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Abstract: In this paper, firstly, Hermite-Hadamard-Fejér type iry for harmonically convex functions in fractional iigiel forms
have been established. Secondly, an integral identity ante Hermite-Hadamard-Fejér type integral inequalit@shfarmonically
convex functions in fractional integral forms have beeraot#d. The some results presented here would provide éomsnsf those
given in earlier works.
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1 Introduction

Let f:1 CR — R be a convex function defined on the intervvalf real numbers and,b € | with a < b. The inequality

b

is well known in the literature as Hermite-Hadamard’s in&dy [5].

The most well-known inequalities related to the integralamef a convex functiorf are the Hermite Hadamard
inequalities or its weighted versions, the so-called Ha+hiadamard-Fejér inequalities.

In [4], Fejér established the following Fejér inequality whits the weighted generalization of Hermite-Hadamard
inequality ().

Theorem 1.Let f: [a,b] — R be convex function. Then, the inequality

((222) [ aooexs [ roogooaxs (8T P ga @)

holds, where g[a,b] — R is nonnegative, integrable and symmetri¢éot b)/2.

For some results which generalize, improve and extend edéips (1) and @) see [L,6,7,15,17).

We recall the following inequality and special functionsigé are known as Beta and hypergeometric function
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respectively

B(x,y)_ X+y /t“ Y-Ldt, x,y >0,

oF1(ab;cz) = /tb La—t) P (1—zt)®dt,c>b>0,|7 < 1(see 12]).

Lemmal.ForO< a <l1andO< a< bwe have
|a® —b%| < (b—a)?.
(see [L4,19)).

We will now give definitions of the right-hand side and lefiffd side Riemann-Liouville fractional integrals which are
used throughout this paper.

Definition 1. Let f € L[a, b]. The right-hand side and left-hand side Riemann-Lioufitletional integrals §, f and ' f
of ordera > 0 with b > a > O are defined by

38, f(x) = %/‘:(xt)“lf(t)dt, x>aand

3 £(x) = %/b (t—x)° "L f(t)dt, x<b,

X

respectively, wher€ (a) is the Gamma function defined bya) = [ e 't?1dt (see 12)).
0

Because of the wide application of Hermite-Hadamard typeiralities and fractional integrals, many researchers
extend their studies to Hermite-Hadamard type inequalitieolving fractional integrals not limited to integer égrals.
Recently, more and more Hermite-Hadamard inequalitieshivg fractional integrals have been obtained for différe
classes of functions; se8,B,9,16,18,19].

In [11], iscan gave definition of harmonically convex functions asfablished following Hermite-Hadamard type
inequality for harmonically convex functions as follows.

Definition 2. Let | C R\ {0} be a real interval. A function fl — R is said to be harmonically convex, if

Xy
f(m)ﬁtf(Y)+(lt)f(x) 3

forallx,y € l andt€ [0,1]. If the inequality in 8) is reversed, then f is said to be harmonically concave.

Theorem 2.Let f: 1 C R\ {0} — R be a harmonically convex function andbec | with a < b. If f € L[a,b] then the

following inequalities holds:
2ab ab b f(x) f(a)+f(b)
(arh) <oral sews 2

(see [L1]).

In [10], iscan and Wu presented Hermite-Hadamard’s inequalitielsérmonically convex functions in fractional integral
forms as follows.
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Theorem 3.Let f: | C (0,0) — R be a function such that € L [a,b], where ab € | with a < b. If f is a harmonically
convex function ofg, b], then the following inequalities for fractional integrdislds:

f (:jt;) SALAS (ba_ba) 350 (Fom)(1/b)+ 30, (on) (1) < L AFTEO) )

with o > 0 and h(x) = 1/x.

In [13)] Latif et. al. gave the following definition.
Definition 3. A function g: [a,b] C R\ {0} — R is said to be harmonically symmetric with respectéd/a+ b if
l )
X

9(x) =g (T

okl

holds for all xe [a, b].
In [2] Chan and Wu presented Hermite-Hadamard-Fejér inegdaliharmonically convex functions as follows.

Theorem 4. Let f: 1 C R\{0} — R be a harmonically convex function andbac | with a < b. If f € L[a,b] and

g: [a,b] C R\ {0} — R is nonnegative, integrable and harmonically symmetrit\wéspect toiri'g, then
2ab\ P g(x) b (x)g(x)
_ 2V dx < VIV
f (a+ b) /a X2 dx_/a X2 dx ©)
b
SRICER IO TE
2 Ja X2

In this paper, we firstly presented Hermite-Hadamard+Hejgquality for harmonically convex function in fractidna
integral forms which is the weighted generalization of HigertHadamard inequality for harmonically convex funcgon
(5). Secondly, we obtained some new inequalities connectédthw right-hand side of Hermite-Hadamard-Fejér type
integral inequality for harmonically convex function irafitional integrals.

2 Main results

Throughout this section, lég||,, = sup |g(t)|, for the continuous functiog : [a,b] — R.
telab]

Lemma 2.Ifg: [a,b] C R\ {0} — R is integrable and harmonically symmetric with respec2ab/a+ b with a< b, then

Ko (051 (1/2) = 9 (9oh)(1/6) = 5 [y (90h)(1/) + 3, (goh) (1/)]

with o > 0and h(x) = 1/x, x€ [3,1].

Proof. Sinceg is harmonically symmetric with respect tal2/a+ b, from Definition3 we haveg ()—1() =9(

x € [£,1]. Settingt = 1 + £ — xanddt = —dxgives

tutoone i £ (30 oD g (8) () o

Al ) a5

This completes the proof.

), f
, for all
+%7x)

(I
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Theorem 5.Let f: [a,b] — R be a harmonically convex function withab and fe L [a,b]. If g: [a,b] — R is nonnegative,
integrable and harmonically symmetric with respecéd/a+ b, then the following inequalities for fractional integsal

holds:
¢ 2ab
a+b

with o > 0 and h(x) = 1/x, xe [}, 1].

W (goh)(1/a)
+3%,(goh) (1/b)

f(a)+ f(b)
2

< <

39, (fgoh) (1/a)
+3,_(fgoh)(1/b)

%y, (o) (1/a)
1/b+
£, <goh><1/b>] @

Proof. Sincef is a harmonically convex function da, b], we write

; (Zib) _¢ (2(ta+(albt)b) (tb+(alt:t)a) ) < f (m) +f (m) _ ®)

athb (ta+€lt1t)b) + (tb+(a.}Lt:t)a) 2

for all t € [0, 1]. Multiplying both sides of§) by 29~1g (
tot over[0, 1], we have

o (az—it;)) /oltaflg (tb+ th)a) t
1
= /o e {f <ta+ Eilb—t)b> A <tb+ ?1b—t)a>} 9 <tb+ (alb—t)a) dt
- /oltHf (ta+ zb—t)b) 9 (tb+ ?1b—t)a) dt+ /oltHf (tb+ zb—t)a) 9 (tb+ zb—t)a) t

m) then integrating the resulting inequality with respect

Sinceg is harmonically symmetric with respect tat?/a+ b, from Definition3, we haveg (;1() = g((l)jl ), for all
a)tp
xe [3,1]. settingx = 2112 angdx— (2:2) dt gives
ab \* /2ab\ [z 1\t /1
2(6%) () (on) o5
a 1 a-1 1 a-1
“(67a) U 0on) (g )ole (o) 1 (R)s()e
b—a i b atg—X X Ji b X
ab \%[ ra/1 \**'. /1 1 '3 1\**t /1
) UG Gl d)  (G)s )
ab \“[ a1 N\t /1\ /1 a 1\*t 71\ /1
) UG G ee [ () e (o5
Using Lemma2, we have
(= )"r(a>f<2ab) I, (9o) (1/2) < (2 )"rm I, (fgoh) (1/2) |
b—a a+b l/af(goh)(l/b) b—a +J1/a (fgoh)(1/b)
This inequality gives the left hand side @¥)(
On the other hand, sindeis a harmonically convex function, then, for &k [0, 1], we have
ab ab
—_ — | < )
f (ta+(1t)b) f (tb+(1t)a> <f@+1b) ©

(© 2016 BISKA Bilisim Technology
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Then multiplying both sides o} by t% g (ﬁ) and integrating the resulting inequality with respect tver
[0,1], we have

fret <ta+ <alb—t>b) 9 <tb+ <alb—t>a) du [t (ﬁ) 9 (tb+<a+t>a> "

1
<[f(a)+ f(b)]/o g (ﬁ) «

It means that

(=)

This inequality gives the right hand side @)(The proof is completed.

1/b+ (goh)(1/a)
139 (goh)(1/b) |

I, (fgoh)(1/a) ab \“ f(a)+ f(b)
1/b+ oY
e (f goh)(l/b)] : (ba) I'(or)( 2 )

Remarkln Theorenb, one can see the following.

(i) If one takesa = 1, then inequality{) becomes inequality (6) of Theorefn
(i) If one takesg(x) = 1, then inequality{) becomes inequalitys) of Theoren®.
(iii) If one takesa =1 andg(x) = 1, then inequality ) becomes inequality}) of Theoren?.

Lemma 3.Let f: 1 C (0,) — R be a differentiable function orf Isuch that f € L[a,b], where abe | and a< b. If
g: [a,b]— Risintegrable and harmonically symmetric with respe@ab/a+ b, then the following equality for fractional
integrals holds

M@ T (30, (o) (1/2) + 95 (@oM) (/)] - [3y, (fgoh)(1/a) + 3, (goh)(1/b)
1 it/ 91 3 1\t .
:W/% V% (5_5) (goh)(s)ds—/t (3_5) (goh)(s)ds](foh) (t)dt (10)

with o > 0and h(x) = 1/x, x€ [,1].

Proof. It suffices to note that

1 t(1_o%1igo
=/ fi(Z-9) 9o oy e
b [ =R (s=5)" (geh)(s)ds

1
: b
- f l/lt (%1 )al(gom (S)dsl (fohy (= th <S %)al(gom (S)ds] (foh) (H)dt

b

S - (11)

By integration by parts and using Lemrawe have

I = </ (g )al<goh><s>ds> (romyo)|
< <_> goh)(S)dS)f(a)/é gft

(8)3f)y, (goh) (1/a) - Iy, (fgoh) (1/a)]
)

—~

a)

[fT . (99M)(1/a)+ Mo (@0)(1/5)] ~ 3. (faoh) (1/2)] (12)
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Similarly we have

lp = </tl (s— t—l))al(goh)(s)ds> (foh)(t) T /f (t—t—l))al(goh)(t)(foh)(t)dt

l Db

:—(/;(s—t—l))al(goh)(s)ds> ( é)algoh ) (foh) (Hdt

(6) 3o (9o N) (1/b) + 35 (fgoh) (1/b)]
(b) [

—f
f

. (90h) (1/a) + (@9 (1/5)] + 3 (Fgoh) (1/b)] (13

A combination of (1), (12) and (L3) gives

| = |1|2r(a){<7f(a); f(b))

Multiplying both sides of {4) by (I (a))’1 we have 10). This completes the proof.

Yy, (920 (1/a)
139, (goh)(1/b)

(fgeoh)(1/a)
l/b+
R (fgoh)(l/b)] } (14)

Remarkln Lemma3, if one takegy(x) = 1, then equality10) becomes equality inlD, Lemma 3].

Theorem 6.Let f: 1 C (0,) — R be a differentiable function orf Isuch that f € L[a,b], where abe | and a< b. If
|f'| is harmonically convex ofa,b], g: [a,b] — R is continuous and harmonically symmetric with respe@ab/a+b,
then the following inequality for fractional integrals futs.

‘M [Jf/m (goh)(1/a)+ 37, (goh) (1/b)} - {Jf/m (fgom) (1/2) +Jyjs_(fgoh) (1/b)} ‘
< 101200 -2) (5-2)" fos ()" @)] . Ca(a 0] )

where .
bR (210431 8)

—2

Ci(a)= *mzﬁ(Z a+la+3;1-3) |,

2(a+b b
L +(Gsrl)(()1+2) 2F1(2,0+1a+3;57%)

b2 . )
Wzﬁ (2,2;a+3;1-8)
—D S oR(2a+2;0+3;1-8)

Cz(a) = )
+(%2) ‘g (a+lia+2gs)
2(a+b)

| e (2a+La+3; 57a)

with0 < a < 1and h(x) = 1/x, x€ [£, 2].
Proof. From Lemma3 we have

OO o, (@om)(1/)+ 386 (gom)(A/b)] - [3. (fao) (1/a) + 2o (Fgom)(1/b)]

g%/}j /%t (é_ )al(goh)(s)ds—./t‘é (s— t—l))a1(goh)(s)ds‘\(foh)'(t)]dt. (16)
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Sinceg is harmonically symmetric with respect tal?/a+ b, using Definition3 we haveg(%) o(

xe [5:3]-

(17)

=2 [0, (g0 h) (1/a) + 3 (goh) (1/b)]
- [Jf/b+ (fgoh)(1/a) + 35, (fgoh) (1/b)} ‘

B (e 9 eom) (s)\ds) (Fon ()] ot

Settingt = “2H1-W2 anddt — (22) dugives

=213, (9oh) (1/2)+ 9, (9oh) (1/b)]

[, (Tgom (1/a)+ 3¢, (fgoh)(l/b)}

,ua

< lglloab(b—a) /b—a a fo ub+1 u)a)2
- I(a+1) ab

du

b
/( ub+(e§qu)a)

(18)

1 uW—(1-u)? g ab
I3 (ub+(1-u)a)? F( )

ub+(1-u)a du

Since|f’| is harmonically convex ofe, b], we have

ab

Mo aga)| Sult @+ A-wlf ). (19)

(© 2016 BISKA Bilisim Technology
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If we use(19) in (18), we have

=[98, (9oh) (1/8) + 5 (goh) (1/b)| - [Jf/b+<fgoh><1/a>+Jf/a<fgoh><1/b>H

gl @b(b—a) (b—a\*
= I(a+1) ( ab)

Using Lemmal, we have

/2 (A-wTou uazudu+
0 (ub+(1-u)a)

/oub+1 u)2

| A

and

/% (1-u)® —u®
0 (ubwL(lfu)a)2

'l yo —
_/ (ub+( 1 u) )
1 u(l-u”
S./o (ua+ (1—u)b)2

b

Calculating following integrals, we have

) S R ¢ ST
/o (ua+(1—u)b)2du /o (ua+(1—u)b)2du

(1-2) Fau- [a-wweb?(1-u(1-2)) Cau
o[ (30 (v

/Ol(lf u)@ip-2 (17 u

ua+1 1
/ du—/ 5
0 (ub+ (1—u)a)? Jo (ub+(1—u)a)

(1_u)du+/lu
2

NIC

[fo r)szUﬂLﬁMUdU] ' (a)

7 (ub+(1-u)a)

I A (1 wdu g (- wa [ 0)

3 (ub+(1-u)a)

/1—ua_(1_u)0! udu
3 (ub+(1—u)a)?

I (1-u)¥—u®
+2/0 (ubJr(lfu)a)ZUdu

a+1 1 —_u? 3 —u)Y e
/ u ———d —/ _u@-w 2du+2/2 Dl udu
0 (ub+(1—u)a)? Jo (ub+(1—-u)a) o (

1 u(1-u)® du+2/0%( (1—2u)

} (ub+ (1—u)a)? (1=u)du

(1—u)® —u

(1 udu+2/ —ub+(1 0a)

(1—u)du

1 ua+l
Ry —r
0 (ua+(1—u)b)

1 o a
dufl/‘ &du
2

bR (210431 8)

2
2
)) dv= *(O,Jr%w oF1(2,a+1a+3;1-8)

+ : 2(a+b)’

ub+ (1—uja)?

ub+ (1 - u)a)2u

Ty 2P (2 0+ Lo+ 3;573)

(20)

(21)

(22)

=Cy(a) (23)

(© 2016 BISKA Bilisim Technology
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and

1 (1—u) ot ua+t 1 (1—u) 1 1-u)
/o (ua+ (1-u)b) /o (ua+(1—u)b)2du+/o (%b+(1_%)a)2 u 2./0 (%b+(1_%)a)2d

e . a -2 . -2
:/ol%du_/ol(ua+l21+—lu)b)2du+(iZb) -/olva(1 V(E+Z)) @

b . .
ey 2h (22,0 +3,1-§)

-2

1/a+b -2 1 b—a -2 _E—H2F1(2,0+2;a+3;1_§)
_<—> /(1fv)va <1 v( )) dv= b _oa). @
o\ " b+a +(T) #12F (2 0+ La+2;22)

2, b
%zﬁ(z a+1a+3;p75)

If we use(21), (22), (23) and(24) in (20), we have(15). This completes the proof.

Corollary 1. In Theoren®B, one has the following.

(1) If one takesa = 1, one has the following Hermite-Hadamard-&ejnequality for harmonically convex functions
which is related the right-hand side of (6):

b
L 10) 9o [ 1090 g < 181 02 o, 1 4ot | 0],

(2) If one takes ¢x) = 1, one has the following Hermite-Hadamard type inequalitytfarmonically convex function in
fractional integral forms which is related the right-hanids of (5):

a) | (a)|+Cz(a)|f' (b

)|

2 2

fa+f(b) I(a+1)( ab\*f ¥, (feh)(1/b) || _ab(b-a)
S () e =

(3) If one takesr = 1 and g(x) = 1, one has the following Hermite-Hadamard type inequalityif@rmonically convex
function which is related the right-hand side(d:

b _
‘f(a)erf(b) - ba_ba/a fg)dx‘ < ab(b2 VG|t @]+ )| o).

Theorem 7.Let f: 1 C (0,0) — R be a differentiable function orf Isuch that f € L[a,b], where abe | and a< b.
If f/|9,q > 1, is harmonically convex ofa,b], g: [a,b] — R is continuous and harmonically symmetric with respect to
2ab/a+ b, then the following inequality for fractional integralslds:

== 98 (o) (1/2) + 985 (goh) (1/b)| - [Jf/b+<fgoh><1/a>+Jf/a<fgoh><1/b>]\

laloabb—a) (b-a\" [ a4 [( Cu(@) |t Cr(@) @) \]°
<O () {% (@) <+c5<a>|f'<b>|‘1> <+c8<a>|f'<b>|‘*>H 29

(© 2016 BISKA Bilisim Technology
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where
2(a+b)2
C3(0’)Zﬁzﬁ(laﬁ-l;a-i-?:,&g)
C(C{)* (aer)iz . (Za+1.a+3ba)
4 7—(a+1)(a+2)21 ; ; bra

Cs(a) =C(a) —Ca(a),
SR (2La+21-2)
—ﬁ F(2,a+10+2;1-8) +C3(or)] ,
R (2La+31-2)

(a+2
C7(C{): . ’
_szl(Z a+1;0+3;1-2) +C4(a)

Cg(a) =Cs(a) - Cr(a),

with 0 < a < 1and h(x) = 1/x, x€ [£,1].
Proof. By using power mean inequality and the harmonically cortyexdi | f'|% in (18), we have

== 98 (o) (1/2) + 35 (goh) (1/b)| - [Jf/b+<fgoh><1/a>+Jf/a<fgoh><1/b>H

SR
_ lglloab(b—a) (b—a)" I8 Gz i-ar | (oD >dU]
= 1 u—(1-u)?
MNa-+1) ab +f_ ,_l:b+l :;) f/(ub+(1 e )| du
al 1 o o lf% 1 a a q %
< ||g||mab(ba)<ba) /2 1—u)” —u du /2 (1-uw” —u ( ab )| du
= T(a+1) ab 0 (ub+(1—u)a) 0 (ub+(1—uwa)?| ‘ub+(1-u)a

, ab )
ub+(1—u)a

1-1 1
1 u“f(lfu)a q 1 u“f(lfu)a q q
* </% (ub+(1—u)a)2du) </% (ub+ (1—u)a)? du) ]
1-1 1
lgll.ab(b—a) /b—a\? 3 (1—uf—u” CrE (1—u)—ul X g a
<O (e K/ md> <./o (Uor (1= wap M@+ AW FE) ]d“)
1-1 1
Ly—(1-u? St w1 )91 g
- </§ (ub+(1u)a)2du> </§ (ub+ (1—u)a)? 7 v [F@f+a-ulre |]du> ]

_ lglabb—a) <ba)"
- TI(a+1) ab

(8 ﬁdu}l (18 S udult @ i (s (- waul (o))
)

1 1
1 u9—(1-u) 1-3 1 u?—(1-u) g rl u—(1-u? . ’ q\d
+ (L u) (] e udul (@) ] S (1 u)dul(b)

(26)

(© 2016 BISKA Bilisim Technology



NTMSCI 4, No. 3, 239-253 (2016)www.ntmsci.com BISKA 249

Calculating following integrals by Lemnig we have

3 (1—u)f —u® 3 (1-2u)¢ 11 (1-uw®
/o (ub+(1u)a)2du§/0 (ub+(1—u)a)2du 2 Jo (%bJr(l,y)a)z

=2(a+ b)’zfolv" <1V<ETZ)>2dV

2
%ZFl(Z,aﬁLl;aJrz 2-8) =C3(a), (27)
3 (1—uf —u® I (1-2u)¢ —u)”
b wbramaa S h wor oo 4/ b+ f%> S
-2
:(a+b)’2/ol(1—v)v°’ (1 v<E+a) du
_ (atb)?
fszl(ZGJrlaJr?, b+a) (28)
7 (1-u?—u®
/0 m(l—u)dugcg(a)—q(a):CS(a), (29)

Ly —1-w® ot ui—(1-u)N 7 (1-u—u®
/% (ub+(1u)a)2du_/0 (ub+(1 u)a )2du+/o (ub+(1— u)a)zdu

F(2,1;a0+2;1—2
< [ (a+1)2 1(2, L0+ 5) } =Cs(a), (30)
2R (2a+La+21-8) +Cs(a)
1oyo — %M
/% (ub+(1 u)a / (ub+ ( 1 ua )udu+/o (ub+ (1— u)a)ZUd“
F(2,1,a+3;1-2
‘”221( ) i =Cr(a), (31)
a+1 a+2 2':1(2 a+1,a+3,; 1*—)+C4( )
1 0 _(1_no
/lﬁ(l_u)dugcﬁ(")_cﬂm208@- (32)
3 _

If we use(27—32) in (26), we have(25).This completes the proof.

Corollary 2. In Theoremn, one has the following.

(1) If one takesa = 1, one has the following Hermite-Hadamard-&ejnequality for harmonically convex functions
which is related the right-hand side of (6):

‘ua);f(m I gx<2x>dx/:f<xizg<x>dx‘ lalufo-a)
cmir@P \1' . ot [( cwir@ \]°
<+c5<1>|f/<b>|‘*>] TG <+cg<1>|f’<b>|‘*>] ]

(© 2016 BISKA Bilisim Technology
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(2) If one takes ¢x) = 1, one has the following Hermite-Hadamard type inequalityni@monically convex function in
fractional integral forms which is related the right-hands of (5):

‘ f(a)szf(b) B r<a2+1> (bziba) (3,0 Oh)(l/b)ﬂfm(fOh)(l/a)}‘ < w

Ca(@)| () @) @P |0
G (@) |F'(B)] Ce(@) )| |

(3) Ifone takesr =1 and g(x) = 1, one has the following Hermite-Hadamard type inequalityhiarmonically convex
function which is related the right-hand side(d:

1
q 1

x [céé (@) +Cy 7 (a)

f(a+f(b) ab [Pf(x) ab(b—a)
‘ 2 7b—a/a 2 dx‘g 2

v T cmir@e \1' . ot [ c@ir@e \]f
{Ce' @ (+c45<1>|f'<b>|‘*> TG W <+58<1>|f'<b>|“)] ]

We can state another inequality fpr> 1 as follows.

Theorem 8.Let f: 1 C (0,0) — R be a differentiable function orf Isuch that f € L[a,b], where ab € | and a< b.
If |£/|9,9 > 1, is harmonically convex ofa, b, g: [a,b] — R is continuous and harmonically symmetric with respect to
2ab/a+b, then the following inequality for fractional integralshls:

SO 3 (@oh) (1/8) + 3 (goh) (1/b)] - [Jf/b+<fgoh><1/a>+Jf/a(fgoh)(l/b)}]

gl @b(b—a) (b—a\*
= I(a+1) ( ab)

(33)

1 T ONCEE T (T (6 (A1
) (a | (LALZSIOL, of o [SHAATOL] ]

where

_ a+b —2p 1 | L
CQ(O!)< 2 > 2(ap_i_1)2|:1(2p,(1p+1,ap+2,ml)7

Cio(a) =b~2P oF1(2p,L;ap+2;3(1-8)),

_r
2(ap+1)

with 0 < a < 1, h(x) = 1/x,x€ [$,1] and1/p+1/g=1.

Proof. Using (18), Holder’s inequality and the harmonically convexity|6f|9, we have

OO [, (@om)(1/2)+38(@om(A/B)] - [3. (faoh) (1/8) + 2, (Fgom)(1/b)]
- lglabb—a) (b—a)" 2

/2 (1-u)® —u® ab
0

du

- r(a+1) ab (ub+ (1—u)a)? ’(ub+(1—u)a)
Tur-1-w® |, ab
+'/% (ub+ (1 —u)a)? Ub+(1—u)a) du]
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loll,ab(b—a) /b—a\* 3 [(1-w® —ua]P ’ 3
= Fa+1) < ab> [</o (ub+(1—u)a)2pdu> (/o f
- @) NP a \3
" </ <ub+<1—u>a>2pd”> () o) ]

HgHooab(b a) _ 7ua}p 5 1 - ) o 1
IRACESD [ (ubt ( 1 0a >pd“) </0 u|f'(a)|"+ (1—u)| (b)) du)

+</§%du> (/2 ulf'(@)]9+ (- u\f’(b)\qdu)%]
= |g|273?§(+b1)a> <baba>a x </O% %duf {If’(a)lqgsu’(mlq]é
+</;£sz;;;::;:;idufjs'f*a”q;'f'@”ﬂ
Calculating following integrals by Lemnta we have

1t oapfatby” b—a\] %"
S

_(a+b 1 . b-a) _
—( 5 ) 2(O”O“)zFl(2|o,or|0+1,or|0+2,b+‘.ﬂ) =Co(0ar), (35)

ab

fl(ubJr(lfu)a)

and similarly

1[u—(1—-u)’]P 1 (u—1)2P [z (1-2u)P
/% (ub+(1—u)a)2pdu§/% (ub+(1—u) )Zpdufo (ua+ (1—u)b)zpdu

2/ )Zp . %./0'1(1_V)apb—2p (l_\_2/<1_%))—2pdv

1
:bfzpm 2F1(2p.Liap+2:3 (1~ §)) =Cuo(a). (36)

If we use(35) and(36) in (34), we have33).This completes the proof.

Corollary 3. In TheorenB, one has the following.

(1) If one takesa = 1, one has the following Hermite-Hadamard-&ejnequality for harmonically convex functions
which is related the right-hand side of (6):

PN IRCIME
fa+f(b) g b £ (x) g (x) lgll(b—a? | D | — =
' o dxéde‘Sf { ]

1
1 / q ’ 97 q
ich [Aratsieel!
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(2) If one takes ¢x) = 1, one has the following Hermite-Hadamard type inequalityni@monically convex function in
fractional integral forms which is related the right-hands of (5):

f@+f(b) r(a+1) /[ ab b(b—a)
e

b—a)a {30 (Fom WD)+ 3. (f oh>(1/a)}‘ < %

) lcg% (@) [HAESITORTT,, o (o [SLH@L LB a] |

(3) Ifonetakess = 1 and g(x) = 1,one has the following Hermite-Hadamard type inequalitytfarmonically convex
function which is related the right-hand side(d:

1
5 {|f’(a)|q+3|f’(b)|q a
8

}f(a)+f(b) ab /bf(x)dx}< ab(b—a) | &Y
2 b—al/a X2 - 2 % 3|f’(a)|q+|f’(b)|q %
+Cio(1) [f}

3 Conclusions

In this paper, Hermite-Hadamard-Fejer type inequalitesiirmonically convex functions in fractional integratrfts are
given. Also, an integral identity and some trapezoidal Hexriladamard-Fejer type integral inequalities for harioalty
convex functions in fractional integral forms are obtained
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