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Abstract: In this paper, the double Laplace decomposition methodapplked to solve the non singular and singular one dimeasion
thermo-elasticity coupled system. The technique is desdrand illustrated with some examples.
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1 Introduction

The nonlinear one dimensional thermoelasticity couplestesys appear in many fields of science such as fluid
mechanics, solid state physics and plasma physics. Théastiogy problems have gained a considerable attention fo
their importance and applications. Linear and nonlinearrttoelasticity provide a rich field of research for inveatigg

the coupling between the thermal and the mechanical fields.€kact solutions for such system are difficult to find.
Therefore, some numerical methods have been recentlyapeaethem analyticaly such as variational iteration method
[1], Adomain’s decomposition method,B], homotopy perturbation method2,13,14] and iteration methodl[0, 11] for
finding analytical solutions of linear and nonlinear prabte The aim of this paper is to adopt the double Laplace
transform and domain decomposition to obtain approximeligtisns with high accuracy of singular and non singular
one dimensional thermo-elasticity coupled system. Foilligtration of our propesed method, two examples are given
The propesed technique is called modified double Laplacendgasition method and is performed by combining
Laplace transform methods and decomposition method$derst of all, we recall the following definitions which are
given in [9,7]. The double Laplace transform is defined as

LeLe [Fx,0)] = F(p,s) = /Ome*pX/Owe*Stf(x,t)dtdx

wherex,t > 0 andp,s are complex values and further double Laplace transforrhefitst order partial derivatives is
given by
of(xt)
X

L [ } — PF(p.9 —F(0.9).
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Similarly, the double Laplace transform for second padaivative with respect tg andt is defined as follows

2
ke | 20| = wPF (9 - pR0.9 - P2,
02 f 7] 0
I—XLI|: 0(2)4[(7'[):| :SZF(p7S)_SF(p70)_ F(OF? )

2 Nonlinear one dimensional thermo-elasticity coupled sysm

In this section, we discuss the analytical solution of thgutar nonlinear one dimensional thermo-elasticity codple
system §,5]

J%u du \ d%u du \ ov
W_a<ﬁ’v)ﬁ+b(dx V)d =f(xt), xeQ 1)
du \ dv du 0%u 0%v
C(E,V)E‘f’b(&,V) —dxdt_d(v)W:g(x’t)’ (2)
with initial conditions P 0
u(x,
w0 =0, 20— 00, vixo) = e, @

whereu(x,t) andv(x,t) are the body displacement from equilibrium and the dispte of the body temperature from
referencélp = 0, subscripts denote partial derivativash, c andd are given smooth functions. For physical interpretation
see [/]. Now let the us assume the following

Jdu Jdu Jdu Jdu
a(ﬁ,v) :c(&,v) =d(v)=1, b(ax )—&v,

using the above assumptions, the nonlinear system inlgn@l Eq.2) becomes

0%u 4%
o 02+Nl(uv)_f(xt) 4)
ov 9%
i 02+Nz(uv) g(xt), t>0 (5)

whereN; = (gﬂv) 3 andNp = ( v) dax;t are nonlinear operators. In the following theorem we appbgified double

Laplace decomposition methods.

Theorem 1.We claim that the solution of the system given in §gKqg.6) and Eq.) is given by

iun(x,t) fl(x)+tf2(x>+Lplle{F(Sg’ﬂ+Lp1le léLthlw azu” Z{)%H (6)

3al] »

© G(p,s o1 ® 92y
Z)Vn (xt) =01 (x) + L't [%} N lELXLtl ——
n= n

or
u(x,t) =uUp+ui—+... and v(x,t) =vo+vi+...,

where LL; is the double Laplace transform with respect to and LglL_;l is the double inverse Laplace transform with
respect to ps. In addtion A and B, are nonlinear terms. Here ,we provide double inverse Laptagnsform with respect
to p and s exist for each terms in the right hand side of §gKq.(7) .
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Proof. By using the definition of partial derivatives of the doubleplace transform and single Laplace transform for
Eq.@), Eq.6) and Eq.B) respectively, we get

2
L u(t)] = Flép) N Fls(zp) " (SF;, )+SZLXLt [gngl(u,v)}, 8)
2
LuLe [V(x,1)] = Gls(p) + G(S’ S 4 éLth [%’ - Ng(u,v)} . )

The double Laplace a domain decomposition methods (DLAD&fings the solution of the systema&,t) andv(x,t)
by an infinite series,

[« [

u(xt) = Zoun (x,t), v(x zovn (10)

The nonlinear operators can be defined as follows

Ny (u,v) = iAn, N (u,v) = iBn, (11)

whereA,, andBy, are denoted by:

1/ d" < /1N (e S (A"
o= <d)\” [ngm “")DAO’ B = <d)\“ lNzi ’ V")Dm' -

Here, few terms of a domain’s polynomiaig andB, are given by:

Ao = UgxVoVox
A1 = (UpxVo) Vax + (UoxV1) Vox + (U1xVo) Vox
Az = (U1xV1) Vax + (UoxVa ) Vax + (UoxV1) Vax + (UoxV2) Vox + (U1xV1) Vox + (U2xVo) Vox (13)

and

Bo = UoxVoVotx
B1 = (UoxVo) Vatx + (UoxV1) Vorx + (U1xVo) Vorx

B3 = (U1xV1) Vaxt + (UoxV1) Vaxt + (UoxV1) Vaxt + (UoxV2) Voxt + (U1xV1) Voxt + (U2xVo) Voxt:- (14)
By applying double inverse Laplace transform for Bydnd Eq.9) and use Eq1(0) and Eq.{(1) we have

® 92U,

iun X) +tfa (X )+Lp1le[F(sg’S)] +Lpllel LxLt lz) e ZAnH (15)
Zo 2(xt) = g1 (X) + L5 Ls 1{ (Eas)] +LpM 1[ LXLtli‘z:VZ“ ZBnH. (16)
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in particular, we have

~

G(p,s 11 v, 2
V= Langl { (Fs) } + LplLS 1 [ELXLt [ —dxzn — ZOBn‘|‘|
n= n=

F(p,s ooqJ1 d2u
up = LBngl { (SF; )} +Lp1le {?Lth {0—)(20 AOH ) (17)
and generally we have
I T mazun_oO
un+l(xat)_|—p Ls [§LXLI nzl X2 nZ]_An (18)
1 9%y, &
Vit (%t) = Lyt | SLhuly 2 ¥ Byl |, (19)
" P s nZlaXZ nZl "

by calculating the termsgp, us, ... andvp, vy, ..., we obtain the solution of the system as

u(x,t) =up+uy+... andv(xt) =Vvo+vi+...

3 Applications

To validate our method for systems of nonlinear partialedéhtial equations we consider some illustrated examgles o
nonlinear one dimensional thermo-elasticity coupledesystas follows:

Example 1.Consider the following nonlinear one dimensional therrtas#city coupled system:

d%u d%u  [du \ ov et
W_W—F(&V)E(__e , XeQ (20)
ov 90> (du )\ d%u -
EWﬁL(&V)—dtdxex , t>0 (22)
with initial conditions ) .
u(x,0) =€, %’) =—€, v(x0)=¢eX (22)
By taking the double and single Laplace transform for E§),Eq. 1) and Eq.R2) respectively, we obtain
1 1 1 1 d%u  (du )\ ov
VP~ 5 97 e e a0 (30Y) 5 )
1 1 1 0>v [du \ 9%
Vip.s) = s(p+1) s(p—1)(s+1) + ELXLI [W a (&V) (3t(3x] ’ (24)
On using double inverse Laplace transform, we have
1 d’u (du \ ov
_ o —X _ A—X+t —X -1, -1( — v= [ Z= vy
u(xt) = e —tef+te e e+ L, L (SzLth L}xz <(9XV) de (25)
1 0>v  [du )\ %
o X —t -1, -1( = vy =+ e
V(xt) =e " —e+ & +L,7Ls <SLXLt [dxz (dxv> dtdx]) : (26)
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by using Eq.6) and Eq.{) we obtain

00 2
zoun (xt) =& —te"+te ¥ —e M pe XLt <éLth [a > Z AnD (@7)

[

—X -1 -1(1 dzvn
Z)vn(x,t):e —e+ e LM bkt |5 ZBn : (28)

whereA,, and B, are Adomain polynomials given by E@3) and Eq.{4). By applying equations EdL{),Eq.(8) and
Eq.(19), we have
Up=¢€e"—te, vp=e*
1 2%u
- — X+t - -1 -1 0
1
=te *—e M +e X+ LMt (?LXLI [ —te+e - tex])
t2 t3 t2 t3
up =te X— ’X+t+e’x+ exf —e" e Ee’x,

and
vi= e+t Lot }LL ﬁ—s
1= p s x Lt axz 0
ex+e“+Lp1le( Lt [X+extex})
2

=& e rte N tef— Eex’

the other components given by

(1 dzun
Un+l (X,t) - Lp LS ?Lxl_t z An (29)
—1; -1 1 02Vn
Vn+l (X,t) = Lp LS ngLt Z Bn . (30)
Applying Eqg. £9), Eq.(30), Eq.(L3) and Eq.(4), we obtain
Up = —Ee*Xthe*X— R e Ee*XaL Ee"f ie*X
6 2 41 5!
2t4 3 t2 t4 t5
- e L 6 —e X pte X e ¥ ey Ee*3x+ me*3 — ae :
2 3 4 4
et Lo D Do 4; e e

3

t 22
X+t X+t —X 3X 3X
+te e +e 3|e X 4 2e +6e?<+34!e

+ e te + eSX+t te 3x+t e?:X7
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it is obvious that the self-cancelling terms appear betweegious components and connected by coming terms, as ®llow
u(x,t) =uUp+up+... andv(xt) =vo+vi+...,

therefore, the exact solution is given by
u(x,t) =€ v(xt)=e*m

Example 2.Consider the nonlinear coupled system one dimensionahitv@lasticity given by

°u 9 [ du\ ov 2
=7 - 0x< )+0__2X 6 —22—2 xeQ (31)
ov a [ av\ d% )
Ed_x<ua_x)+dw)(2t LA 150 (32)
subject to
u(x,0) = x2, (3u((9>:, 0 _ 0, v(x,0)=x. (33)

By applying the modified double Laplace decomposition mastand the inverse double Laplace transform as in previous
example one can obtain

Up = X2, Vg = X2 (34)
1 1 oV
2 2.2 4 .2 -1 -1 0
U]_:Xt — 3xt —ét —t +Lp LS [?Lxl_t [AO_W:H (35)
2 3 2 —1, -1 1 02uO
vi= S0+ B¢+ LT | Sl (Bo— oo (36)
and
1 ov,
i1 = LplLs? l Ll lz Ao H 37
et iy e, Ot 38
Vni1=Lp'Lg gxt nZl " Btax | | (38)

whereA, andB, are Adomain’s polynomials given by:

Ag = VoxUo
A1 = VoxU1 + VixUo

Az = VoxUp + VaxU1 + VaxUo, (39)
and

Bo = UoxVo
B1 = UgxV1 + UV

B3 = UgxV2 + U1xV1 + Uoy\Vp. (40)
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The other components of the solution can easily found bygusirove recursive relation and E§9J and Eq.40),

up = f%t“ftz
Vi = §t3+t2,
and
Uz = %E‘ts + %tA'
Vo = —1—15t5 — §t3
then

u(x,t) =Up+us+... andv(x,t) =vo+vi+...,

we get the following exact solution
u(x,t) =x2—t2, v(xt) =x>+t2
4 Linear singular one dimensional thermo-elasticity coupdd system

In this part of the paper, we apply our technique to solve itieal singular one dimensional thermo-elasticity coupled
system given below

2
ﬂ—x—lz (xzﬁ) +xa—V:f(x,t), xeQ

ot? ox /), = ox
ov 1 /[ ,0v 02
subject to
du(x,0)

u (Xa O) =f (X) ) =f (X) ) V(Xa O) =01 (X) ) (42)

ot

where, 3 2 (x2 gﬂ) and 12 (ngx are called bessel operatdrx,t), g(xt), f1(x), f2(x) andg; (x) are known function.

The following de?mltlon is used in this section,

Definition 1. Double Laplace transform of the non constant coefficienbsdwrder partial derivative 3(‘% and the
function ¥ f(x,t) are given by

d? d%u d%u
o (2] ()
and d? d’F
L (€1(60)) = 5 [k (F(e0)] = %. (44)

To obtain the solution of Linear singular one dimensionato-elasticity coupled system of E4l}, multiplying Eq.@1)
by x? and taking the double Laplace transform and single Laplasestorm for Eq41) and Eq.42) respectively and use
definition 1, we get

PU(p _ PR PR(p) PF(pS 1 LL‘K au) Xsdv]
Sz X

P sip | 9dp | Sdp %), < ox (45)
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and

¢V (p.s) _ d°Gi(p) , P*G(p.y) LthK dV) Xsazu] (46)

dp?~  sdp sdP? ox), ~ axat]’

by integrating 2 time for both sides of E45) and Eq.45) from O to p with respect tgp, we have

//(dzszllp? d;F;E)Z) dzszdgi )dpdw//(Lth[( ) xsgv])dpdn (47)

and

//(dzsillri szd(r%S))dpder //LxL‘ [( gi) _Xgaizat}dpdp (48)

The double Laplace A domain decomposition methods (DLADBfrtes the solution of the systemasq t) andv(x,t)
by the infinite series,

0 00

u(xt) = Z)un (xt), v(xt)= Z)vn (x.1). (49)

By applying double inverse Laplace transform for B@)(@and Eq.48) and use Eg49), we have
d?F1(p dZFz(p) d’F (p,s)
Ut =Lp'Ls* U/( sdp? " 2P T Sdp )dpdp}
+LhST { //(Lth[(x —> ﬁgﬂ)dpdp} (50)
d’Gy(p de(p,s) 1 2°u
vixt) = LyLst U/( Sdl@ e >dpdp]+LplLs [ //LXLtK &) ﬁdxdt}dpdp] (51)
Using Eq.49) into Eq.60) and Eq.b1), one gets
© d?Fy(p szz(p) d?F (p,s)
2 (et =Lyt 1[//< sdp? Ay T Sdp >dpdp]
+LMT [é//LXLt ( 23 Uny xt) dpdp]
Lpll_sll [ b [x3 3

Vix (X ] dpd p] (52)

and

zo A(xt) = L5t [//<d2§jlp? d:(;d(szvs))dpdp]
+Lplt [ //(LXLt Kx:nzovnx xt) ])dpdp}
St [/(Lthl (n Unst (X )])dpdp] (53)
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in particular,

(et =Lyt [ [ f (TP a1 TEE ) apa

Vo(x.t) = LpLg [ / | / (dzsc;‘jlép) + dzf d(;’ S)) d pdp} . (54)

Generally, we have

[

Uni1(Xt) = Lp'Lst [é / / LuLs <x2niunx<x,t>>xdpdp] —Lphet [é / / LuLs [ﬁnzjvnx(x,w]dpdp], (55)
Vo1 (1) = +Lp L E / / <Lth [(xznivnx(x,w) D dpdp]

gt E/ <LXLt [x3 <§Ounxt (x,t))] ) dpdp] , (56)

we provide double inverse Laplace transform with respeptands exist for each terms in the right hand side of Egfl)(
Eq.65 and Eq.b6), by calculate the termsy, uy, ..., U, andvg, v, ..., Vn, We obtain the solution of the system as follows:

u(x,t) =uUp+up+... andv(xt) =vo+vi+....

Example 3.Consider the following linear singular one dimensionatthe-elasticity coupled system

2
ou_ 1 (xzﬂ) x%Y _ 26 at
X

a2 xR ox oX
ov 1 [ ,0v ou .,
E_FG( E()X—FXM_SX —6t, t>0 (57)
subject to
u(x,0) = %2, % =x2,  v(x,0)=0. (58)
By using modified double Laplace decomposition methods ép(3H), Eq.68) and apply Eq{0), Eq.61) we have
1 1 (PP Ju ov
S22 T3 a2 13 -1 1| 20U\ 30V
U(t) =X+ 23— 3 P L LZ/O /O LthKx ax>x ﬁdx}dpdp}, (59)
and
A 7171}/p/p 20V ,_dzu
V(x,t) =3t — 3+ L g [S A Lke | (X ) Xsdxdt dpdp| . (60)
On using Eq%4), Eq.65) and Eq.56), we get
Uo (X,t) = X2+ X2t + %xzt3 — 328
Vo (1) = 3%t — 3t?, (61)

(© 2016 BISKA Bilisim Technology
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1
up(xt) =32 +t3+ 1—0t5 — 3

2
vy (X,t) = 9t% — 2%t — §x2t3,

3 2 1
Uz (xt) = —Et5 + §x2t3 + 1—5x2t5

Vo (X,t) = —6t2 —t4 4+ 223,
and

1 1 1
g (x,t) = =t + —t’ — 2x2t°

5 105 5
4 2
va(x,t) =3t*— éxzt3 - §x2t5,

therefore, the approximate solution is
u(x,t) =Up+Ui+...+ Uy andv(x,t) =vo+vi+...+ Vn,

the solution of the system given by
u(x,t) =x>+xt and v(xt) = x.

5 Conclusion

In this paper, we proposed new modified double Laplace deositign methods to solve linear regular and singular one
dimensional singular one dimensional thermo-elasticityipted system. The results obtained by double laplace
decomposition method are compared with those of the ex&ati@o, which shows very good agreement, even using
only few terms of the recursive relations. This method canapplied to many complicated linear and non-linear

PDEs.does not require linearization.
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