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Abstract: The set of the dual vectors which are introducedi\by a-+ a*, €2 = 0 called as dual vector field. In our paper, we introduce
the directional derivative of the dual vector fields and stigate some properties of them. Then we give a numeric ebeanfiphe dual
vector field aided by E.Study theorem.
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1 Introduction

Dual number was first introduced by W.K. Clifford in 1873, [1] a anda* are real numbers then the combination,
A =a+ ga* called a dual number and the symisoienotes the dual unit with the property tg&t= 0. Application of
this were studied by A.P. Kotelnikov in 1895, [1]. Then, Eu@t used the dual numbers and dual vectors in his research
on the geometry of lines and kinematics and defined the mgpgirich is called with his name: There is one to one
correspondence between an oriented straight line in Erari@-space and a dual point on surface of a dual unit sphere in
dual space, [2,3]. Dual vectors in instantaneous spati@riatics were studied by G.R. Veldkamp, in 1976, [4]. Carari
derivative of a dual vector field in the direction anotherldigtor field was accomplished the dual space in the referenc
[5]. Dual vector algebra provides a convenient tool for Hemgdmathematical entities such as screw, [6].

The aim of this paper is to completely define a directionaivé¢ive on n dimensional dual space. So our intention is
to apply several new concepts on dual space defined in ditiatgeometry [7,8].

2 Preliminaries

A dual number is an expression of the foAmr= a+ €a*, wherea anda* are real numbers and the dual ungatisfied the
conditiong? = 0, & # 0. We denote the set of dual numbers by

D={A|lA=a+¢a", aa €R}.
The addition and multiplication of dual numbers are
A+B=(a+b)+e(@ +b")

AB=(ab)+e(ab*+ba’)

AA=Aa+era’.
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The setD of dual numbers with the above operations is a commutatige fihe elements of the set
D"={A|A=a+¢a*,aa €R"}

are callech-dimensional dual vectors on thhedimensional dual space. Andimensional dual vectdk maybe expressed
in the formA = a+ ga* = (a,a*) wherea = (a,ay, ....,an) anda* = (by, by, ...,by) are vectors oR".

Theorem 1.LetA,B € D" be the n-dimensional dual vectors. The addition of two deatars are
A+B=(a+h)+e@ +b")

Theorem 2.WhenA,B € D" are n-dimensional dual vectors, inner product of A, B duatees are computed with the
following formula :
— — —
<AB>=<1d,b >+e(<§zb >+<a, b >)

Theorem 3. A= a+ €a* € D" the norm of a dual vector is computed with:

|A[[>=jal]®+2¢e <a,a* >
Definition 1. If V', € T2 and f € C(E",R); the derivative of the f function in the direction vectdT, is defined with:

vp[f] =< v,ﬁh: >

3 Main results
Theorem 4.D" space is an affine space,

F:D"xD"—V
(P.Q —F(PQ =PQ
(A1) ForVP,Q,ReD"F(P,Q)+F(Q,R) =F(P,R)

(A2) ForvPeD", VA € D", PO = A there is thedQ € D"
properties are observed.

Proof.VP =p+ ¢p*, Q=g+ £g* andR=r +er* € D" here forp,q,r,p*,q*,r* € E" andA = a+ £a* € D dual vector,
a,a* e E".

(A1) Letus show that the first of one of the affine axioms is oisd:
F(PQ =PQ=Q-P=(q+¢&q") - (p+ep’)
=(Q-p)+e(@—p’)
F(QR)=QR=R-Q=(r+er")—(q+eq")
=(r—p+e(r—-q’)

Itis observed that by adding the above equations side byisid®bserved that,

F(PRQ+F(QR)=(r—p)+&(r'—p") =F(PR).

(© 2016 BISKA Bilisim Technology
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By so-doing, the first of the affine axioms fBf space is proven.

(A2) Letus show that the second of the affine axioms is obthine

(PQ —F(PQ=PQ=Q-P (1)
(G +ed) - (B +eBY) @

If we equalize thed = & + £ &* dual vector and the result obtained in the Equatirtg each other, we find the
o =d+pandq* =a*+ P*. So, we can say that the following point exists:

Q=q+&q* =(a+P)+e(@ +p)eD.

As a consequence, sinf&l) and(A2) axioms are obtained, it is observed that the dual sppéde an affine space.

Definition 2. For the dual point P= D", and the dual vectoR e D", (P, X) in the dual spac®" is called as thelual
tangent vectoyand shown withﬁp.

Definition 3. In P € D" point,
Ton(P) = Ap= (P, A): P D",Ac D—modul

set is called aslual tangent vectors setBesides, if & R andvz\)p, §>p € Tpn(P)
- - — -
Rpe Bp=(RA)+(RE)=(PA+E)=(A+B),

— — —
cAp=c(PA)=(PcA)

{Tpn(P),®,R,+,.,®} vector space of the dual affine spdd&for the point P is called adual tangent vectors space for
the pointP, shortly,dual tangent space

Definition 4. If A, € TJ(P) dual vector, F differentiable dual function, the derivatiof the dual function F in the direction
of dual vector 4 is given with; .

Theorem 5.If dual vectorA, € T§(P), the derivation of dual function F in the direction of the divactor Ay may also
be shown with the following equation:

AplF] =< a,ﬁ > 4-£[< a*,ﬁ >+ < D_f>*,a>]_

(© 2016 BISKA Bilisim Technology
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ProofLet us take thé& = f(x1,%2,X3) + £f*(x1,%2,x3) dual function for f, f* € C(E",R);

AplF] =< Apvﬁﬂp >

JF JF OF

a_xlaa_xzva_xs)lp

—cates of +ef* of +¢ef* 0f+£f*)| -
’ 0X1 0% 0X1 P

=<a+ea’ (£+eaf* of saf* of saf*
’ 0X1 0X;|_70X2 0X270X3 0X3
af of ot of of af
0X1, 0X27 0X3 0X17 0X27 0X3

=< a+£a*,§+£D >

=< a+ea’,(

) 3

) >

=< a+ea’,(

=< a+£a*,ﬁ? > +e[< a*,ﬁ? >4+ < ﬁ*,a>].
Theorem 6.Let theVF,G: D" — D be two differentiable function ﬁ)p andE‘p € D" dual vectors an®¥/ci,co € R ;
() (c1Rp+CBp)[F] = ciAplF] + o B plF]
(i) A plciF + 2G| = ¢y A p[F] +C2 A p[G]

(i) Ap[F.G] = A[F|G(P) +F(P) A p[G]

are obtained.

Proof.

— —
(1A p+C2B p)[F] =< (1A p+ 2B p), OF |p >
- = —
—< 1 Ap,OF|p> + < G B p, OF |p >
—)
— 1< ApOF|p> +0o < Bp, OF|p >
%
= L A p[F]+ 2 B p[F].

(ii)

p, 0(c1F +0263 >

p,0(c1F) +0(cG) >
p,clﬁchzﬁ >

— —
p,C10F > + < Ap,czﬁ >

H
UF

_)
A p[ClF + CzG]

| .
ANANAN A

%
p[G].

Il
)
<

P
p[F +C2

> A Bl > > >

>
R

I
o
S
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(i)

Ap[F.G] =< Ap,D(F.G§|p>
=< Ap,ﬁ%.G(p) + F(p).ﬁ >
=< Ap,ﬁ.G(p) >+ < Ap,F(p).ﬁ >
— —
=< Ap,OF > .G(p)+ < Ap,0G > .F(p)
= Ap[F].G(p) +Ap[G].F (p).

Definition 5. For theVP € D" dual point,
X :D"— |J Tpn(P)
PeDn
p—Ap
transformation afD" is called thedual vector field Besides,
XD ={A|A:D" — | JTpn(P)}

set atD" is called aghe set of dual vector field$or thevVA, B € x(D") dual vector fields and for theéP € Dy, dual point,

(A®B)(p) =Ap®Bp
(COA)(P)=cOAp

{x(D"),®,R,+,.,0} vector space is called ake space of dual vector fields

Definition 6. F be differentiable dual function fofP € R", the A € x(D"), which is defined with F be differentiable dual
function for
AF(P) = Ap[F]

is called AF] € C(D", D) the derivation of F dual function in the direction of the dualector fieldA.
Theorem 7.VK,§ € x(D") dual vector fields andf F,G,H € C(D",D) dual functions are given. Fdrc;,c; € R,
(i) (F.A+G.B).[H]=F.AH]+ G.B[H]
(i) Afc1.F +¢2.G] = c1.A[F] + c2.A[G]
(i) A[F.G] =A[F].G+F.A[G]

properties are obtained.

Proof. For f,f*,g,g*,h,h* € C(E",R) real functions, the dual functior’s = f + £f*, G = g+ €g*, H = h+ €h* are
given. The dual vectoA = a+ €a* is given fora = (a1,82,83), ar = (a7,a5,a3) real vectors. By benefiting from the
definition 6);

(© 2016 BISKA Bilisim Technology
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0]

(F.A+G.B)[H](P) = (F.A+G.B)p[H]
((F.A)p+(G.B)p)[H]
(F.A)p[H] + (GB)p[H]
F(P).Ap[H] + G(P).Bp[H]
F(P).AH](P)+ G(P).B[H](P)
F(P).AH] +G(P).B[H]

(ii)

AlciF + ¢G](P) = Ap[ciF + oG]
= Ap[C1F] + Ap[cG]
= C1Ap[F] + C2Ap[G]
= C1A[FJ(P) + c2A[GJ(P)

(iii)

the above equations are obtained.

4 Numerical example

After finding the unit dual vectoA = a+ £a* which corresponds the line i@ = (3, 5 3) vector direction, which passes
throughM(1,2,2) points, let us compute the derivation in the directionfofunit dual vector of the dual function
F =f+ &f* defined byf = x;.xo + 2.x3 and f* = x;.xp — 2x3 real vectors at the(1,2,2,0,0,0) € D? point.

Firstly, let us find the line equation to which the dual vegiven in the example corresponds. As it is given in the Figure
1, the line equation is found via:

OX=OM+Aa 3)

In the equationd), X(x,y,z), M(1,2,2) anda = (%, %, %) vectors place them and solve the equation,

2 2 1
(x,y,z)f(1+/\§,2+/\§,2+)\§)
Xx—1 y-2 z-2
2/3  2/3  1/3
x—1 y-2 z-2
2 2 1

A:
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We will have the above line equation. In order to find the deaiter which corresponds to this directed line, we must find
thea moment which is vertical to the vector. It is observed that the moment is:

ijk
. ' > 2
a=0MAa=(122|=(—5,1,—3)
221 33
333
z

X

Fig. 1: The directed line to which the unit dual vector corresponds.

Now, let us find the derivation of the dual functibh= (x1.x2 + 2x3) + £(X1.X2 — 2x3) in the direction of dual vector
Ap = (a+¢£a*)|p. Therefore, we write

_>
Ap[F] =< Ap,0F[p >
=< (a+¢€a")|p, El_f>+£ﬁ* >

221 2 2
*<(éaéaé)+€(7§7177§)7(X27X172)+£(X2;X1572)>
2 22 1 2
=< (:—))_ §,§+8,§—85),(X2+8X2,X1+8X1,2—28)>|p
:<(%feg,nge,%—e%),(2+£2,1+£,272£)>
*4 4£+4€+2+£+2€+2 84 28
3 3 3 3 3 3 ‘3 3
4 2 2 4 4 4
:(§+§+§)+8(—§+§—§+1)
8 1
=2 eZeD
3 3¢
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5 Conclusion

In this study, the subject of directional derivative, whistone of the most important subjects of differential geamet
has been studied for dual spaces. By making use of the knge/etiich says that a dual unit vector corresponds to a
directed line in the Euclidean Space, and with the help o&h8tudy conversion in dual spaces, the unit dual vector, to
which a line whose direction and one point on it correspohds,been found and drawn. Then, the derivation of a dual
function in the direction of unit dual vector has been comaputt is considered that this study will be a pioneer for some
future studies on the screw theory and dual space.
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