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Abstract: Let k be an algebraically closed field of characteristic z&an affine k-algebra and l&2(9 (R/k) denote its universal
finite Kahler module of differentials ové« In this paper, we consider the tensor, exterior and synicn@gebras of Kahler modules
introduced by H. Osborr]. We explore some interesting properties of the algebr#&sbfer modules, which have not been considered
before.
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1 Introduction

The concept of Kahler module afth order was introduced by H. Osborn in 196. [Same notion has appeared in
Heyneman et al. [11]. Johnson introduced differential medtructures on certain modules of Kahler differentidls [
Nakai developed the fundamental theories for the calculingh order differentialgy]. Then many authors studied the
properties of Kahler moduleg|7,8].

We will let Rbe a commutative algebra over an algebraically closedKielih characteristic zero.

WhenR is ak-algebra,Q(@(R/k) denotes the module of g-th order Kahler differentialsRoéver k and 6&% or 5@

denotes the canonical g-th ordederivationR — Q@ (R/k) of R. The pair{ Q@ (R/k), 6,:(3?(} has the universal mapping
property with respect to the g-th ordkfderivations ofR. Ig or Ir denotes the kernel of the canonical mapping
R®xR— R (a®b— ab). Q@ (R/K) is identified withlr/I 3™

Q9 (R/K) is a generated by the s@d@(r) : r € R}. Hence ifRis finitely generatedt-algebra,the2(@ (R/k) will be a
finitely generatedR-module.

In this paper we will study some interesting properties obte, exterior and symmetric algebras of Kahler modules. O
study presents some important and new results which aeel listlow:
Let R be an affine domain with dimension s. Then

(i) Q@ (R/K)is afreeR-module if and only if2"(Q (@ (R/Kk)) is a freeR-module.
(i) QW (R/K) is a freeR-module if and only ifA"(Q(@ (R/k)) is a freeR-module.
(i) Q@(R/K) is a freeR-module if and only ifS'(Q (¥ (R/k)) is a freeR-module.

Let R be an affine local domain. Then the following conditions ayeiealent.

(i) Ris aregularlocal ring,
(i) @"(QW(R/K)) is a freeR-module,

®© 2016 BISKA Bilisim Technology * Corresponding author e-madigun@gantep.edu.tr


 http://dx.doi.org/10.20852/ntmsci.2016320384

(_/
291 BISKA N. Olgun, M. Sahin and V. Ulucay: Tensor,symmetric and éatealgebras Kahler modules

(i) A"(QW(R/K)) is a freeR-module,
(iv) SY(QW(R/K))is a freeR-module.

The fundamental definitions and properties of the tenstriex and symmetric algebras are presented in Sec.2. Gar ma
results begin with Example 2.

2 Preliminary notes

In this section, we review some basic definitions and regiltbe algebras. Le¥l andP areR-modules. Recall that an
R-bilinear mapu : M" — P is called alternating if1(xy, ..., Xn) = 0 whenever two successive argumeq}s; 1 are equal.
From this condition one easily shows that transposing tweessive arguments reverses the sign(@d, ..., x,) =0, from
which it follows that any permutation of the arguments npliis the value by the sign of that permutation; hence, from
the original condition we see that the value is zero if any tarms are equal. We recall likewise thatRbilinear map

M" — P is called symmetric if it is unchanged under transposingsssive arguments; equivalently, if it is unchanged
under all permutations of the arguments. Let us now defineeaamiversal maps.

Definition 1. [3] Let M be an R-module. BR"M we shall denote the R-module with a universal R-bilineap maM"
into it, written (Xg, ..., Xn) = X1 ® ... ® X, This module is called the n-fold tensor power of M.

By A"M we shall denote the R-module with a universal alternatingpilRear map of M into it, written
(X1,--,Xn) = X1 A ... AXn. This module is called the n-fold exterior power of M.

By SM we shall denote the R-module with a universal symmetriciliRear map of M' into it, written
(X1,--,Xn) = X1...Xn. This module is called the n-fold symmetric power of M.

Each of these modules can clearly be constructed directlyeimgrators and relation®"M can also be constructed as
M &g (M ®g(...)) (with n M’ s), while A"M andS™M can be constructed as factor-modules’¥fM by the submodules
generated by all elements of the forms

XRQ..QYRYR ... D Xn,

respectively
XR.. QYRZR ... 0Xn— X1 Q... DZRYR ... ® Xn.

(where each term ig; ® ... ® X, modified only in two successive places).

Let ®*M, A*M andS'M are all identified withVl, while ®°M, A°M andS°M are all identified withR.

The universal properties defining our three constructiamstie conveniently restated as follows:

An R-module homomorphism with doma@®"M is uniquely determined by specifying it on the elements ... ® x,

forall x4, ...,X, € M, in such a way that the value is &bilinear function ofxy, ..., X.

An R-module homomorphism with domaj"M is uniquely determined by specifying it on the elemeats ... A x, for
all xq,..., X, € M, so that the result is an alternatiRepilinear function ofxy, ..., X, .

An R-module homomorphism with doma'M is uniquely determined by specifying it on the elements.x, for all
X1,---,Xn € M, so that the value is a symmetfebilinear function ofxy, ..., X,.

Each of®" , A" andS" may be made into a functor. Giveén: M — N, one defines, for example!f : A"M — A"N as
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the unique module homomorphism takirgA ... Axp to f(X1) A... A T(Xy) for all xg,...,xn € M. This homomorphism
exists because the latter expressiorin.., X, is alternating andr- bilinear.

Lemma 1.[3] Let M be a R-module and m, n nonnegative integers. Then th&eaeunique R-bilinear ma®™M x
®"™M — ®™"M which carries each paifx; ® ... @ Xm, Xm11 ® ... @ Xm¢n) 10 X4 ® ... ® Xmin, @ UNique R-bilinear map
A™M x A"M — A™M which carries each paifXq A ... AXm, Xmr1 A ... AXmin) 10 Xt A ... AXmin, @nd a unique R-bilinear
map S'™M x S'M — S™M which carries each paifxy...Xm, Xm+1---Xm+n) t0 Xi..-Xmn-

Theorem 1.[3] The multiplications on® M, AM and SM defined above are structures of (associative urdtal)
R-algebra.

The algebra®M = P,(Q"M), called the tensor algebra on M, is universal among R-algslgiven with R-module
homomorphisms of M into them.

The algebraAM = &,(AM), called the exterior algebra on M, is universal among R-algs given with R-module
homomorphisms of M into them such that the images of all elesod M have zero square.

The algebra SM= @,,(S'M), called the symmetric algebra on M, is universal among Relatgs given with R-module
homomorphisms of M into them such that the images of elermEMscommute with one another, and is also universal
among all commutative R-algebras given with R-module hoonpinisms of M into them.

Theorem 2.[1] Let M be a free R-module on a basis X. Th&@M is the free associative R-algebg M, equivalently,
the semigroup algebra on the free semigroapX >. It has the set of all products;® ... ® X, (or, using ordinary
multiplicative notation, as is common when this ring is nelgal as a free algebra or a semigroup algebra,the set of
products X..X, ) an an R-module basis forix..,x, € X. Thus, if X is a finite se{xs,...,x }, then for each n,
dimr(®@"M) =r".

/AM may be presented by the generating set X and the relationsx0, xAy+yAXx=0(x,y € X ). If a total ordering
" <" is chosen on X, then a R-module basis/fd¥ is given by those productg X ... A X With X < ... < X, € X.

In particular, if X is a finite se{xy,...,% }, then a basis is given by those produgtsx.. Ax, with 1 <ij < ... <in <r,

hence for each n, digf A"M) =

(SM) may be presented by the generating set X, and relatioasyy (xy € X ), and is the (commutative) polynomial
algebra RX], equivalently, the free commutative R-algebra on X, edeitd, the semigroup algebra on the free
commutative semigroup on X. If a total orderihec ” is chosen on X, then an R-module basis for SM is given by those
products X...x, with x; < ... <x, € X. If X is a finite se{x;...x }, then the elements of this basis can be Writtién.xirr
r+n-1

with iy, ...,i; > 0, and for each n, dig(S'M) = < F1

Proposition 1.[1] Let T be an R-algebra and let M be an R-module. Then
§(M) QRrT ~ Sn(M ®RT).

Proposition 2.[3] LetM and N be R-modules. ThAiM @ N) = P, n(A"M) @ (A"N), via the map xA ... AXn, Y1 A
e AYn = (XA . AXn) @ (Y1 A ... AYn), and likewise EMDN) = B n_p(S™™) @ (S'N), via the map x...xn, Y1...Yn <
(X1.--Xn) @ (Y1.-.Yn)-

You can find previous results and other results about théedgen p],[12] and [13].
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3 The tensor, exterior and symmetric algebras of Khler modules

Let R be an affiné-algebra of dimensioa> 1 and letQ (¥ (R/k) denote the module of g-th order Kahler differentials of

q+s

Roverk. Then the rank of2(@ (R/K) is ( S )—1.

Examplel If R=Kk[xy] is a polynomial ring, thenQ(R/k) is a free R-module of rank 2 with the basis
{6 (x), 8" (y)}.

Proposition 3.([6pp.17]) Let R=k(xy, ....,xs| be a polynomial algebra of dimension s. THef{) (R/k) is a free R-module
ofrank(qJSrs)flwith basis{d@ (XL....Xs) 1i1+.....+is < q}.

Proposition 4.Let R be an affine k-algebra. If R is a regular ring, th@f) (R/k) is a projective R-module.
Theorem 3.Let R be an affine k-algebra. If R is a regular ring, th@ff) (R/k) is a projective R-module.
Proof. This is immediate from the decompositidf(R/k) = Q9 (R/k) & Rand from proposition 3.
Theorem 4.Let R be an affine k-algebra. R is regular ring if and onIyQiﬁ‘l)(R/k) is a projective R-module.
Example 2.Let R=K[x,y] is a polynomial algebra. Then
(i) ®?*(QW(R/K))is a freeR-module of rank 4 with the basis
{8 (%) ® 8" (x),8 (0 @M (y), 8 (y) @ 8W (x), 8 (y) @ 3W ()}

(i) A?(QW(R/K)) is a freeR-module of rank 1 with the basigd® (x) © 31 (y)}.
(i) (QW(R/K)) is a freeR-module of rank 3 with the basi®V) (x) ® 61( x),8W (x) @ 6W(y), 5M (y) @ 6D (y)}.

Proposition 5. Let R= k[xy,....,Xs] be a local k-algebra of dimension 1. Then R is a regular ringifd only if

A2(QW(R/K)) is zero.

Proof. Assume thaR is a regular locak-algebra of dimension 1. Then by Theorem 34} (R/K) is a freeR-module of
rank 1. This implies that?(Q(9(R/k)) is zero by Theorem 4.

Conversely, assume thAZ(Q (@ (R/k)) is zero. Letm be the maximal ideal oR. Then by Proposition 2.5, we have

A2(QW(R/k)) ®rR/mis isomorphic toA?(QW (R/k) 9rR/m) =2 A (%) 0. SinceA (Wm) is a vector
space oveR/m, it follows that eithemz(%) 0 ordimg/mA (m%m) 1
If we haveA (ﬂ) 0 thenQ™ (R/k) = mQ M (R/k) and so by Nakayama’'s Lemm@Y (R/k) = 0, which is a

mQ @ (R/k)
contradiction. So, the rank @Y (R/k) is equal to the number of minimal generator<Bf) (R/k). That isQ M (R/K) is
a freeR-module of rank 1. By Theorem & is a regular ring.

Proposition 6 does not hold for the 2-fold tensor powef6t) (R/k) and the 2- foId symmetric power 62V (R/k). For
instance, if we hav® = K[X] is a polynomlal algebra of dimension 1, th@f(QM(R/k)) andS?(QD(R/k)) are never
zero.®%(QW(R/k)) andS2(QV(R/k)) are freeR-modules of ranks 1.

Corollary 1. Let R=K]x, ....,Xs] be a polynomial algebra of dimension s. Then

(i) ®%Q@(R/K))is a free R-module of rankt
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(i) A?(Q@(R/K)) is a free R-module of ran<t2> .

(i) S(Q@(R/K)) is a free R-module of ranézjL i) where t= (qzs) 1.

Proof. It is clear by Theorem 3, Theorem 4 and Proposition 2.

Proposition 6.1f R is a regular local ring dimension of s, then
(i) ®"(QW(R/k)) is a free R-module of rankt
(i) A"(Q@(R/K)) is a free R-module of ranéL) :

(i) S(QW(R/K)) is a free R-module of ran(tj:nl 1) where t= (q:s) —-1.

Proof. It is clear that by Theorem 3.3, Theorem 2.4. and Propos&ian

Corollary 2. If R is a regular ring, then

() ®"(QW(R/K)) is a projective R-module.
(i) A"Q@(R/k)) is a projective R-module.
(i) SP(QW(R/K)) is a projective R-module.

Proposition 7.Let R be an affine domain with dimension s. Then

(i) QW (R/k) is a free R-module if and only ®2(Q(9 (R/k)) is a free R-module.
(i) Q@ (R/K) is a free R-module if and only ?(Q(@ (R/k)) is a free R-module.
(i) Q@ (R/K) is a free R-module if and only if&Q (9 (R/k)) is a free R-module.

Proof. We prove the only (iii). Others can be proved similarly. Vdith loss of generality, we may assume tRas a local
domain of dimension s. Suppose tli2i¥ (R/k) is freeR-module. By Theorem 47(Q 9 (R/k)) is a freeR-module.

Conversely, suppose th&(Q (@ (R/k)) is a freeR-module. IfdimR= s, then the rank of2(¥(R/k) is <q:s> —1. Let

t+1

<q—is—s> —1=1t. Then the rank of(QW(R/K)) is (t L

). Let m be the maximal ideal ofR. Then
t+1

F(QW(R/K)) ®r R/m is an R/m vector space of dimensi0/<t 1

). F(Q@(R/K)) @r R/m is isomorphic to

(2% (R ). ThenSZ(iq) R/ yis an R/m vector space of dimensio t
t

1
@ (R/K) TR +1> if and only if M is anR/m

@(R/K)

vector space of dimensian Hencemm%m is an R/m vector space of dimensianif and only if the number of
minimal generators of2(®(R/k) is t. The rank of Q@ (R/k) wast. Therefore we show tha®(@(R/k) is a free

R-module as required.

Corollary 3. Let R be an affine domain with dimension s. Then

(i) Q@ (R/k) is a projective R-module if and only@®?(Q (¥ (R/k)) is a projective R-module.
(i) Q@ (R/K) is a projective R-module if and only A?(Q (@ (R/k)) is a projective R-module.
(i) Q@(R/K) is a projective R-module if and only ifF&2(9(R/k)) is a projective R-module.

Theorem 5.Let R be an affine local domain. Then the following conditiarsequivalent:
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(i) Ris aregularlocal ring.

(iy ®*QW(R/K))is a free R-module.
(iiy A?(QW(R/k)) is a free R-module.
(iv) F(QW(R/K))is a free R-module.

Proof. This is immediate from Theorem 5 and Proposition 7.

Hence, we obtain the following corollary.
Corollary 4. Let R be an affine domain. Then the following conditions areévedent.

(i) Risaregularring.

(i) ®%(QW(R/K)) is a projective R-module.
(i) A2(QW(R/K)) is a projective R-module.
(iv) S(QWM(R/K))is a projective R-module.

4 Conclusion

The main purpose of this paper is to introduce the tensogriextand symmetric algebras of K"ahler modules. We were
investigated some interesting properties of the algedr&Sahler modules.
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