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Abstract: In this letter, numerical solutions of Cauchy problems aomsidered by multivariate Padé approximations (MPA).
Multivariate Padé approximations (MPA) were applied tavpo series solutions of Cauchy problems that solved by ukiag
variational iteration method (VIM). Then, numerical rasubbtained by using multivariate Padé approximationseveempared with
the exact solutions of Cauchy problems.
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1 Introduction

In recent times, univariate and multivariate padé appnakon have been succesfully applied to various problems in
physical and engineering sciences [1-Fatie approximant represents a function by the ratio of two pohgials. The
coefficients of the powers occurring in the polynomials Amyever, determined by the coefficients in the Taylor series
expansion of the functiofi4]” . Multivariate Padé approximation is based on univaria@dé&approximation [12] but
calculation methods and most of the theorems are diffenemh feach other [12]. Cuyt and her co-workers have
established the unigueness, nonunigqueness and existesidésrfor homogeneous and nonhomogeneous multivariate
Padé approximations of formal power series of severaatses [15-17].

In many branches of applied sciences, the solution of a giveblem is often obtained as a power series expansion. The
guestion is then trying to approximate the function fronsisies expansion. A possible answer is to construct a &tion
function whose series expansion matches the original orfaraas possible. Such rational functions are called Padé
approximants [18]. In this paper, power series solution€atichy problems were converted into multivariate Padé
series. That is, multivariate Padé approximations wepiegh to the first-order partial differential equation iretform

[6].

u (1) +axt)ux(xt) = @(x), xed,t>0 Q)

U(X’O):LIJ(X)a xe . 2

The details about the above equations can be seen in [6].
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2 He's variational iteration method

The basic concepts and principles of He’s variational itenamethod can be seen in [7-11]. Zhou and Yao [6] obtained
the following iteration formula by using the basic concegpts principles of He's variational iteration method:

(2l

tea(c) = thed) - [ 4 S0

dun (X, &)

+a(x, &)+ 9¢

- w(X)} 3 @)

3 Multivariate Padé approximation

Consider the bivariate functiof(x, y) with Taylor power series development

foxy) = ZOCij Xy 4)
I,]=

around the origin [12]. The Padé approximation problemrdgofor f (x,y) consists in finding polynomials

p(xy) =3 A(XxY) (5)
k=0

) = B 5 6

axy) kZO k(%) (6)

such that in the power serié§g— p) (x,y) the coefficients ok andy! by solving the following equation system;

Co(x%Y)Bo(X,Y) = Ao(X,Y)

C1(%,Y)Bo(x,y) + Co(x,y)B1(X.y) = As(X.y) -
Cm(X, y>BO(X7 y) +eee Cm,n(X, y)Bn(X) y) = Am(X, y)

Cmi1(%,Y)Bo(X,Y) + Cmi1-n(X Y)Bn(x,y) = 0

: (8)
Cmn(xvy)BO(va) +ee +Cm(X,y)Bn(X,y) =0

whereC, = 0 if k < 0. If the equations (8) and (9) are solved then the coefficidptk = 0,...,m) andBy (k=0,...,n)
are obtained. So polynomials (5) and (6) are found. polyatspix,y) andq(x,y) are called Padé equations[12]. So the
multivariate Padé approximant of orden, n) for f(x,y) is defined as,

X7

P(x,y) )
q(x,y)

Theorem 1. (Cuyt and Wuytack [12]). For every nonnegative m and n a uaiBace approximant of ordefm,n) for f
exists.

rmn(X,y) =

4 Applications and results

In this section multivariate Padé series solutions of @gyroblems shall be illustrated by two examples. All theuthess
were calculated by using the software Maple. The full VIMudimns of examples can be seen in Zhou and Yao [6].
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Example 1Consider the nonlinear cauchy problem [6]

W (X,1) + XU (%,t) =0, xe O,t>0 (10)

u(x,0)=x%, xe 0. (11)

According to the iteration formula (3) Zhou and Yao [6] obtzd following solution,

(12)

(2)® (@° @' @° )
2! 3l 41 5

Un (X,t) = X2 <12t+ - + -

The exact solution of (12) is given agx,t) = x?e~2 in [6]. If the multivariate Padé approximation is appliedsguation
(12) form= 4 andn = 2, according to the equation system (7) and (8) the folloiAadé equations are obtained;

4t4(t? — 3t + 3)x8

= 1
px.t) 5 (13)
and 4o @
4% (t°+3t+3

qx ) = LI (14)

So the multivariate Padé approximant of or&r2) for equation (12) is,
(t? - 3t+3)x?
fa2(xt) (t24+3t+3) (15)

If the multivariate Padé approximation is applied to equaf12) form= 5 andn = 2, according to the equation system
(7) and (8) the following Padé equations are obtained,

_A%(23—ot?4 18— 15)x°

and 4t8(t2 + 4t 4+ 5)x*
tO(t t

So the multivariate Padé approximant of or@&r2) for equation (12) is,

(23— 9t2 4 18 — 15)%?
3(t2+4t+5)

rso(X,t) = (18)

If the multivariate Padé approximation is applied to equraf12) form= 6 andn = 2, according to the equation system
(7) and (8) the following Padé equations are obtained,

p(x,t) = 0.00197530864 (2t* — 123+ 362 — 60t + 45) x° (19)

and
q(x,t) = 0.005925925926 (15+ 10t + 2t%) x*. (20)
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So the multivariate Padé approximant of or@&r2) for equation (12) is,

re2(x.t) = 0.333333333

If the numerical results are compared, following table agdriés are obtained (Table 1 and Figure 1, Figure 2, Figure 3,

Figure 4.);

(2t — 12634 36t% — 60t + 45) x?
” 15+ 10t + 2t2

(21)

le-06
1e-06T~
8e-07
8e-07
6e-07
6e-07
4e-07
4e-07
2e-07
2e-07
0
0
0.0002
0.0002 0.0002 oo 0.0002
0.0004 0.0004 t s o.osm
I 0.0006 0.0006 * : e 0.0006
0.0008 0.0008 ’ 0.0008
0.001
0.001
. . . . Fig. 2 (ra2(xt)), Multivariate Padé
Fig. 1. Exact solution of equation (10) in approximant of order (4,2) for equation
Example 1. (12)
1e-06 1e-06
et 8e-07
6e-07 6e-07
o 4207
2e-07 2e-07
0 0
0.0002 3.0002
0.0004 0.0004
t 0.0006 0.0006 *
0.0008 0.0008
0.001
Fig. 3: (rs2(xt)), Multivariate Padé Fig. 4: (re2(xt)), Multivariate Padé

approximant of ordép, 2) for equation (12).

approximant of ordef6, 2)for equation (12).
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Table 1: Comparison of Exact solution of equation (10) and MPA sohsiof equation (12).

Exact solution

X t u(x,t) = xle 2 ra2(xt) rs2(X,t) re2(%t)
0.001 | 0.001 | 0.998001998% 10 °| 0.998001998% 10 ° | 0.998001998% 10 ® | 0.9980019986¢ 10 ©
0.002 | 0.002 | 0.398403195% 10 ° | 0.398403195% 10> | 0.398403195% 10 ° | 0.3984031956¢ 10~°
0.003 | 0.003 | 0.894616167% 10 ° | 0.8946161676< 10> | 0.8946161683 10 ° | 0.8946161676< 10~°
0.004 | 0.004 | 0.00001587251064 | 0.00001587251064 | 0.00001587251063 | 0.00001587251064
0.005 | 0.005 | 0.00002475124584 | 0.00002475124584 | 0.00002475124585 | 0.00002475124583
0.006 | 0.006 | 0.00003557058166 | 0.00003557058166 | 0.00003557058167 | 0.00003557058166
0.007 | 0.007 | 0.00004831877967 | 0.00004831877967 | 0.00004831877967 | 0.00004831877966
0.008 | 0.008 | 0.00006298414849 | 0.00006298414848 | 0.00006298414850 | 0.00006298414846
0.009 | 0.009 | 0.00007955504362 | 0.00007955504362 | 0.00007955504363 | 0.00007955504363
0.01 0.01 0.00009801986733 | 0.00009801986733 | 0.00009801986733 | 0.00009801986732
Example 2Consider the inviscid Burger’s equation [6]
U (1) +u(xtux(x,t) =0, xed,t >0 (22)
u(x,0)=x, xe . (23)
According to the iteration formula (3) Zhou and Yao [6] obtzd following solution,
2 3 4y, 13% . 2%  tx | 718 _ 8&%x
Ug(X,t) = X=X+ tX =X+ tX — 75 + FF — R+ S5 — 567
tlZX t13X tl4X t15 (24)

2210y 511y
+5E et

The exact solution of (22) is given agxt)

126 — 567 | 3969 59535

= It

X

in [13]. If the multivariate Padé approximation is appliedequation

(24) form=9 andn = 2, according to the equation system (7) and (8) the follov@agé equations are obtained;

p(xt) =116(197313169808 4 194795648577 + 161820668856

—247699921980 + 337516192020 — 337516192026 + 337516192023 (25)
—307283385780+ 673622025300%°/9084507566400
and
a(x,t) = t16(2482168 + 30077064+ 55305585%%/ 745854480 (26)
So the multivariate Padé approximant of or@®&r2) for equation (24) is,
ro2(x,t) = (197313169808 4 19479564857 + 161820668856
—2476999219803+ 337516192020 — 337516192025 + 337516192026 (27)

—307283385780+ 673622025300/ (12180 24821682+ 30077064+ 55305585)

If the multivariate Padé approximation is applied to equra24) form = 11 andn = 2, according to the equation system
(7) and (8) the following Padé equations are obtained;

p(x,t) =t20(3332274%04 39785438’ + 2807163963
1240748200 — 221629716+ 323269380 — 323269380
13232693867 — 195013980+ 762297480x3/881040604500

(28)
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and

a(x,t) = t29(39% + 1725 + 2318 x%/2679075

So the multivariate Padé approximant of or@Et, 2) for equation (24) is,

If the multivariate Padé approximation is applied to etraf24) form= 13 andn = 2, according to the equation system

rin2(x,t) = (333227410 3978543%° + 280716396°
4240748206/ — 221629716+ 323269386
—323269380°+ 3232693867 — 195013980
176229748(0x/(32886(390t% + 1725 + 2318)).

(7) and (8) the following Padé equations are obtained,

and

p(xt) = 0.3378040082.0 1424(391502 — 2618121
+0.101076610%1° — 0.1330530107t° + 0.1506424510°%8
+0.995274010%7 4+ 0.1670608810%° — 0.2348060410%>
+0.2992626010%* — 0.2992626010%3 + 0.2992626010%2
—0.2663766010% + 0.4834242010%)x°

q(x,t) = 0.11109022614( 147+ 66t + 10t2)x2.

So the multivariate Padé approximant of ordE8, 2) for equation (24) is,

According to the numerical results following table and figgiare obtained (Table 2 and Figure 5, Figure 6, Figure 7,

ria2(xt) = 0.3040807638.0 5(391502 - 261812**
+0.101076610t1° — 0.133053010t° + 0.150642451 0%
+0.9952740107 4+ 0.1670608810%° — 0.2348060410%°
+0.2992626010%* — 0.2992626010%3 + 0.2992626010%2
—0.2663766010% + 0.4834242010% )x/(147+ 66t + 10t2).

(29)

(30)

(31)

(32)

(33)

Figure 8.),
Table 2: Comparison of Exact solution of equation (22) and MPA sohsiof equation (24).
Exact solution
X t U(X t) _ ﬁ rg,z(X,t) rll’z(x,t) rlg,z(X,t)
J +

0.001 | 0.001 | 0.0009990009990 | 0.0009990009992 | 0.0009990009989 | 0.0009990009992
0.002 | 0.002 | 0.001996007984 0.001996007984 0.001996007984 0.001996007984
0.003 | 0.003 | 0.002991026919 0.002991026920 0.002991026919 0.002991026918
0.004 | 0.004 | 0.003984063745 0.003984063745 0.003984063744 0.003984063744
0.005 | 0.005 | 0.004975124378 0.004975124379 0.004975124378 0.004975124375
0.006 | 0.006 | 0.005964214712 0.005964214713 0.005964214711 0.005964214711
0.007 | 0.007 | 0.006951340616 0.006951340616 0.006951340616 0.006951340616
0.008 | 0.008 | 0.007936507937 0.007936507936 0.007936507936 0.007936507936
0.009 | 0.009 | 0.008919722498 0.008919722496 0.008919722499 0.008919722499
0.01 0.01 0.009900990099 0.009900990099 0.009900990099 0.009900990099

(© 2016 BISKA Bilisim Technology



NTMSCI 4, No. 3, 254-262 (2016)www.ntmsci.com BISKKA 260

0.001 0.001
Fig. 5: Exact solution of equation (22) in Fig. 6: (ro2(xt)), Multivariate Padé
Example 2. approximant of ordef9, 2)for equation (24).

0.001 0.001
Fig. 7: (ria2(xt)), Multivariate Padé Fig. 8: (riz2(xt)), Multivariate Padé
approximant of order(11,2) for equation approximant of order(13,2) for equation
(24). (24).
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5 Conclusion

In this paper, rational series solution of various kinds @u€y problems were constructed by multivariare Padé
approximation. The approximation is effective, easy toarse reliable and main benefit of the approximation is to offer
rational approximation in a rapid convergent rationalesform.
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