NTMSCI 4, No. 3, 186-196 (2016) BISKKA 18

~ NewTrendsinMathemaical Science:

http://dx.doi.org/10.20852/ntmsci.2016318918

Estimation of growths of composite entire and
meromorphic functions using their generalized relative
orders

Sanjib Kumar Dattd, Tanmay Biswasand Jinarul Haque Shaikh

1Department of Mathematics, University of Kalyani, P.O i, Dist-Nadia, PIN- 741235, West Bengal, India
2Rajbari, Rabindrapalli, R. N. Tagore Road, P.O.-KrishmaDast-Nadia, PIN-741101, West Bengal, India
2Department of Mathematics, University of Kalyani, P.O.htémi, Dist-Nadia, PIN- 741235, West Bengal, India

Received: 6 April 2016, Accepted: 5 June 2016
Published online: 18 June 2016.

Abstract: In this paper we establish some newly developed resultteckta the growth rates of composite entire and meromorphic
functions on the basis of their generalized relative ordecsgeneralized relative lower orders.

Keywords: Entire function, meromorphic function, generalized or@emeralized lower order), generalized relative ordené¢galized
relative lower order), Property (A), growth.

1 Introduction

Let f be a meromorphic anglbe an entire function defined in the open complex plan&he maximum modulus function
corresponding to entirgis defined ad/q (r) = max{|g(2)| : |7l =r}. For meromorphid, M (r) can not be defined &s

is not analytic. In this situation one may define another fiancT; (r) known as Nevanlinna’s Characteristic function of
f, playing the same role as maximum modulus function in th@¥adthg manner:

Te (r) =N (r) +me (1),

where the functiomN; (r,a) <Nf (r, a)) known as counting function ad-points (distincta-points) of meromorphid is

defined as

r
Ns (r,a) = /nf (t,a):nf (O’a)dt—i—ﬁf (0,a)logr
0

r _
Ni (r,a):/nf (t,a):nf (O’a)dtJrrTf (0,a)logr |,
0

moreover we denote hys (r,a) (ﬁf (r, a)) the number oB-points (distincta-points) of f in |z <r and anw -pointis a

pole of f. In many occasionBl; (r, ) andNs (r,0) are denoted biXs (r) andNg (r) respectively.
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Also the functionms (r,) alternatively denoted by (r) known as the proximity function of is defined as follows:

2n
_ 1 + i
ms (r) = 5‘[/'09 ‘f (re )‘de, where
0
log* x = max(logx,0) forallx > 0.
Also we may denoten (r, %ﬂ) by my (r,a).
Whenf is an entire function, the Nevanlinna’s Characteristicction T; (r) of f is defined as

Te(r)=ms(r) .
m;g; asr — oo is called the growth of with respect ta@ in terms

of their maximum moduli. Similarly, whet andg are both meromorphic functions, the ragt%&% asr — oo is called

the growth off with respect tag in terms of their Nevanlinna’s Characteristic functionss@the notion of the classical
growth indicators such awder andlower orderare generally used in computational purpose are definednstef their
growth with respect to the exgfunction as the following:

However for any two entire functionsandg,

loglogMs (r) . loglogMs (r)

=limsu =limsup————=
pr= r—oo |Og|OgMexpz() r—oo lOQ(r)

)\f 7||m|nfw lim |nfw
© loglogMexp, (I) r—oo log(r)

If fis a meromorphic function one can easily verify that

pi = |imSUp7(r) = Iimsupgif) SUPL(U
(r) 0g (%) og(r) +0(1)

r—e 100 Texpz r r—o0 reoo

logTs (r) logT; (r) _logTe () _
(Af_lm'ogfmgTexpz(r) " log (Z) 09 (%) ~M g HO(D)

L. Bernal {[1], [2]} introduced theelative orderbetween two entire functions to avoid comparing growth jugh
expz. Extending the notion ofelative order Lahiri and Banerjeeld] introduced the definition ofelative orderof a
meromorphic function with respect to an entire function.

During the past decades, several researchers have alreadyekploring their studies in the area of comparative growt
properties of composite entire and meromorphic functiondifferent directions using the classical growth indicato
But at that time, the concepts oélative ordersand consequently thgeneralized relative ordersf entire and
meromorphic functions with respect to another entire fiamcand as well as their technical advantages of not comgarin
with the growths of exp are not at all known to the researchers of this area. Thexdfa studies of the growths of
composite entire and meromorphic functions in the lightn&#iitrelative ordersare the prime concern of this papér

fact some light has already been thrown on such type of woyk3dita et al. in §], [7], [8], [9], [10] and [11]. Actually

in this paper we establish some newly developed resulteeckta the growth rates of composite entire and meromorphic
functions on the basis of thajeneralized relative orderséspectivelygeneralized relative lower orders).
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2 Notation and preliminary remarks

Our notations are standard within the theory of Nevanlismalue distribution of entire functions and therefore wandb
explain those in detail as available ih and [16]. In the sequel the following two notations are used:
log¥ x = log (Iog[kfl] x) fork=1,2,3,---;
logl%x = x
and
explx = exp(exdk’l] x) fork=1,2,3,-;

exp?x = x.

Taking this into account therder (respectivelylower ordel) of an entire functiorf is given by

, log? Mg (r) . ~ log? M (1)
pt = Ilrpjoypv respectively\s = “Togr )
If fis meromrophic,then
o logTs (r) . _ logTi (r)
ps = I|rpj£pw respectivelyAs = W .

Let us recall that Satd f] defined thegeneralized ordeandgeneralized lower ordenf an entire functiorf, respectively,
as follows:

I (1]
n_ Iog Mg (I’) . /T Iog M; (I‘)
pi = llrlsoypv respectively;’ = “pllogfilogr

wherel is any positive integer. These definitions extended thergzd@nd lower ordei s of an entire functionf since
these correspond to the particular cpgé: [l and)\]?] = At.

Similarly, for a meromorphic functiofi, the generalized ordeandgeneralized lower ordecan also be defined as

(1-1] (-1
N log" " Ti (1) . . log! i (n)
ok fllrpj:pT respectivelyi 7I|pl|orgf7|ogr

wherel is any positive integer.

Given a non-constant entire functiérdefined in the open complex plafig its maximum modulus functioMs (r) and
Nevanlinna’s Characteristic functidn (r) are both strictly increasing and continuous functions.dlso their inverses
M;(r) : ([T (0)],00) — (0,00) andT; 11 (T¢ (0), ) — (0,00) exists respectively and are such that Nitpt (s) = o and

. -1 o
mon (S) = co.

In this connection we just recall the following definition izh is relevant:

Definition 1. [2] A non-constant entire function f is said have the Properiyif{for any o > 1 and for all sufficiently
large r, [My (r)]2 < Ms (r%) holds. For examples of functions with or without the Prop€#), one may sef?].
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Bernal{[1], [2]} introduced the definition of relative order of an entire ftioie f with respect to another entire function
g, denoted byg () to avoid comparing growth just with exg@s follows:

logMg 1M (r
pg(f) =inf{u>0:M¢(r) <Mg(r¥) forallr > ro(u) >0} =limsu < I?)grf()'
r—oo

The definition coincides with the classical od&]if g(z) = expz

Similarly, one can define the relative lower order of an erfiinctionf with respect to another entire functigrdenoted
by Ag(f) as follows :

logMg M
Ag(F) = liminf-29Ma Me (1),

r—oco logr

Extending this notion, Lahiri and BanerjeE] introduced the definition of relative order of a meromorpfinction with
respect to an entire function in the following way :

Definition 2. [13] Let f be any meromorphic function and g be any entire funcfitre relative order of f with respect
to g is defined as

log T, LT¢ (r
pg(f)=inf{u>0:T;(r) < Ty(r*) forall large r} = limsu 2 I?)grf( ),
r—o0

Likewise, one can define the relatiegver orderof a meromorphic function f with respect to an entire funeiijpdenoted
by Ag(f) as follows :

logT, 1T; (r
Ag(f):liminfM.

r—co logr

It is known [13] that if g(z) = expz then Definition2 coincides with the classical definition of trerder of a
meromorphic functiorf .

Further, Banerjee and Jarg fave a more generalized concept of relative order a menphimfunction with respect to
an entire function in the following way :

Definition 3. [5] If| > 1is a positive integer, then the th generalized relative ordef a meromorphic function f with
respect to an entire function g, denotedﬁé@(f) is defined by

log!! T, 1T (r)
0 sy — i 9
pg (f) 7I|rr1lsot1 logr .

Likewise one can define tigeneralized relative lower ordef a meromorphic function f with respect to an entire funetio
g denoted bY\g[l] (f)as

log!| T4 1T
A (£) = liming 29 110
r—o logr

3 Lemmas

In this section we present some lemmas which will be need#tkisequel.
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Lemma 1.[3] Let f be meromorphic and g be entire then for all sufficierghgé values of r

Tg(r)

Trog (r) < {1+0(1)} TogMg (1)

T (Mg (r)).

Lemma 2.[4] Let f be meromorphic and g be entire and suppose@hafu < pg < «. Then for a sequence of values of
r tending to infinity,
Trog(r) > Tr (exp(rH)) .

Lemma 3. [1]] Let f be an entire function which satisfies the Property (A}; 0, d > 1anda > 2. Then

BTs (r) < T (ar5) .

4 Theorems

In this section we present the main results of the paper.

Theorem 1.Let f be a meromorphic function and h be an entire functiom Wik A,E” (f) < Pr[:] (f) < and g be an
entire function witr‘pg[,m] < oo where | and m are any integers with>l 1 and m> 2. If h satisfy the Property (A), then for
every positive constapt and eacho € (—o, )

1+a

{Iog“] T Trog (r)}

im (m
r=ologll T.-1T¢ (expm-1 k)

=O0whereuy > (1+a)pg " .

Proof.Let us consider thg > 2 andd > 1. If 1 + a < 0, then the theorem is obvious. We consider & > 0.

SinceT, 1 (r) is an increasing function df, it follows from Lemmal, Lemma3 and the inequalityf(r) < logMg(r)
{cf. [5] } for all sufficiently large values af that

T P [{1+0(1)} Tt (Mg (r))]
B [Ty Tr (Mg (r))]°
log!! T,-2T¢ (Mg (r)) + O(2)

< (od! (1) + &) expgm2 e+ o(1) W
Again for all sufficiently large values afwe get that
log!! T,-3T¢ (expg™ Y rH) > (Ar[]” (f)— e) exp™ 2k 2)

Hence for all sufficiently large values ofwe obtain from(1) and(2) that

{og T Tieg 0} [(al) (1) &) exgr2 o< o)
<

log"! T, T (expm™-4rH) (’\r[\” (f)— e) expm-2rH

: ®3)
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where we choose @ ¢ < min{/\r[]” (f), g — o } . So from(3) we obtain that

1+a

{Iog“] T M Trog (1) }
im
r—ologll T.-1T¢ (expm-Urk)

This proves the theorem.

Remarkln Theoreml if we take the condition & Pr[:] (f) < winstead of O< /\,E'] (f)y < pr[]'] (f) < o, the theorem remains
true with “limit inferior” in place of “limit”.

In view of Theorem, the following theorem can be carried out:

Theorem 2. Let f be a meromorphic function andlgand k be any three entire functions wybg“], A&n] (g) >0and
Pr[:] (f) < oo where Lm and n are any three integers with-l1, m> 2 and n> 1. If h satisfies the Property (A), then for
every positive constapt and eacho € (—o, ),

1ta
{Iog“] T Trog (r)}

im (m
r—ologl T 1Ty (exg™ U rH)

=O0whereu > (1+a)pg " .

The proof is omitted.

RemarkIn Theorent if we take the conditiom,” (g) > 0 instead of\"” (g) > 0, the theorem remains true with “limit”
replaced by “limit inferior”.

Theorem 3.Let f be a meromorphic function andigbe any two entire functions such ttak /\r[,” (f) < pr[,'] (f) <o

and Aém] < u < oo where | and m are any integers with>l land m> 2. Also suppose that h satisfies the Property (A).

Then for a sequence of values of r tending to infinity,
log! U Tt (r) < log! =¥ 1,72y (exp{mfl] r“) .

Proof.Let us consided > 1. SinceTh*1 (r) is anincreasing function of it follows from Lemmal that for a sequence of
values ofr tending to infinity,

106" Ty “Tieg(r) < (ol () +£) exg™ 212" +% 4 O(1) (4)

Now, from (2) and(4), it follows for a sequence of values pfending to infinity that

log!! T, 1 T¢ (exp™ U rH) - ()‘rg] (f)— 5) exp™ 2 rH -
log! T, Mg (r) (Prq] (f) + 5) expm-2) A" ey o .
As )\g[m] < p we can choose (> 0) in such a way that
Mg <<l (6)
Thus from(5) and(6) , we obtain that
lim suplogm T Tr(exp™ Ar) — . 7)

r—00 log! T, Mg (1)
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From(7), we obtain for a sequence of valuesrdénding to infinity and also foK > 1
log! ~H T, 27¢ (exp™ U rH) > log! U T 1T (r)
Thus the theorem follows. In the line of Theor&we may state the following theorem without proof:

Theorem 4.Let f be a meromorphic function andiyand k be any three entire functions such m@(g) >0, p,[:] (f) <
00 and)\ém] < U < o where lm and n are any three integers with-11, m> 2 and n> 1. Also suppose that h satisfies the

Property (A), then for a sequence of values of r tending taityfi

log! U T~ 1Tt (r) < logi"™= 7,711, (exﬁmfl] r“) .

Theorem 5.Let f be a meromorphic function and h be an entire functioi @it Ar[]” (f)y < p,g] (f) < o where | is any
integers with I> 1. Then for any entire function g
log!! T, 1 Trog (1)

limsu =00
rco plog[” T, 1Te (exprH)

where0 < u < pg.

Proof.Let0< p < p/ < pg- As Th*1 (r) is an increasing function df, it follows from Lemma2 for a sequence of values
of r tending to infinity that

l0g") Ty MTreg(r) = log! T, 2Ty (exp(r'))

log! T, YT og(r) > (Mﬂ” (f)— s) v (8)
Again for all sufficiently large values afwe get that
log! T,-27¢ (exprH) < (Pr[:] () +e) rk. (9)

So combining8) and(9), we obtain for a sequence of valuesrdénding to infinity that

| /
log!! T, Ttoq (r) - (/\r[]] (f)— 5) rt

- > . (10)
log!' Ty *Te(exprt) — (gl () +¢) 1

Sincep < /it follows from (10) that

log! T.-1T¢,
limsup O? . fog (1) — . (11)
r—o IogHTh* Ts (exprH)

Hence the theorem follows.
Corollary 1. Under the assumptions of Theor&mn

log! U T 1%,
lim sup— b fog (1)
r—eo logl U T-1T¢ (exprH)

=0, 0< [ < pg.
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Proof. In view of Theorenb, we get for a sequence of valuesraénding to infinity that

log! T Tog(r) > Alog!! 71T (exprH), forA>1

A
log! = U T, M rog(r) > Iog{log['*l] T, (expr“)} ,

from which the corollary follows.

Theorem 6.Let f be a meromorphic function anddbe any two entire functions such th{at 0 < Ar[]'] (H < Pr[:] (f) <o
and (ii) /\r[,” (fog) > Owhere | is any integer with+ 1. Then

:007

2
[Iog“] Ty 1Trog (r)}
limsup
r—oo {Iog“] T, 1T (expr“)} : {Iog“] T, 1Ty (r)}

where0 < 1 < pg.

Proof.From the definition of relative order and relative lower qaex obtain for arbitrary positive and for all sufficiently
large values of that
log! T T og () > (Ar[]” (fog)— e) logr (12)

and
log! 1,7 2T¢ (r) < (p,&” (f) +e) logr . (13)

Therefore from(12) and(13), it follows for all sufficiently large values af that

[
Iog“]Thfleog(r) . (Ar[]](fog)—e) logr
log" T, Tr (r) (p,[]”(f)ﬂ) logr

i 1091 M Trog (1) _ Ay (Tog)

14
== 0g T T ol o

Thus the theorem follows frorfll) and(14).

Similarly one may state the following theorems and corgliaithout their proofs as those can be carried out in the line
of Theorenmb, Theoremb and Corollaryl respectively.

Theorem 7.Let f be a meromorphic function anddbe any two entire functions Wiﬁ}g] (f)>0and0< ph(g) <
where | is any integer with+ 1. Then

log! 7.1,
limsup o9 1 o) _
r—o  logT, ~Tg(exprH)

where0 < 1 < pg.

Theorem 8. Let f be a meromorphic function anddbe any two entire functions such th@) 0 < py(g) < oo,
(i) A,E” (f) > 0and(iii) A,E” (f og) > Owhere | is any integer with+> 1. Then

2
{|og“] Thfleog (r)}
li )
P fogT, Tylespri - {logT, o]

where0 < 1 < pg.
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Corollary 2. Under the assumptions of Theor&m

log! U T 1%,
IimsupO(‘:‘tl h fg(r):oo, 0< U < pg.
roe T "Tg(exprH)

Theorem 9.Let f be a meromorphic function and h be an entire functioh @it /\r[,” (H < p,[]'] (f) < o where | is any

integers with I> 1. Then for any entire function g
log! U T, M Troq (exprA)

limsu =00
v log! U T.-1T¢ (exprH)

where0 < u < pgand A> 0.

Proof.Let0< p/ < pg- As Th*1 (r) is anincreasing function af it follows from (8) for a sequence of values pfending
to infinity that
log! U T~ Tr.4(r) > O(1) + u/ logr .

So for a sequence of valuesrofending to infinity, we get from above that

log! U T2 T¢ g (expr®) > O(1) + p/rA. (15)
Again we have for all sufficiently large valuesmofhat

log! U T.-1T¢ (exprt) < O(1) 4 plogr . (16)
Now combining(15) and(16), we obtain for a sequence of valuesraénding to infinity that

log! * T, 1 Troq (expr)
log! ¥ T.-1T¢ (exprH)

O(1) + p/rA
O(1)+ plogr’

>

from which the theorem follows.
In view of Theoren®, the following theorem can be carried out:

Theorem 10.Let f be a meromorphic function andly g be any three entire functions wmﬁ” (f)>0and0< px(g) <o
where | is any integer with$ 1. Then
log! T, M Troq (exprA)

limsu =00
v logi? T, 1Ty (exprH)

where0 < 4 < pg and A> 0.
The proof is omitted.

Theorem 11.Let h be an entire function satisfying the Property (A) ana: ameromorphic function such th)a#] (p)>0.
Also let g and k be any two entire with finite non zero order amthghatpy < px .Then for every meromorphic function
f with0 < pr[,'] (f) < oo,

log!! T, Mok (1)

limsu =00,
F—so0 plogm Ty Mrog (r) +log! T, 1T¢ (r)

where | is any integer with & 1.
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Proof. Sincepy < px, we can choose(> 0) in such a way that
PgreE<U<pc—E. a7
As Th’1 (r) is an increasing function of it follows from Lemma2 for a sequence of values pfending to infinity that

log" T () > log!" T, 1o (exprH) where 0< p < py <

i.e, log! T 1T (r) > ()‘rg] (p) 75) r. (18)

Now from the definition of relative order df with respect td, we have for arbitrary positive and for all sufficiently
large values of that

log"! T 1T (r) < (p'q] (f) +e) logr . (19)

Now for anyd > 1, we get from(1), (18), (19) and in view of(17) for a sequence of values of r tending to infinity that

|
Iog“] ThilTpok (r) . (/\I'[I] (p) - 8) rH
l0g!! Ty Treg (1) +10g" BT (1)~ () () +&) rPate + () () + &) logr +O(1)

log! T, Mook (1)
log!! T, 1 Trog (r) +log! T2 (r)

:00,

which proves the theorem.
In the line of Theoreni 1 the following theorem can be carried out:

Theorem 12.Let h be an entire function satisfying the Property (A) ane@lmeromorphic function such th?q&] (p) >0.
Also let gg and k be any three entire functions such tat py < px < « andpq(g) < . Then for every meromorphic
function f with0 < Pr[:] (f) < oo,

log! T, T
lim sup— fg n_Tpok (1) - =
r—oo logl! 1" Troq (1) 4 logTq 1 Tg (1)

)

where | is any integer with + 1.
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