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Abstract: In this paper firstly, the Tachibana operators were appbeti-form, vertical, complete and horizontal lifts with respect
to almost paracomplex structur® (The diagonal lifti° ) on cotangent bundle. Secondly, the Vishnevskii operat@re applied to
1—form according to the diagonal lif® on cotangent bundle. Finally, covariant derivatives of@strparacomplex structut® with
respect to vertical, complete and horizontal lifts wereaoigd.
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1 Introduction

The tangent bundles of differentiable manifolds are verganant in many areas of mathematics, physics and different
topics of geometry (see[13,14,17,26] for curves etc.). The geometry of tangent bundles goes tmatte fundamental
paperR4] of Sasaki published in 1958. Cotangent bundle is dual otahgent bundle. Because of this duality, some of
the geometric results are similar to each other. The mostfiignt difference between them is construction of lifise(s
[27] for more details). In 1952, para-complex manifolds, albqmara-Hermitian manifolds and para-Kahler manifolds
were defined by Libermanh§| (see fL,11,10,25] for Kahler manifolds, Kahler-Norden manifolds and akheomplex
manifolds). In 1985, Kaneyuki and Williams defined the altpzra-contact structure on a pseudo-Riemannian manifold
M of dimension 2+ 1 and constructed the almost para-complex structutd &t * x R[12).

Let M" be ann—dimensional Riemannian manifold of cla8$ and with metricg, T*M" its cotangent bundle armd the
natural projectioriT “M™ — M". A system of local coordinate®),x'),i = 1,...,nin M" induces oriT *M". A system of
local coordinate$7r1(U),xi,xr: pi),l:=n+i=n+1...2n, wherex' = p; is the component of covectogsin each
cotangent spacg'M", x € U with respect to the natural cofraniexX}.

We denote byO{(M")(O5(T*M")) the module overF(M")(F(T*M")) of C* tensor fields of type(r,s), where
F(MM)(F(T*M")) is the ring of real-value€” functions onM"(T*M").

LetX = X! %,— andw = wdX be the local expressionsth ¢ M" of a vector and a covector {form) fieldsX O3(MM)
and w € O9(M"), respectively. Then the complete and horizontal s, X" € O3(T*M") of X € O}(M") and the
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vertical lift w" € O3(T*M") of w € 09(M") are given, respectively by

- z.ohaixhir ®
X'—*thrh XI = (2
w’ = IZwia—x,— 3)

with respect to the natural frar{%"—,, P } wherel; J-h are the components of the Levi-Civita connectignon M" [19,

27.

Definition 1. Let M" be an n-dimensional differentiable manifold. Differantial trafiosmation D= Ly is called Lie
derivation with respect to vector field X O3(M") if

Lx f =X f,vf e Of(M"), 4)
LxY = [X,Y],¥X,Y € O§(M").

[X,Y] is called by Lie bracked. The Lie derivativgE of a tensor field F of typél, 1) with respect to a vector field X is
defined by §,8,27]
(LxF)Y = [X,FY]—F[X,Y]. )

Definition 2. Let M" be an n-dimensional differentiable manifold. Differantial trafiosmation of algebra TM"), defined

by
D=0y :T(M") = T(M"),X € O3(M"),

is called as covariant derivation with respect to vectordi¥| if

Utx4gyt = fOxt 4+ gOvt, (6)
Oxf=Xf,

wherevf,g e O3(M"),¥X,Y € O§(MM), vt € O(M™).
On the other hand, a transformation defined by

O: Op(M") x Cg(M") — Cg(M"), ()
is called as an affine connecti@# 27].

Proposition 1. Covariant differentiation with respect to the completelif of a symetric affine connectidn in M to
T*(M") has the following properties:

0%, 6Y =0, 0%, Y© = —y(wo(0OY)) = —(p(wo(0Y)))Y, 056" = (Ox6)Y,
OScYC = (OxY)© + y(O(OxY + Oy X)) — y(OxOY + Oy OX)
= (OxY)C + (p((O(OxY + Oy X)) — (OxOY 4 Oy 0OX)))Y

for X,Y € O§(MM), 6,w € O9(MM)[27].
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Proposition 2. Covariant differentiation with respect to the horizontfl 0" of a symetric affine connectiéhin M" to
T*(M") satisfies

OR YR = (Ox)M, Oh ¥ =0,

Ofh ' = (Oxw)Y, Oy YH =0,

forany XY € O§(M"), 6, w € O9(MM)[27].

1.1 An special type of almost paracomplex structure (thgafial lift IP ) in the cotangent bundle

An almost paracomplex manifold is an almost product madifM", ¢), ¢ = |, such that the two eigenbundi& M"
andT~M" associated to the two eigenvalues +1 and -§ pfespectively, have the same rank. Note that the dimension
of an almost paracomplex manifold is necessarly even. @erisig the paracomplex structupewe obtain the sefl, ¢ }
onM", which is an isomorphic representation algebra of orderti¢hwvis called the algebra of paracomplex (or double)
numbers and is denoted BYj), j2 = 1. A tensor fieldw € Dg(MZ”) is said to be a pure with respect to the paracomplex
structureg , if

(A)(¢X1,X2, ,Xq) = (A)(Xj_, ¢X2, ,Xq) = (A)(Xl,XZ, ey ¢Xq) (8)

for any Xy, Xo,..., Xq € D%(MZ”). We define the operatqy associated witlp and apply to the pure tensor fiedal:

(%w)(valv)(Zv-"aXQ) = (¢Y)(w(X17X27an)) _Y(w(¢X17X27-"an)) (9)
+ (A)((Lxltp)Y,Xz, ,Xq) +-- -+ (A)(Xj_,X2, ety (qu¢)Y)

wherelx denotes the Lie derivative with respectfoWe note thatp w < DSH(MZ”). If gpw =0, thenw is said to be

almost paraholomorphic with respect to the paracomplextalzR(j) (see £,19,22)).

Definition 3. In a manifold with almost paracomplex structupe a vector field X is called an almost paraholomorphic
vector field if lx¢ = 0.

LetF € O}(M™). We define a tensor fieldP of type (1,1) in T*M" by
FOXH = (FX)", FPw’ = —(woF)Y = —(wF)V (10)

for anyX € O§(M") andw € D9(M™M). We callFP the diagonal lift of the tensor fielf. F° has components

D _ Fh o
~\o-F

with respect to the adapted framgg,~ The diagonal lift D of identity tensor field of type (1,1) has the components

o _ 5 0
B Zparija_éjj

with respect to the induced coordinates and satigfie¥ = I. ThusI® is an almost product structure determining the
horizontal distribution and the distribution consistirfgtee tangent planes to fibrea7). If we putF® = IP in (10) for all
vector fieldsX andY which are of the formw”, 8Y or X", YH | then we get

1P’ = —w",1PxH = xH (11)
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Theorem 1.(T*M™,1P Sq) is an almost paracomplex Riemannian manifold.

It is well known that (p. 238, p. 277 o[7])

w'f=0"xV =Y (Xf) (12)
" XV w =Y (Oxw), [V, 8] =
XY= XY+ (X Y)= [X,Y] +/ (pPRX,Y))
pR(X Y) = (pi(R(X,Y)})) and

(pR(XaY)) = —(pR(X,Y))V,

whereR is the curvature tensor &f and the term involving the Lie derivative on the connecfibis given by(LxO)y =
OvOX+R(X,Y), Y being an arbitrary element af§(M")

2 Main results

2.1 The Tachibana operators appliedteform, vertical, complete and horizontal lifts with respect
to almost paracomplex structur€ |

*

Definition 4. Let¢ € OF(M"), andO(M") = 57, 05(M") be a tensor algebra over.R mapg | oM™ — OM")

is called a Tachibana operator agy operator on M' if

r+s)0

a) @ is linear with respect to constant coefficient

b ( " — Og,1(M") for all r ands,

d) @xY = —(Ly¢)X for all X,Y € O{(M") wherelLy is the Lie derivation with respect t¥,

(

(b) @

(c) (K®L):(cp¢K)®L+K®q0¢L for all KLGD(M ),

(d)

(® (@xn)Y = (d(iyn))(¢X) — (d(1y(no$)))X +n((Lyd)X) = eX(iyn) — X(1gyn) +n((Ly$)X) (13)

C *
forall n € O9(MM) and XY € O§(M"), where yn = n(Y) = n ®Y,05(M") the module of all pure tensor fields of type
(r,s) on M" according to the affinor fielg [4,6,7,22](see [23] for applied to pure tensor field).

Theorem 2. For Lx the operator Lie derivation with respect to X, an almost manaplex structured € O}(T*(M"))
defined by 11), ¢o the Tachibana operator on Mwe get the following formulas

(i) (@) (X", YH) = 20(pR(Y, X)), (14)
(i) (gow)(XH,8Y) = 2x"(w(8Y)) — 2c0(0x6)Y

(il ) (@ow)(8Y,Y™) = —26"(w(Y™)),

(iv) (gow)(68Y,¢Y) =0,

whereR is the curvature tensor @f, X", YH € O§(T*(MM)) of X € O§(M™) and the vertical lift€V ,6Y € OF(T*(M"))
of &,6 € DI(MM).
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Proof. From (L1) and (3), we have

(i) (Ao @) (X", Y™) = (@oxn w)Y"
= 1PX" (w (YM) = X" (w(1PY")) + w((Lyn1P)X™)
= X" (wY") - XH(wYH)+m([YH 1IPXH] —1P[YH xH])
= w([YH,XH] =1 [Y" xH])
= w(([Y,X]" + (PRY, X))¥) = 1P ()Y, X]" + (pR(Y, X))
= w([Y,X]" + (pR(Y, X))¥ = [¥,X]" =1 (pR(Y, X))")
= w((PRY, X)) + (PR(Y,X))") = 2w(pR(Y, X))"
(i) (Ao w)(X",6Y) = (Qoyn )6
= 1PXH (w0(8Y)) — X" (w(1P8Y)) + cw((LgvIP)X™)

[6Y,X"] —1P[8Y,X"])
—(0x0)Y +1P(0x0)Y)
—(Ox6)Y — (Ox6)Y)

(i) (@ow)(8Y,Y™) = (@ogvw)YH
=ID9"( (YH)) = 6" (w(1°Y™)) + w((Lyn1®)8Y)
— 6" (w(Y™) +w([YH,1P6Y] —IP[YH,6Y])
(YH) +o(—[YH,8Y] 1P [YH 0Y])
= 26" (w(YM)) + w(—(0Oy8)Y —1P(0y6)Y)
(YM) + (= (Ov6)Y + (Ov6)") = —26Y (w(Y™))

(V) (@ow)(6,€Y) = (@ogvw)€”

= 178" (w(g")) - 6" (w(1°¢") + w(Lev1P)6Y

= —9V<w<fv>>+9V<w<fv>>+w<[fv, Pe¥] -1 [¢v,0"])

_ w([5v7_BV} _|D [EV,GV]) — w(— [EV,BV] _|D [EV,BV] ~0
Theorem 3.For an almost paracomplex structur@ k£ O}(T*(M")) defined by 11), go the Tachibana operator on
we get the following results

(i) @ogvX€ =0, (15)
(i) goyn 8" = 2(0y0)Y,
(iii ) gogvX™ =0,

(iv) @ogv€Y =0,
(V) @oynX"™ = —2(p(R(X,Y)),
(Vi) @oyuX® = —2(p(LxO)y)",

whereLy the operator Lie derivation with respectXg X¢, X" € O3(T*(M™)) of X € 0}(M™) and the vertical liftg"V,
6V, w¥ € O}(T*(M")) of &,6, € OI(MM).
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Proof. From ), (11), (12) and definitiord, we have

(i) @ogvXC = —(LycI®)8Y = —(LycIPBY —1PLyc8Y) = —(—LycB —1PLycB8Y)
= (Lx8)V +1P(Lx0)Y = (Lx8)Y — (Lx6) =0

(it) @oyn 8" = —(LevIP)YH = —(LgvIPYH —1PLgvYH) = —LgvYH +1PL Y
= —(—(OvO)V)+1P(—(Oy6)Y) = (Oy6)Y —I1P(OyB)Y =2(0y6)"

(i) (@ogvX™) = —(Lyn1P)8Y = —(Lyn1P8Y —1PL, 1 0Y)
= —(—Lxn 8" =1°(0x6)") = —(—(Dx8)" + (Ox6)")
= (Ox0)Y — (Ox6)Y =0

(V) (@ogvEY) = —(LevIP)8Y = —(Lgv1P6Y —1PLpv 6Y)
= —(—Lev6Y —1PLv8Y) =Lev 6V —1PLev 6Y =0

(V) @oyn Xt = —(Lyn IP)YH = — (L 1IPYH — 1P YH) = Ly YH +1PLn Y™
= — (X, Y]+ (PR Y))Y) + 1P (X, Y] + (pRIX,Y))Y)
= — XY = (PR, Y)Y + X, Y] — (pRIX,Y))Y = —2(p(R(X, Y)Y

wel DIYH = —(Lyel PY? —1PLycYH) = — (LyeYH —1PLycYM)
Y+ (pLx D)y )Y = 12X, Y] + (p(LxD)v)Y)
LxO)y)Y +1° X, Y]? +1P(p(LxO)y)Y
LxO)v)¥ + X, Y] = (p(LxO)v)¥ = —2(p(Lx D)y )"

2.2 The Vishnevskii Operators appliediteform and covarient derivatives of almost paracomplex
structure P with respect to vertical, complete and horizontal lifts

Definition 5. Suppose now thaf is a linear connection on B and letg € 0} (M"). We can replace the conditior) of
definatiord by

d) WexY = OpxY — pOxY

for anyX,Y € O3(M™). Then we can consider a new operator by a Vishnevskii opesat, —operator oM™, we shall

*

mean a mapy : O(M") — O(M"), which satisfies conditiona), b), c), e) of definition4 and the conditior{d’) [6,7,
22] (see P, 18] for different type operators).

Let w € O9(M). Using Definition5, we have

(Wpw) (X,Y) = (Ppx )Y (16)
= (§X)(tyw) — X (19yw) — w (TpxY — ¢ (OxY))
= (D¢x&)7 Ox (wo ¢))Y

(© 2016 BISKA Bilisim Technology
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foranyX,Y € O§(M),where(wo ¢)Y = w(¢Y). From (L6) we see thatlyx w = Ogx w— Ox (wo ¢) is a 1-form[22.

Theorem 4.For an almost paracomplex structurg £ O}(T*(M")) defined by 1), g0 the Vishnevskii operator on'™M
we get the following results

(I) (LIJIDw)(XHaYH =0, a7
2

where the horizontal lift" of an affine connectiof in M to T*(M™), X© X" € O}(T*(M")) of X € O§(M") and the
vertical lift & ,6Y, w" € O§(T*(M")) of €,0,w € OY(MM).

Proof. From definition5 and (L6), we get

(i) (o w)(XH,YH) = (@oyn @)Y = 1PXH (YH) = XH (@(1PYM)) — co(Dfbyn YH — 1P(0F YH))
= XH(w(YH)) = XH(w(Y)) — (D YH — 1P (0xY)™) = —w((OxY)" — (OxY)") =0

(i) (Yo w)(X™,8Y) = (Yoxrw)8Y = 1°PXH (w(8Y)) — X" (w(1P8Y)) — (O 8Y —1P(T 8Y)
= X"(w(68")) + X" (w(6Y)) — w(05n 6" —1°(0x6)") = 2X" (w(6Y)) — w((Dx6)" + ((Ox6)")

= 2X"(w(8Y)) — 20(0x )"

(it) (W0 @)(8Y,YH) = (rogv@)YH =176 (w(YH)) — 8Y(w(1PYH)) — w(Tbgy YH — 12(T YH))
— —6Y((Y")) - 8" ((YM)) — (T YH — 12O YM)) = —26¥ (w(Y"))

(V) (Yo w)(8Y,8Y) = (Ypgvw)E” =1°6" (w(£")) - 8" (w(17EY)) — w(Dbgv&” —1°(Ogv EY))
= —0"(w(&") +6"(w(&")) — (-0 &’ —1°(O5 &) = wg & +1°(0g, &) =0

Theorem 5.For an almost paracomplex structur £ 0}(T*(M")) deffined by11), the results of the following covariant

derivatives of P with respect to vertical, complete and horizontal lifts ésa

(i) (O%u1P)Y" =0,
(i) (ORu1°)6Y =o,
(i) (0%I1°) w’ =0,
(iv) (OH1P)YH =0,
(v) (Og1°) 8" =0,
(vi) (05,1P)6Y =0,

where the horizontal lifd" of an affine connectiofl in M" to T*(M™), X© X" € O}(T*(M")) of X € O§(M") and the
vertical lift 6V, w" € O§(T*(M™)) of 8, w € OY(M™).

(© 2016 BISKA Bilisim Technology


www.ntmsci.com

49 BIS K A H. Cayir and K. Akdag: The structures associated with thgafial lifts and operators on cotangent bundle

Proof. From definition2, propositionl, propositiorn?, (11) and (L2), we get

(i) (ORaIP)YH =08, 1PyH — 1P (O, yH) = O yH — 1P (OxY)™ = (OxY)" — (OxY)" =0,
(i) (O%41P) 8" =08,1P8Y 1P (08, 68Y) = Oxn8Y — 1P (0x8)Y = —0x6Y + (0x6)¥ =0,
(i) (05c1P) ¥ = OSclPw — 1P’ = —0%cw” — 1P (Oxw)" = — (Oxw)¥ + (Oxw)¥ =0,
(iv) (O 1P)YH =0 1Py — POl vH = o8 yH —1Pof yH =0,

(v) (OH1P)eY =0f1PeY —1P0,v6Y = 0%, 6Y —1P0%, 8¥ =0,

(vi) (OS1°)8Y =051°P6Y 1P, 6Y = -0, 6¥ —1P0¢, 6 = 0.

3 Conclusion

The paper deals with Tachibana operators, Vishnevskiiaipes applied to lifts with respect to almost paracomplex
structurel® (The diagonal liftI® ) and covariant derivatives of almost paracomplex strectiron cotangent bundle
T*(M"). Firstly, the Tachibana operators were applied tddrm, vertical, complete and horizontal lifts with respémst
almost paracomplex structut® (The diagonal liftI® ) on cotangent bundle. Secondly, the Vishnevskii operatere
applied to 1-form according to the diagonal lif® on cotangent bundle. Finally, we obtain several new residtsut
covariant derivatives of almost paracomplex structtreith respect to vertical, complete and horizontal liftsTor{M).
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