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Abstract: This paper seeks to establish the stability of the birthtfupeocess in relation to the Keller-Segel Model. As weklittempts
to describe the stability of non-linear diffusion for chetands. Attention will be on mass criticality results appigito the chemotaxis
model. Afterwards, the analysis of the relative stabilitgttstationary states exhibit is undertaken using the k8légel system for the
chemotaxis having linear diffusion. Standard linear@atnd separation of variables are the techniques employtbé analysis. The
stability or instability of the analysed cases is demomsttdy the graphics. By using the critical results obtair@dtie models, the
graphics are then compared with the rest.
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1 Introduction

The motion of an entity is occurs randomly and focus of thipgrais to discuss the motion. Normally, animals,
chemicals, bacteria and cells move randomly. Past micpiscanalysis exhibit various individuals as moving
irregularly[4,6]. Diffusion is acknowledged as one of tharieus phenomena occurring naturally. Local chemical
reactions arise due to reaction-diffusion systems. Theaetions involve the transformation of objects into eadtent
As well, the systems influence diffusion that entails olgegreading out over a surfacd.|

Numerous types of animals and types rely on their sense df smfacilitate the conveyance of knowledge taking place
within species. For instance, such arises in the femalensilth Bobmyx mori as well as in various species of deep-sea
fish. The particular chemicals, which the species emit, titomes the pheromones. Such insights prompt the need to
establish what chemotaxis entails. Hereby, chemotaxisiieg the movements of organisms or cells because of the
concentration fields of external chemicalsd, 5]

Pt = Dpuc— X (Pax)x 1)
a = Daa+9(a,p).

According to Keller-Segel,g] the kinetics terms would bg(a,n) = hp — ka whereh, k are positive constants. While

(hp) is rational to the number of amoebag —ka) introduces decay of attractant activity. One simple moslé(m) = O,

which means that we ignored the amoebae production ratecHidmaotactic terny (a) can be taken as a constantThen

the nonlinear system is written with the linear formgi@, n). The parameterD,D,, x are constantd andD, are the

diffusion coefficient of the cells analrespectivelyh andk are positive constants.
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2 Definition of problem

In this chapter we will study chemotaxis using a non-lingtiusion model. If the system (1) is rearranged for non-ine
diffusion, we get

(@)

dp _ ~9%pY d (~0a
5t =D%z —X5%(P5)
2

We considey > 1. The parameted, Dy, X are constantB, is the diffusion coefficient of a, h and k are positive conttan

2.1 Initial and Boundary conditions

The initial conditions for system (2) are

p(x,0) = po(%)
3)
a X) = (X)5
The boundary conditions are,
px(0,L)=0
( @
a.x(o, L) == O,

Let (p™,a”) be a constant steady state. Equation (2) then yields,
hp” —ka” = 0.
We get the steady state condition using the previous equatio
» hp%
)

(poovaoo) = (p aT .

The conservation of total mass

[ pixtydx= [ po(xjax

and then the steady stgt& will be determined by

/ pdx=M
Q

whereQ = L. Then we can write,

2.2 Linear analysis

Now consider a perturbation of the linear systemd¢x,t) anda(xt)

p(xt) = P+ u(x,t)

a(x,t) =a” +v(xt)
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When the system (2) is rearranged fioaindv,

o\ v_1 92 0 d2
ou _ DY(p) R (e )
& =DaZ¥ +hu—kv,
Using the technique of the separation variables, the syg¢ne-written in matrix form as
~Dy(p™)YtHE  XPTHT
AUn(t) = AUn(t)  Aq ( . Bk (6)
where
an(t)
Un(t) = .
We will now explore how to solve matrix form (6). This can beatten,
o\y=1,4,2 _yp®2
o+Dy(P")" Hy  —XP bn ) (G0 got _g, )
—h 0+Daps+k/) \ Bo
If the matrix in equation (7) is zero it can be written
(0+Dy(p*)Y*1?)(0 + Dapt? + k) — hxp“p? = 0 ®)
whereyu, = u. Let us re-write (8) as a quadraticn:
02 — (trAn) o +det(Ay) =0 (9)
where
Tr(An) = —Dy(p”)Y *u? —Dau?—k<0  Vuel (10)
det(Aq) = u?(DDay(p%)Y 1 u? + Dy(p%)Y "tk — xp*h).
Thus there are two possibilities which are,
() o1 ando> are negative,
(ii) o1 is negative andr; is positive.
Sincedet(An) > 0 for all 4 € R, and therefore the eigenvaluesfyf are both strictly negative for ajt. Therefore,
Dy(p”)Y k- xp~h>0
wherep® = M. Then we get,
D h/M (=y+2)
30 -
On the other hand, if
D h/M (-v+2)

It is known thatdet(A,) < 0. Therefore A, has one positive eigen value, which implies linear instgbilf the ratio
D/ is large enough then diffusion dominates and the sytem destevhereas iD/x is small enough then chemotaxis
dominates and the system is unstable.

(© 2016 BISKA Bilisim Technology
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2.3 Results

Using the solution of equation (9), real part of growth r@e>), versus the wavenumber are plotted in Figure (1),(2) and

(3). In Figure (1) and (2) are strictly stable for both lin€ke critical result is that the red line decreases while tlae/
of yrises.
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Fig.1:D=64,h=2 x=5M/L=2,Da=1 k=1 andy=2.
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Fig.22.D=64,h=2 x=5M/L=2,Da=1 k=1 andy=4.

On the other hand, the blue line is unstable but after a sorim thds line became again stable. If,

D _h(M\?
X k\L
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Fig.3:D=11,h=22 x =12 M/L=1.2,Da=5k=1.4,andy=4.

3 Birth-death process

In the previous chapter we ignored the birth-death prodéss, we will define a new system that includes birth-death
term. The similar model was studied by Keller-Segel. Th8yiritroduced a simple model for slime mould aggregation
and this model was developed by Myerscough, Maini, Murray/\dfmters.p] We will introduce our model:

Pt =D(p")xx — XPas+1P(1— 4)
a = Daaxx+hp — ka

(13)

whereD, Dg, p*, X, h,k are positive constants. The initial conditions are the semtlee previous chapter. The Neumann
boundary conditions are used, namsly).(0p(x,t) = 0 ands(x)Ja(x,t) = 0 wheres(x) is the outward unit normal to the
boundary of the domaim Q.

3.1 Linear analysis and results

Let us consider a small perturbation of the system (13pfanfa.
p(x,t) = p* 4+ u(x,t)

a(x,t) =a” 4+ v(xt)

Rearranging system (13):
U = Dy(p%)Y LU — XP™Vex — IU
Vt == Danx+ hu - kV

u o O{o i LIX
<V> = <Bo> ghxrot, (15)

(14)

Let us solve the system (14) in the form:

(© 2016 BISKA Bilisim Technology
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Re-writing system (14) as a matrix system, we get:
. — oyy-1,,2 ® 2 .
o Qo dhx+at _ Dy(p®)“us—r  XP*Hq 0o ghx+ot
- 2
BO h *Da“n -k BO

o\y—1,,2 _ 00 2
<0+ Dy(p®)YMuZ+1  —Xp°Hj ) <ao) o (16)

or equivalently

—h 0+Dap?+k) \ Bo

Solutions of the linearised system exist if the determinfgtiis matrix is zero, that is
(0 +Dy(p™)Y i +1)(0 + Dapt® + k) —hxp”p® = 0. (17)
Let us re-write (17) as a quadraticdn:
02 — (trAn) o + det(An) =0 (18)
where

Tr(An) = —Dy(p®)Y"1u? — Dap® —k—r (19)
det(An) = p?(DDay(p*)Y 1%+ Dy(p™)¥ " tk+ Dar —hxp*) +rk.
We now need to consider the next solution of (18). If both eigdues are negativdet (An) is greater than zero and it can
be written as

det(An) = DDay(p”)¥ 1+ (Dy(p")" K+ Dar —hxp™)p? +rk > 0. (20)

Whendet(Az) > 0 the red line is always stable, the blue line is unstabletmibtue line also stable for very smailland
for large u. On the other hand, if we choose suitable parameters, thersysin be made stable. In order to find these
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Fig.4:D=15D,=13 h=737, x =12 M/L=6.35 k=14, r =14 andy =2

requirements, we need to solve equation (20etf{A,) = 0, we get

DDay(p”)" *u*+ (Dy(p”)¥ *k+Dar —hxp™)p? +rk=0. (21)

(© 2016 BISKA Bilisim Technology
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Let us first consider a single, repeated root of the dispersiove. The discriminat for this equation,

Dy(p®)Y 1k+ Dar —hxp® = —2,/DDay(p%)V-1rk. (22)

Substituting equation (22) into equation (21) we get

w2 rk n rk _0
DDay(p)¥! = 2DDay(p*)¥~*
2 rk 2 0 - e rk
W\ ey T ) 2~ |/ DDay(p*) 2

Itis clearly seen that both lines are stable in Figure (5).

or equaivanetly

whereu = nrt/L.
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Fig.5:D = 1.5,Da = 13 h =21, x = 12, M/L = 2.44, k= 14,r = 14, andy = 2.

4 Conclusion

In this paper, we analysed chemotaxis via Keller-Segel m@ileing the anaylsis, we had some main conclusion. We
studied non-linear diffusion for chemotaxis with the Neuméaoundary conditions. We can say that stability and
instability depend on the ratiD/x. It means that while the valugsandh must be lagre, the valués andk must be
small for the non-linear model. We also analysed the bightd process. It can be seen that, when the vals&nough
large and the valug is enough small, the system is always stable.
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