |s− y0|α ϕ (t,s)Kλ

(
√

(t − x)2+(s− y)2
)

dsdt.

Now, we can apply the proof method used by Mamedov [12] to the remaining part. Since 0< α < 1, we have1
α > 1, and

the conjugate of1α is 1
(1−α) . Applying Hölder’s inequality to the termA(x,y,λ ,δ ) , we have

A(x,y,λ ,δ ) =
x0+δ
∫

x0−δ

y0+δ
∫

y0−δ

|x0− t|α |s− y0|α
(

ϕ (t,s)Kλ

(
√

(t − x)2+(s− y)2
))α

×
(

ϕ (t,s)Kλ

(
√

(t − x)2+(s− y)2
))(1−α)

dsdt

≤







x0+δ
∫

x0−δ

y0+δ
∫

y0−δ

[

|x0− t|α |s− y0|α
(

ϕ (t,s)Kλ

(
√

(t − x)2+(s− y)2
))α] 1

α
dsdt







α

×







x0+δ
∫

x0−δ

y0+δ
∫

y0−δ

[

(

ϕ (t,s)Kλ

(
√

(t − x)2+(s− y)2
))(1−α)

] 1
(1−α)

dsdt







(1−α)

≤ (∆ (x,y,λ ,δ ))α ×







∫∫

D

ϕ (t,s)Kλ

(
√

(t − x)2+(s− y)2
)

dsdt







(1−α)

.

Since
∫∫

D
ϕ (t,s)Kλ

(

√

(t − x)2+(s− y)2
)

dsdt→ ϕ (x0,y0) as(x,y,λ ) tends to(x0,y0,λ0), the rest of the proof is clear

by the conditions (i)-(iii). Thus the proof is completed.
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Theorem 5.Suppose that the hypotheses of Theorem 3 are satisfied. Let

∆ (x,y,λ ,δ ) =
x0+δ
∫

x0−δ

y0+δ
∫

y0−δ

|x0− t| |s− y0|ϕ (t,s)Kλ

(
√

(t − x)2+(s− y)2
)

dsdt,

where0< δ ≤ δ0 for a fixed (and finite!) positive numberδ0, and the following conditions are satisfied:

(i) ∆ (x,y,λ ,δ )→ 0 as(x,y,λ ) tends to(x0,y0,λ0) for someδ > 0.
(ii) ∀ξ > 0 and∀α ∈ (0,1) , we have Kλ (ξ ) =o

(

(∆ (x,y,λ ,δ ))α) as(x,y,λ ) tends to(x0,y0,λ0) .

(iii) ∀ξ > 0 and ∀α ∈ (0,1) , we have
∫∫

ξ≤
√

t2+s2 Kλ

(√
t2+ s2

)

dsdt =o
(

(∆ (x,y,λ ,δ ))α) as (x,y,λ ) tends to

(x0,y0,λ0) .

(iv) ∀α ∈ (0,1) ,

∣

∣

∣

∣

∣

∫∫

R2
ϕ (t,s)Kλ

(

√

(t − x)2+(s− y)2
)

dsdt−ϕ (x0,y0)

∣

∣

∣

∣

∣

=o
(

(∆ (x,y,λ ,δ ))α) as (x,y,λ ) tends to

(x0,y0,λ0) .

Then, at each common p−generalized Lebesgue point of f∈ Lp,ϕ
(

R
2
)

andϕ ∈ Lp
(

R
2
)

we have

|Lλ ( f ;x,y)− f (x0,y0)|= o
(

(∆ (x,y,λ ,δ ))
α
p

)

as(x,y,λ ) tends to(x0,y0,λ0).

Proof.The proof of this theorem is analogous to the proof of Theorem4, and it is omitted.

6 Conclusion

In this paper, the weighted pointwise convergence of the convolution type double singular integral operators depending
on three parameters is investigated. Since the approximation results and the character of the kernel functions are related,
a special class of kernel functions has been defined. Therefore, the main results are presented as Theorem 1 and Theorem
2. By using main results, the rate of pointwise convergence of the indicated type operators is computed.
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