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Abstract: The paper is devoted to the study of pointwise approximatifdanctionsf € L ¢ (D) by double singular integral operators
with radial kernels ap—generalized Lebesgue points. Hepe> 0 is a weight function satisfying some sharp conditions lagg (D)

. . . . p. . . .
is the collection of all measurable and non-integrable fions for WhICh’ %‘ is integrable orD, whereD = (a, b; c,d) is an arbitrary

bounded open, semi open or closed regiob et R2.
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1 Introduction

In Taberski’'s famous paperl§], the pointwise approximation of 72~ periodic Lebesgue integrable functions was
investigated by the convolution type, linear singularmés operators of the form:

T

Ly (%) = [ 10Ky (t-x)dt, xe (-7, A €A C Ry, W

whereK (1) is the kernel fulfilling appropriate conditions.

The papersq] and [16], which are based on Taberski's studyg], are devoted to the study of pointwise convergence of
the operators of type (1) on some planar sets consist of ctegigtic points(xo,yo) of various types. Besides, Bardaro
[2] presented significant results about the rate of pointws®/ergence of some classes of the linear singular integral
operators. Distinctively, Eserd 5] obtained some approximation results concerning the pasetconvergence and the
rate of pointwise convergence of non-convolution type dinsingular integral operators gt—Lebesgue points.
Moreover, Karsli and Ibikli 8] extended the results in the articlesd], [6] and [L6] by considering the more general
integral operators of the form:

b
T (1) = [HOK (=X dt, X (ab), A €A R, @

a

wheref € Ly (a,b) and(a,b) denotes an arbitrary interval iR such aga,b], (a,b), [a,b) or (a,b]. For some studies
concerning approximation of functions by linear positiyeemators in several settings, the reader may see also e.g.
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[9-[14).

In [19], Taberski studied the pointwise approximation of funeof € L;(Q) by the three parameter family of
convolution type double singular integral operators offtiren:

Vi (fixy) = [[ 169K (t=xs-y)dsdt (cy) € Q ©
Q

whereA € A C R andQ denotes a given rectangle.

In [22], Yilmaz et al.investigated the pointwise convergence of double singatagral operators with radial kernels in
the following setting:

L, (fixy) ://f(t,s)HA (t—x,s—y)dsdt (x,y) €D, A €A, 4)
D

whereD = (a,b;c,d) is an arbitrary bounded closed, semi-closed or open regidhe R? and f € Lp(D) provided
1 < p < «. Besides, the regiob was particularly chosen ds- 1, 1, — 11, 1) in this article.

It was natural to consider pointwise approximation in wégghlebesgue spaces, as well as Lebesgue spaces. Therefore,
Alexits [1], Mamedov [L1] and Esen4] presented necessary conditions satisfied by kernel fumein order to obtain a
desired convergence, separately. Also, Taberag $tudied the weighted pointwise convergence of doublewarg
integral operators of type (3) using two dimensional corpads of the conditions obtained by Alexits] [ Later on,

some weighted pointwise approximation results for the ajgerof type (4) were obtained i2]] using two dimensional
counterpart of the approximation method presented by Efen [

This paper may be seen as a continuation and further gezagiaii of 21]. In this paper, our main concern is to prove
that the operators of type (4) converge to the functioa L, ¢ (D) at p—generalized Lebesgue point of it &sy,A)
tends to(Xo, Yo, Ag). Here,¢ > 0 is a weight function satisfying some sharp conditions lapg (D) is the collection of

. . P .
all measurable and non-integrable functions for wr{%lf is integrable orD (1 < p < »), whereD = (a,b;c,d) is
open, semi open or closed bounded regioB et R?.

The paper is organized as follows: In Section 2, we give soraknpinary concepts. In Section 3, the existence of the
operators of type (4) is explored. In Section 4, main resarkspresented. In Section 5, the rate of pointwise conversgen
of the operators of type (4) is established.

2 Preliminaries

Definition 1. A function He L3 (R?) is said to be radial, if there exists a function:KR{ — R such that Ht,s) =

K (m) ae. Bl

Definition 2. (Class A;,) Let H, : R2 x A — R be a radial function i.e., there exists a functiop KR x A — R such
that the following equality holds fdt,s) € R? a.e.: H (t,s) := K, (\/t2+sz) , whereA is a given set of non-negative
numbers with accumulation poiig. In addition, letg(t,s) = sup

(x,y)eD
H, (t,s) belongs to class 4 if the following conditions are satisfied:

W‘ for every(t,s) e Dand ¢ : R2 s R*.

(@ H, (t,s) =K, (\/t2+52) is non-negative and integrable as a functior(igk) onR? for each fixed € A.
(b) For fixed(xo,Yo0) € D, K, (1 /ngry%) tends to infinity as tends toAg.
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©) My _ag | [z K (\/m)dsdt— 1] —o.
(d) fimy_a, [sup&\/mK)\( t2+52)} —0, VE >0,
(©) iy o [fly gk (VIP+S) dsdf =0, v& >0,

(0 Hco«,.m ()2+ ()

<M< o, VA €EA.
L1(R2)

(@) K, ( (t—x)2+ (s—y)z) is non-increasing as a function of t Ry, b) and non-decreasing ofa, X). Similarly,

K ( (t—x)2+ (s— y)Z) is non-increasing as a function of s ¢y, d) and non-decreasing oft, yo) , for each fixed
A € A and for fixed(xo, yo) € D. As a function oft,s) , K, ( (t—x)2+ (sfy)z) is bimonotonically increasing on

(x0,b; yo,d) and(a,Xo; ¢, yo). Similarly, K, ( (t—x)2+ (sfy)z) is bimonotonically decreasing da, Xo; yo,d) and
(x0,b:¢,¥0) -

Throughout this paper we suppose that the kernel funétip(t,s) belongs to classy.

RemarkFor more information about the concept of bimonotonichg, teader may see also e.g- [

3 Existence of the operators
Main results in this work are based on the following theorem.
Theorem 1.Letl < p<o. If f €Lpy (D), then L, (f;xy) defines a continuous transformation acting gyyl(D) .

Proof.Let D = (a,b;c,d) is an arbitrary bounded closed, semi-closed or open regidria p < c. By the linearity of
the operatoL, (f;x,y), itis sufficient to show that the following expression:

||LA (f;xvy)Hvad;(D)

L S TS
remains uniformly bounded.
We define a function such that
st9={ % 19 R

D 1
The expressior(_[fowi’y)‘ dydx) ® defines the norm in the spatg 4 (D); see, for example,20]. The following
equality is obtained for the norm of the operator of type (@) i

1Ly (BXY) 50 = LA (@XY) L, 4 0)

p P
_ (/D/m /R[g(t,s)KA <\/(tx)2+(sy)2> dsd{ dydx)

By using the generalized Minkowski inequality (see, e 3j7])land condition(f) of classAy, we obtain

1L (X9 0) <Ml 0

Note that the proof of the cage= 1 is quite similar to the above one. In addition, one may ptbeeassertion for the
caseD = R? analogous to the above proof. Thus the proof is completed.
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4 Pointwise convergence

Theorem 2.Suppose that B (a,b;c,d) is an arbitrary bounded closed, semi-closed or open rediofxo, yo) € D is a
common p-generalized Lebesgue point of the functionsIfp y (D) and¢ € L, (D), then

lim L, (f;x,y) = f (Xo,
ITLL 2 (Fixy) = f (xo,Y0)

under the conditions

0K ( (t—x)2+(s—y)2> 96 (t.s)
at Tt

> 0, for each fixed(x,y) € D, (6)

aK)\ ( (tX)2+(Sy)2> a¢ (t,S)

35 X s > 0, for each fixed(x,y) € D, @

and
2 2 2
0% (V=% +s Y>>X52¢(t,s>
otos otds

> 0, for each fixed(x,y) € D (8)

providing that first and second order (mixed) partial detivas of K, ( (t— x)2 +(s— y)z) and¢ (t,s) w.rt. (t,s) exist

a.e. onR?, on any set Z on which the function

Xo+0Yyo+9d
[ [ sasm (V7 s-v?) [afoa-0 ooy ]|
Xo—0Yo—90

where d[(xo—t)“”l) (s—yo)("“)} is the Lebesgue-Stieltjes measure with respectxgo-t)@+Y (s—yp) @+ s
bounded asx,y,A) tends to(xo, Yo, Ao) -

Proof. Let (xg,Yo) € D be a commorp—generalized Lebesgue point of the functidns Lp s (D) and¢ € L,(D). Let
x—xo| < $ and|y—yo| < $ for a givend > 0. The proof will be given for the case@xy—x < § and 0< yo—y < $

for all 6 > 0 satisfyingxg+ 0 < b, xo—d > a, Yo+ 0 < d andyp — d > c. For the remaining cases, the proof follows a
similar line. Also, for the simplicity, the proof will be died for the case & p < «. The proof of the casp = 1 may be
given using similar strategy.

According to the definition op—generalized Lebesgue point given &7], for all givene > 0, there exists @& > 0 such
that for allh, k satisfying O< h,k < 9, the inequality

fts) o)l P (i) @+
¢(t.s) ¢ (%Y0) dedi= 7w ¥

holds.
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Setl(x,y,A) :=|L, (f;xy) — f (X0,Y0)|- We may easily write

I(X,Y,A) =

“f (t,s)Hy (t —x,s—y)dsdt— f (Xo,Y0)| = //f (t,s) K, ( (t—x)2+(s—y)2) dsdt— f (xo,Yo)
D

D

X0,Y0)
Yo)

¢ (t,9K, ( (t—x)%+ (s—y)z) dsdt

¢ (t,9K, ( (t—x)2+ (s—y)z) dsdt— ¢ (xo,Yo)|.
D

Since whenevem, n being positive numbers the inequaliin+ n)P < 2P(mP +nP) holds (see, e.g.1h]), we have

nocy AP <2 [ [+ ] ]q,’ ool

D\B; Bs

p

o (t,9)K, < (t—x)2+ (s— y)z) dsdt

p
onYo

/¢tsKA( ~XP+ (5-y)? ) dsdt- ¢ (. o)

= Il+|27
whereB; := {(LS) H(t—%0)?+ (s—Y0)* < 8%, (¥0,Y0) € D}-

From Theorem 4.1 inZ2), we see that, — 0 as(x,y,A) tends to(Xo, Yo,Ao) . Now, applying Holder’s inequality (for
Holder’s inequality, seelf)) to the integral, and then using the inequality given @a+ n)P < 2P(mP 4 nP), we obtain

I gc(x,y,/\>22p{KA (%) g\tépqﬁ (t,s {Iflle¢ ¢ XO y }}
5

c(x,y, A zp//‘qb 1‘(‘;{/‘;)} (9K, <\/(tx)2+(sy)2)dsdt

c(x,y,A {22p|11+ 2p|21}

wherec(x,y,A) : (ffd)(t S)K,\( (t— )dsdt).

From Theorem 4.1 in2], c(x,y,A) — [¢ (o, yo)]g

as(x,y,A) tends to(xo,Yo,A0) , and by condition(e) of classAy,
l11 — 0 as(x,y;A) tends to(xo, Yo, Ao) -

The following inequality holds for the integrbi;:

| <{/y/0 XO/+57} ftvs f (xo.Yo) |°
2 9 ¢ (%.y0)

o (t,9K, (\/(t —x)%+ (s— y)2> dsdt

X—0Y¥%—0 X0 Yo
Xo Yo+O Xo+0Yo+d ft.s) y )

{/ / / /} 7 (Xo,);(;) ¢ (t,5)K) (\/(tx)2+(sy)2> dsdt
X—6 Yo X Yo

= lo11+ 1212+ 1213+ 1214
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Since
I21 < lo11+ lo10+4 1213+ l214,

it is sufficient to show that the terms on the right hand sidiheflast inequality tends to zero @sy,A) — (Xo,Yo,Ag) ON
Z. Let us consider the integrgl; ;.

For this aim, we define the new function as follows:

P ooy |
F(t’s)'[l ¢ (uv) ¢ (x.Yo) dvdu

From (9), for allt ands satisfying 0< xg —t < d and 0< yp — s< d we have
IF (t,9)] < £° (1) " (yo— )@Y, (10)

Now, we can concentrate the integkal;. From Theorem 2.5 in1[9], we have the following equality:

Izuzx?éy:/oé Xo,iflz)) p<l)(t,s) K) ( (t—x)2+(s—y)2) dsdt
(LS) / /¢tsKA< X2+ (s— y))dF(t,s),
Xo—3Yp—0

where(LS) denotes Lebesgue-Stieltjes integral.

Two-dimensional integration by parts (see Theorem 2.2)®id [19]) gives us

+ / F (t.yo— 8)ck [¢ (t,yo—S) Ky <\/(tx)2+(y°y5)z)]

N / F (xo— 5,9 ds [¢ (X — 5,9)K, (\/(XO—X—6)2+(S—y)2)]

Yo—0

+F (x0—38,%0—8) ¢ (xo— 8,50~ 8)K) (%(xOer)%(yoyé)Z).

(© 2016 BISKA Bilisim Technology
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From (10), we can write

aletsr (Vis-x*ra-y?)|]

X0 Yo
||211|§€p/ /(XO*t)(a+l)(y0*5)(a+l)
5

XO*5YO*XO‘
_|_£P5(a+1) / (Xo—t)(‘”l) o [(P (t,yo— 8)K, (\/(t —X)2+ (Yo—y— 5)2)} ‘
X0—0
Ry T #00-8.95 (oo —x—07 + (57 |
Yo—9

+£P520 g (xo— 8,y0— 8) Ky (\/(XO— 5%+ (Yo— 6—y)2) :

From(6) — (8), we see that the monotonicity properties of

6 (Vit=x2+ (6-y2 ) andg 9K, (it + - 97?)

coincide for each fixedx,y) € D. Applying two-dimensional integration by parts to the laséquality, we get the
following inequality:

X Yo
e <2® [ [ 009 (it-x7+ (637 ) d [0 -0/ o 5],

Xo—0Yp—0

For the integral$;1, 1213 andlz14 the proofis similar to the above one. Thus we obtain follanimequalities:

Xo+0 Yo

|l212] < —€P / / ¢ (1,9 K, < (tX)2+(Sy)2> d [(tfxo)(‘”l) (yois)(aJrl)} 7
X0 yo—0
X0 Yo+06
|'213|§—8p/ /¢(LS)KA( (t—X)z-i-(S—y)z)d[(Xo—t)wﬂ)(s—yo)(‘”l)}7
Xo—0 Yo
Xo+0Yo+90
1214 < €° / / ¢ (t,5)Ky < (t—X)2+(S—Y)2> d [(t—xo)(‘”l) (s—yo)("*l)} .
X Yo
Collecting the estimatés; o, 113 andlz14, we have
X+0Y0+0
1] < €P / / 9 (t,9)K) ( <t—x>2+<s—y>2) d [0 1)@ (s—yo) @] |.
X0—0Yp—3

Therefore, if the pointéx,y,A ) are sufficiently close t¢xg, Yo, Ao), we have

l1 < €PC,
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where

X0+0Yo+3
C:sup{ / / ¢ (t,5) K, (\/(t—x)2+(s—y)2) ‘d [(xo—t)(‘”l) (s—yo)("*l)} ’ C(XY,A) € Z}.

Xo—0Yo—0

P
q

From Theorem 4.1 in32], c(x,y,A) — [¢ (Xo0,Y0)] 9 @s(x,y,A) tends to(Xo, Yo, Ao) . This completes the proof.

Theorem 3. Suppose that B= R2, and the hypotheses (6)-(8) of Theorem 2 are satisfigtklfo) € R? is a common
p—generalized Lebesgue point of the functions lfp ¢y (R?) and¢ € Ly (R?) then

lim Ly (f:xy) = f (xo,
(x¥,A)—+(%0,Y0,A0) 2 (%) (X0, Yo)

on any set Z on which the function

Xo+0Yo+98
/ / o (t,9) K, ( (tx)2+(5y)2> ‘d [(Xo—t)((”l) (s—yo)“”“)} 7
X0—0Yo—0
where d[(xo—t)mﬂ) (S—YO)(‘”D} is the Lebesgue-Stieltjes measure with respectxgo-t)@+Y (s—yp) @+ s

bounded asx,y,A) tends to(xo, Yo, Ao) -

Proof. The proof of this theorem is quite similar to the proof of Thera 2, and it is omitted.

5 Rate of convergence

In this section, two theorems concerning the rate of posgweonvergence of the operators of type (4) will be given.

Theorem 4.Suppose that the hypotheses of Theorem 2 are satisfied. Let

X0+0Yo+3
a0y2.8) = [ [ bo-tlis-w o 69 (it-02+ (s y)? ) dsat

Xo—0Yo—0

where0 < & < & for a fixed (and finite!) positive numbég, and the following conditions are satisfied:

(i) A(xy,A,0) = 0as(xy,A) tends to(Xg, Yo, Ao) for somed > 0.
(i) V& >0andva € (0,1), we have K (£) =0((A (x,y,A,0))?) as(x,y,A) tends to(Xo, Yo, Ao) -

(i) Va € (0,1), fbfqb (t,9) K, ( (t—x)2+(s—y)2) dsdt—¢(xo,yo)‘ =0((A(x,¥,A,0))%) as (x,y,A) tends to

(X07YO7AO) *

Then, at each common+generalized Lebesgue point o&fL, ¢ (D) and¢ € Ly (D) we have

)

ol

Ly (1:xy) — £ (%0,y0)| =0 (8 (X%, 8))

as(x,y;,A) tends to(xo, Yo, Ao)-
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Proof. By the hypotheses of Theorem 2, the following inequalitydsol

P
q

ILx (f5x,y) — f (X0,¥0)|P < 2%PK,, (%) Ds\léqu (t’S)HfHEp,MD) (/ .¢ 9K, (\/(t—x)2+(s—y)2> dsdt)
5 D

P

ooy (O P ENCITREN ;
+2 KA<\/§) Foeyy | lbale d|(/D/¢(t,s)KA< (t—x)2+ (s y))dsdt)
Xo+0Yyo+0
+2P(@ 112 [ [ bo-tls—yol" 8 (9K <¢<tx>2+<sy>2)dsdt
Xo—08Yo—0
x (//Mt,s)rg ( <tx>2+<sy>2)dsdt)
D
p
f(xo0,Y0) |"| [ 2 (e )2 _
»| 2 D¢<t,s>KA< (1= (s-y)°) dsdlt— ¢ (030
Set
Xo+0Yo+0
A<x,y,/\,5):=/ /lXo—t|a|S—YO|a¢(t,s)KA (\/(t—x)2+(s—y)2>dsdt
Xo—0Yo—0

Now, we can apply the proof method used by Mamedd¥ {o the remaining part. Sinced a < 1, we have% > 1, and

the conjugate o% |s Applylng Holder’s inequality to the terA(x,y,A,d) , we have
Xo+0Yo+90 a
2 2
awid8)= [ [ po-tflesl (oo (Vie-x+s-v7?))
X—8%—3

X (¢ (t,9) K, ( —x)%+(s—y) ))(lmdet
{XO/MY(T 0 —t|*|s—yo|” ( ot S)K)\( (tx)2+(sy)2))aﬁdsdt}

Xo—0Yo—0

Xo+6yo+6 (1-a)] T (1-a)
{ tS)K}\< (t—X)%+(s— Y))>l ]( )dsdt}

Xo—0Yo—0
(1-a)
< (A(XY,A,0)) {/ (t,9) K,\( x)2+(s—y)2)dsdt} .

Since [[¢ (t,s)K, ( (t—x)?+ (sy)z) dsdt— ¢ (xo,Yo0) as(x,y,A) tends to(Xo, Yo, Ao), the rest of the proof is clear
D

a

by the conditions (i)-(iii). Thus the proof is completed.
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Theorem 5.Suppose that the hypotheses of Theorem 3 are satisfied. Let

X0+0Yo+3
A (X7y7A76) = / / |X0_t| |S_y0|¢ (t,S) K)\ (\/(t—X)2—|— (S_y)2> deL
Xo—8Yo—0

where0 < & < & for a fixed (and finite!) positive numbég, and the following conditions are satisfied:
(i) A(xY,A,0) — 0as(xYy,A) tends to(xo, Yo, Ao) for somed > 0.
(i) V& >0andva € (0,1), we have K (£) =o((A (x,y,A,0))%) as(x,y,A) tends ta(Xo, Yo, Ao) -
(i) V& >0 and Va € (0,1), we have.[f&mK,\ (\/t2+sz) dsdt=0((A(x,y,A,0))%) as (x,y,A) tends to
(X0, Yo,20) -

(v) Va € (0,1), =0((A(x,Y,A,0))%) as (x,y,A) tends to

116 t.9K, ( <t—x>2+<s—y>2) dsdt— ¢ (x0.0)

R2

(X07YO7AO) *
Then, at each common+generalized Lebesgue point offLp ¢ (R?) and¢ € Ly (R?) we have

L (Fx,3) = (0,30)l =0 (8 (. 1,8)% )

as(x,y,A) tends to(Xg, Yo, Ao)-

Proof. The proof of this theorem is analogous to the proof of Theoteand it is omitted.

6 Conclusion

In this paper, the weighted pointwise convergence of theaation type double singular integral operators depegdin
on three parameters is investigated. Since the approximegsults and the character of the kernel functions aréegla

a special class of kernel functions has been defined. Threrefe main results are presented as Theorem 1 and Theorem
2. By using main results, the rate of pointwise convergefitesindicated type operators is computed.
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