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Abstract: This paper presents minimal construction techniques ofwagraph class called Ferrer-esqud)][ comes from Ferrers
relation P] on path and cycle graphs by using set cover method. The ralrdionstructions provide to obtain a Ferrer-esque graph by
adding minimum number of edges to paths and cycles. We at®stme open problems about Ferrer-Esque graphs to thersead
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1 Introduction and preliminares

The notion Ferrers relation is introduced by Rigudt [This relation has been used for different purposes in etaof
science fields such as in Formal Concept AnalySjsifi partitions presented as Ferrers diagraffjsahd also in social
choice theoryT]. Ehrenborg and van Willigenburg introduced a well-knowaggh class (Ferrers graph) by using Ferrers
diagrams 4], not by Ferrers relation directh4]. Topal introduced a new graph class, called Ferrers-egoyghs, by
using original definition of the relatiori[] and precisely different from defined by Ferrers diagrams.

In this paper, we construct minimal Ferrers-esque graphsatimngraphs and cycle graphs by using minimum set cover.
Path graphs with four nodes and cycle graphs with four aralfads nodes are Ferrers-esque graphs, naturally. Both path
graphs with nodes greater than four and cycle graphs witles\gdeater than five are not Ferrers-esque graphs. We
abbreviate Ferrers-esque graphs to Ferrer graphs forbitiada

By asimple graph G = (V,E), we will mean an undirected graph without loops or multiplges. An edge between
andv is denoted by = uv or e = {u,v} interchangeably. A simple grapgh = (V,E) is called apath graph if it can be
drawn so that all of its vertices and edges lie on a singlégéttdine. We abbreviate a path gragh= (V,E) with n
nodes tdP,. A simple graphs = (V,E) is called acycle graph, sometimes simply known as an- cycle, is a graph om
nodes containing a single cycle through all vertices. Werabéate a cycle grapks = (V,E) with n nodes toC,. A
complete graph is a simple graph in which each pair of its vertices is conedbly an edge. A complete gra@h= (V,E)
with n nodes which is shown bi,.

Definition 1.[9] If a relationR over a setA is a Ferrers relation, it holds &Rb andcRd then eitheraRd or bRc for all
distinct elements, b, ¢, d € A.

Definition 2.[10] A simple graphG = (V,E) is a Ferrer graph if for all distinct, y, zz w € V, xy € E andzw € E then
eitherxw € E oryz € E. The definition of Ferrer graph must be extended to XyiE E andzw € E then eithewxw € E or
yze Eorywe Eorxze E” sincexy € E < yx € E holds for all simple graphs.
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A Ferrer Graph A mon - Perrer Graph

Fig. 1: A Ferrer and a non-Ferrer graph.

Definition 3.[2] Given a univers&/ and a family.¥ of subsets o/, acover is a subfamilys C . of sets whose union
is % . In the set coveringecision problem, the input is a pai(%,.#) and an integek; the question is whether there is a
set covering of siz& or less.

Remark.We will use minimum and unweighted version of set cover methecause minimal Ferrer graphs require adding
minimum number of edges df andC, and no need to consider weighted edges in this work.

2 Constructions of Minimal Ferrer Graphs on B,

P4 is Ferrer graph with the smallest number of elements becaaseed at least four distinct vertices to create a Ferrer
graph by Definition 1.2P, is calledprimitive because every path (line) graph with four elements is a Fgraph.

Fig. 2: Path graplis.

Now, we construct Ferrer graphs By= (V,E) such thaV = {x,y,zt,w} andE = {(x,y), (V,2),(z 1), (t,w)} in order to
give an explicative example. We look for at least one edgehtbhls for all distinctx, y, t, w € V then eithexw € E or
yt € E oryw € E orxt € E by Definition 1.4.

Fig. 3: Two induced subgraphs é%.

Ps has two induced subgraphs of with four vertices (see Figyrdt3s needless to add extra edges since the subgraphs
are already primitive. Let's consider edggsandtw. Then, eithexw or yt or yw or xt is in E.
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Fig. 4: Minimal Ferrer graphs ofs.

A minimal Ferrer graph on P; means that a Ferrer graph formed by adding minimum numbedgéstoRs. We could
add more edges to the graphs in Figure 4 until they are compgleiphKs. But, our intention is to obtain such as the
graphs in Figure 4.

Lemma 1 Every complete graph K, wheren > 4 isa Ferrer graph.

Proof. It is clear that for each, x; the edgexx; in E(G) henceK,, is Ferrer graph fon > 4.

3 Constructions of minimal Ferrer graphs onC,

In this section, we will construct minimal Ferrer graphs@ Both C, andCs are primitivesCy, is not primitive where
n>>5.

4-cycle 5-cycle

Fig. 5: C4 andCs.
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Let’s takeCg in order to construct minimal Ferrer graphs on it. Again, wek for at least one edge that holds for all
distinctx, y, z, w € Vi, then eithexw € Ec, oryz € Ec, or yw € Ec, or xz € Ec, by Definition 1.4.

4

Fig. 6: Cycle graplCs.

When we apply Definition 1.3 fo€g, we can obtain two of Ferrer graphs in Figure 7 in additiorh® ¢omplete graph
Ks. We want to have Ferrer graphs 6g by adding minimum edge of numbers Gg.

1 2 1 2
5 4 5 4
(a) (b)

Fig. 7: Two Ferrer graphs o8s.

Both (a) and (b) are Ferrer graphs. We will focus on (a) in ptdeonstruct minimal Ferrer graphs 63 .

4 Algorithms

Explanations for algorithms Most of notations in Algorithms we give in this paper comestirPython programming
language§]. Rest of the notations such g4 for sets will use for readability.

1> : comment for statements to explain operataions or to givexample
2.+— :value assigment
3.Data structures:
()[[]]: sets[1]] = {12, 35}: a set 1 with elementd2 and’35
[[A]] = {1/ 2'}: a setA with elementsl’ and’3’; [[1]][1]: first element of the s&{A]][1] is'1". |[[A]]|: The number
of elements of the sgfA]]
(i))’s: converting the valusto a strings
i«—0,j«—7
'i" means that0'. [['']] : set[['0]] '(i+ 1)(j + 2)’ means that the strind9. (i + 1) j’ means that the strird.7'.
(i) A= {'d : b}: a dictionaryA, key of Ais string’a’ and its value is strin@’. A= dict() means thaf is assigned to
empty dictionary. Let’s consider dittniverse= {'12 : {1'/2'}/36 : {4/ 8} }. Universe'12] is {'1",/2'} and
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Universe['367] is {'4',/8'}. We can do union o) niverse['12] andU niverse['361], that returns tqd’1’, 2/, 4/ 8'}.
On the other hand, we can initialize a key and its value to todiary. For example, if we do niverse['47] =
{’3/2'} and then dictionarWniverse= {12 : {'1'/2'}/36 : {'4'/8'},/47 : {'3/ 2'}}.

Algorithm 1 Constructions of minimal Ferrer graphs Bn

1: procedure CONSTRUCTION OFMINIMAL FERRER GRAPHS ONP,

2: s+ 0,i+1,k«1,f+<1,h« 1,1+ 0,m«0,j<«+ 4, [FulEgdeSe]| + 0,Universe= dict()

3. Inputanumben (n>4)

4.  whilei <n-3do

5: m«i+3

6: while m < ndo

7 s«s+1

8: (9]0

9: [[sl] < [[Su{'ii'} > [[1]] ' 14 , adding edge = (1,4) to set[[1]]
10: [[s] < [[S]ufi(i+1)} b [[1]] «' 15, adding edge = (1,5) to set[[1]]
11 [[S] = [[sJu{'(i+1)j'} > [[1]] +’ 24, adding edge = (2,4) to set][1]]
12: [[s] < [[S]uf i+ +21)} b [[1]] «' 25, adding edge = (2,5) to set[[1]]
13: m«m+1

14: jej+1

15: end while

16: i+l

17:  endwhile

18: whileh<sdo

19: ([Full EgdeSet]] « [[Full EgdeSet]] U [h]]
20: h«h+1

21:  endwhile

22: |+ |[[FullEgdeSat])|

> |[[Full EgdeSet]]| is cardinality of the seffF ull EgdeSet]]
23:  while f <Ido

24: while k < sdo

25: if [[Full EgdeSet]][f] € [[K]] then

26: ([[[Full EgdeSet]][1]] « 0 > [[12]] =0
27: (['[FullEgdesat]][f]']] < [['[[Full EgdeSat]][f]']]U 'K’ > [[14]] = {1}
28: end if

29: key < [[Full EgdeSet]][f) > key «' 14
30: value « [['[[Full EgdeSat]][f]']] > value ' 1/
31: Universelkey] = value >Universe={'14 / 1'}
32: ke k+1

33: end while

34: feftl

35:  endwhile
36: Apply set cover algorithm for keys and their valuedofiverseto cover|[Full EgdeSet]].
37: end procedure

Example 1. We give an explanation of running of Algorithm 1 fBg.

(i) End of the step 18 in Algorithm 1, there occll]] = {/14'/15,/24 25}, [[2]] = {15,16,/25 26},
[[3]]={'25,26,35,36}

(i) End of the step 21 in the algorithm , there occur the[genl| EgdeSet]] = {1415 /24 /251626 /35,36'}

(iii) End of the step 35 in the algorithm , there oc¢it4]] = {'1'}, [[15]] = {'12'}, [[16]] = {'2'}, [['24]] = {'1'},
28] = {12/}, [[26]) = {23}, [[35]) = {'3},[[36]] = {'3}
Universe= {'14: {'1'}/15 : {'1'/2'} /16 : {'2'} /24 : {"1'},
/25/ {/1/7/ 2/7/3/}7/26/ {/2/7/3/}7/35/ {/3/}7/36/ {/3/}}

(iv) In the step 36 of the algorithm, the goal of set cover rodtts to select mininum number of subsets (values of the
dictionary Universe). Here, set cover method will seleetlby’25 which covers{’1’/2'/3'}. This means that it
is sufficent to add the edd@,5) to generate a minimal Ferrer graph frd(see (b) in Figure 8). Neither value
of the key’24' nor of'26 does not cover set df1’, 2’/ 3'}. Even though Union of value of key&4' nor of 26
covers, we prefer to have minimum number of edges.
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(a) Ps ( not a Ferrer graph ) (b ) A minimal Ferrer graph on Pg
1 2 3 4 5 6 1 2 3 4 5 6
(¢ ) Not a Ferrer graph ( Cs ) (d) Not a Ferrer graph

Fig. 8: An illustration of Algorithm 1 forPs.

Algorithm 2 Constructing minimal Ferrer graphs Gp

1: procedure CONSTRUCTION OF MINIMAL FERRER GRAPHS ONC,

2:  Inputanumben (n>5)

3: s« 0,i+ 1,k 1,f«1,t«2h«+1,,z< 3,j+« 4,[[FullEgdeSet]] + 0, Universe= dict()

4. whilei<n—-3do

5: m+<i+3

6: while m< ndo

7. s«s+1

8: ([§<0 > [[1]] =0
9: [[8]] < [[sTu{ij'} > 14’
10: [[s]] < [[su{’i(i+1)'} >'15’
11 [[s]] < [[sJu{"(i+1)(})} > 24"
12: (8] < [gu{'(i+21)(+1)} > '25'
13: m«—m+1

14: jej+1

15: end while

16: i+l

17:  endwhile
18:  ses+1
19:  while (n—z>2)and(z>2) do

20: [§)«0
21: (8] « l[shu{az} 13
22: (5] « 5] U{'2(z+1)} > 114
23: (8] « fisjufary >'36
24: (8] « [ u{ (z+1n'} > 46’
25: s s+1
26: 7+ 2z+1

27:  end while
28:  ses+1
29:  while2<t<n-—4 do

30: [[§] <0
3L ()] « [[S]u{'t(n—1)"} > '25'
32: [[s)] = [[sl]u{'tn'} > 26’
33: [[sl] < [[sl]u{'(t+1)(n—1)"} > '36'
34 [l < [[Su{'(t+1)n'} > '35’
35: Ss+1
36: tet+1

37:  endwhile
38:  whileh<sdo

39: [[FullEgdeSet]] « [[Full EgdeSet]] U([s]]

40: h«h+1

41:  endwhile

42: | « |[[Full EgdeSet]]| > |[[FullEgdeSet]]| is cardinality of the seffF ull EgdeSet]]
43:  while f <Ido

44: while k < sdo

45: if [[FullEgdeSet]][f] € [[K]] then

46: ([ [[Full EgdeSet]][]']] « 0 > [[14]] =0
47: [ [[Ful I EgdeSet] 1]« [[[Full Eqdesat] [ ]1] U 'K > [114]] = (1}
48: end if

49: key +' [[Full EgdeSat]][f]' > key ' 14
50: value « [['[[Full Egdeet]][f]]] > value ' 1/
51: Universelkey] = value >Universe= {'14 ' 1}
52: kk+1

53: end while

54: feftl

55:  endwhile
56:  Apply set cover algorithm for keys and their valuesofiverseto cover([F ul| EgdeSet]].
57: end procedure
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2 3 2 3
1 1
4 4
7 7
6 6
(a) C7 ( not a Ferrer graph ) (b ) Not a Ferrer graph
2 3 2 3
1 1
4 4
7 7
6 6
(¢ ) A Ferrer graph on C7 ( minimal ) (d ) A Ferrer graph on C7 ( minimal )

Fig. 9: An illustration of Algorithm 2 forC;.

Example 2. We give an explanation of running of Algorithm 2 Gy.

—End of the step 37 in Algorithm 2, we havdl]] = {/14/15/24 25}, [[2]] = {’15,/16,/25/26},
[[3]] ={'25,26,35,36}, [[4]] ={'26,27,/36,37},
([5] = {/36,/37 46,47}, (6] = {!13,/14 3747}, [[7)] = {/14, 154757}

—-End of the step 41 in the algorithm , there occur the set
[[FullEgdeSet]] = {'14 /1516 /24 /252627 /35,36 /37 46,/ 47 57}

—-End of the step 55 in the algorithm , there ocdit4]] = {'1',/6/7'}, [[15]) = {'2') 2/ 7'}, [[16]] = {2},
[24]] ={"1"},
[[/25/]] — {/1/7/2/,/ 3/}, [[/26/]] — {/2/,/3/,/4/},[[/27/]] — {/4/}, [[/35/]] — {/3/}, [[/36/]] — {/3/,/4/,/5/},
[37)) = (14,56}, [146]) = {'5}, [147] = {'5./6./ 7}, [[57)] = {7},
Universe= {'14: {'V'/6/7'}/15 : {12/ 7}/16 : {2}/ 24 : {'1'},
25 {'V/2/3})26 {234} 27  {4}/35 : {'3}/36 : {!3,/4)5,},/37 : {456}/ 46 : {5}, 4T :
{/5/,/ 6/7/ 7/}}7/57/ {/7/}

—In the step 56 of the algorithm, the set cover method may stiese key$25, '37 and’47 or els¢’14, 15 and’36
so that values of them covef'l’/2' /3 /4’5 /6 '7'}. Of course, we have other possibilities to cover set
{1/2/3/4'5 67}, It is sufficient to select to add the edgéa5),(3,7),(4,7) or (1,4),(1,5),(3,6) to
generate a minimal Ferrer graph fra@a (see (c) and (d) in Figure 9). Note that even though the grap)i of
Figure 9 has more edges than the graphs in (c) and (d) haseat & Ferrer graph.
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5 Conclusion

In this paper, we have given algorithms for minimal Ferreapdr constructions oR, andC,. Our techniques we have
used for the constructions include forming sets by edgesagftgs and then applyinget covering problemto the sets.

6 Open problems

Minimal Ferrer graph constructions should be extended e-like graphs or other graphs. More efficient algorithns fo
the constructions should be investigated because deaisision of set covering is in NP-complete and the optimazati
version of set cover is in NP-har@][ Finally, Graph products of two minimal Ferrer graphs dddie surveyed. General
combinatorial formulations o7\ (P,) and.#"(C,), and also (P,) and.# (C,) should be given.¢Z (G) is the number

of minimum edges which mak® being a Ferrer graph an#"(G) is the number of minimal Ferrer graphs which can be
constructed oi®). Finally, every Ferrers, particularly minimal Ferreragh, is a K, graph.
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