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Abstract: In this study, we give some characterizations of space suaeeording to Bishop frame in Euclidean 3-sp&éeby using
Laplacian operator and Levi-Civita connection.
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1 Introduction

In the differential geometry, a curve of constant slope aregel helix in Euclidean 3-spaé€ is defined by the property
that the tangent makes a constant angle with a fixed straiight(the axis of the general helix). A necessary and
sufficient condition that a curve to be a general helix is thatratio of curvature to torsion be constant[18]. The stoidy
these curves ifE2 has been given by many mathematicians. In [10], llarsladistuthe characterizations of helices in
Minkowski 3—spaceEf and found the differential equations according to Frenetors characterizing the helicesh‘if.
Then, Kocayigit obtained the general differential eqoragiwhich characterize the Frenet curves in Euclidean 8edpa
and Minkowski 3-spac&?[14].

Recently, Izumiya and Takeuchi have defined a new speciskaalled the slant helix in Euclidean 3-spdeeby the
property that the principal normal of a space cupmmakes a constant angle with a fixed direction [11]. The sphéri
images of tangent indicatrix and binormal indicatrix of arglhelix have been studied by Kula and Yayli [15]. They
obtained that the spherical images of a slant helix are ggliérelices. Recently, Kula et al. studied the relatiortsvieen

a general helix and a slant helix[18]. They have found sorfierdintial equations which characterize the slant he6¥[1

Bukcu and Karacan have defined slant helix according to Bistaone in Euclidean 3-space [6]. Furthermore, they have
given some necessary and sufficient conditions for the $lalit. Ali and Turgut have studied the position vectors of
slant helices in Euclidean spaB&[1]. Also, they have given the generalization of the conasfpa slant helix in the
Euclideam-spaceE"[2].

Furthermore Chen and Ishikawa classified biharmonic cumescurves for whiclAH = 0 holds in semi-Euclidean
spaceE]) whereA is Laplacian operator artd is mean curvature vector field of a Frenet curve [8]. Aftenth&ocayigit
studied biharmonic curves and 1-type curves i.e., the sufge which AH = AH holds, whereA is constant, in
Euclidean 3-spacE® and Minkowski 3-spacEf. He showed the relations between 1-type curves and cirbelar and

the relations between biharmonic curves and geodesic§ad}s and Gray studied curves in Euclidean space with
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harmonic mean curvature vector[4]. Further in [13], Kibgnsider the curves with 1-type mean curvature vector in
Euclidean space.

In this paper, we give some characterizations of space swweording to Bishop Frame by using Laplacian operator.
We find the differential equations which characterize thecsprurves with this frame.

2 Preliminaries

Let M be ann-dimensional smooth manifold equipped with a metfit. A tangent spac@,(M) at a pointp € M is

furnished with the canonical inner product.(l§ is positive definite, theM is a Riemannian manifold. A curve on a

Riemannian manifoldM is a smooth mapping : | — M, wherel is an open interval in the real ling*. As an open

submanifold ofRY, | has a coordinate system consisting of the identity mapl. The velocity vector ofr atse | is
da(u)

a'(s) = au |, € TygM.

A curvea(s) is said to be regular ifi’(s) is not equal to zero for arg Let a(s) be a curve oM. Denote by{T,N,B} the
moving Frenet frame along the cura¢s). ThenT, N andB are the tangent, the principal normal and binormal vectbrs o
the curvea, respectively. Ifo is a space curve, then this set of orthogonal unit vectosykras the Frenet-Serret frame,
has the following properties

a'(s)=T

DtT =kN
DrN=—kT+ 1B
DtB=—-1N

whereD denotes the covariant differentiation M. In a Riemannian manifolil, a curve is described by the Frenet
formula. For example, if all curvatures of a curve are ideaity zero, then the curve is called a geodesic. If only the
curvaturex is a non-zero constant and the torsiois identically zero, then the curve is called a circle.

The parallel transport frame or bishop frame is an alteveapproach to defining a moving frame that is well-defined
even when the curve has vanishing second derivative. We agallgl transport an orthonormal frame along a curve
simply by parallel transporting each component of the fraftee parallel transport frame is based on the observation
that, while T (t) for a given curve model is unique, we may choose conveniditrary basis(Ny(t),Nx(t)) for the
remainder of the frame, so long as it is in the normal plang@emdicular toT (t) at each point. If the derivatives of
(N1(t),N2(t)) depend only of (t) and not each other, we can makg(t) andNx(t) vary smoothly throughout the path
regardless of the curvature. We therefore have the alieefaame equations (1) [14].

Denote by{T,N1,N2} the moving Bishop frame along the curygs) : 1 ¢ R— E2 in the Euclidean 3-spadg®. For an
arbitrary curvey(s) in the spacd?3, the following Bishop formulae are given,

0,7 0 kk][T
OyN1|= |-k 0 0| |N; (1)
0,N2| |-k 0 0] |N;

In [5], the relations between, T, 0 andky, k, are given as follows
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K(s) = /K2 + K2 2

6(s) = arctan(ﬁ) , ki#0
kq

 kakh —kiko

:9/_ 3
r 1K )

So thatk; and ky effectively correspond to Cartesian coordinate system tha polar coordinatexk, 6 with
0 = — [1(s)ds The orientation of the parallel transport frame includes arbitrary choice of integration constai
which disappears from due to the differentiation [7].

A regular curvea : | — E2 is called a slant helix provided the unit vectds(s) of a has constant angle with some
fixed unit vectow; that is,(N;(s),u) = cos, forallse I.

Let, y: 1 — E3 be a unit speed curve with nonzero nature curvatkyge. Theny is a slant helix if and only i% (s)is
constant[6].

Let, [J denotes the Levi-Civita connection given by, = dis wheres is the arclength parameter of the curyeThe

Laplacian operator of is defined by
A=-0,%=-0,0, (4)

(see [8,9,17]).

3 Characterizations of space curves with respect to Bishopdme

In this section we will give the characterizations of thecaurves according to Bishop frame in Euclidean 3-space
ES. Furthermore, we will obtain the general differential etipras which characterize the space curves according to the
vectors thel',N1, N, in Euclidean 3-space.

Theorem 1.Lety be a unit speed curve in Euclidean 3-spaceviith Bishop fram%?, Wl, Wz} curvature k, torsion
ko. The differential equation characterizing according te tangent vector T is given by

A4D§?+A3D§?+AZDV?+M? -0

where
M=T,
A3 =0,
A2 = (kikoz+t — Kok + k; K3),
Ar=3fh+g(K2+K),
and

!
"o ",

1= (1) 16 9= KKk h= ki ek 2= bk~ £ =1~ 56
2

Proof. Let y be a unit speed curve with Bishop franﬁ?, Wl, Wg} andkj, k> be the curvature and torsion of the curve,

respectively. By differentiatinf three times with respect wwe find the followings,

Dy? — Kk N1+k N> (5)

(© 2016 BISKA Bilisim Technology


http://www.ntmsci.com/jacm

(_/
50 BISK A H. Kocayigit, Z. Ari, A. Ozdemir and M. Sonmez: Some chargetgions of space curves according...

BT =8+ T +KN1+KN, (6)
03T = —3(keky + keky) T — (1 + kakd — Ky) N1 — (Keko + K& — Kp) N 2. @)
From (5) and (6) we have
Mo eliik)e, o o ke (®)
ki — koK, Kokg— koK, ¥ Kokg — koK
and . )
N, — 7k1(kl+k2)?+ Ky DV? ok - ©

/ / / - / / 0
koK — Koky KoKy — Koky koky — Koky

By substituting (8) and (9) in (7) we get
03T + 002 T + (kikez+t+ Kk — Kokd)D, T + (3 +g(G +18) T =0 (10)

v

wheref = (1) 13, g =Kpka — Kike, h=kaki + koky, 2= kak; — Kok, t =K1K, — KyK;. By writing

Aa= 1,
A3 =0,

A2 = (kikoz+t — Kok3 + K K3),
AL = (3fh+gk?),

from (10) we get
/\4D‘;}? + Asl]a? + Azl]y,? + /\1? =0

which is desired equation.

Theorem 2. Let y be a unit speed curve in Euclidean 3-spaceviith Bishop frame{?,ﬁl,ﬁg}, curvature k and

torsion k. The differential equation characterizingaccording to the vectoﬁl is given by

Di«nl + B3D§IW1 + BZDyﬁl + Blnl =0

where .
k
B3:(_2k_l_k&2)7
k/ k/k/ k//
Bo= (2 + g — & G- KD).
B = (ki — )
1 181 ko /°

Proof. Let y be a unit speed curve with Bishop franﬁ?,ﬁl,ﬁz} andk;, ko be curvature and torsion of the curve,

respectively. By differentiatinal three times with respect ®we find the followings,

Oy N1 =—k T (11)
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BNy = KT — kN1~ kikoN> (12)
O3 N1 = (K + K+ kikd) T+ (~3kyKy) N1+ (— 2Kk — kako) N2, (13)
From (11) and (12) we have
7= klmyﬁ (14)
and
N,= e DZ N+ o 2 DVW :zﬁl. (15)

By substituting (14) and (15) in (13) we get

’ 1.2 21
0% Ny + <—2ﬁ _ ﬁ) 2N+ <2@+ﬁ LY +k2) 0, N1+ <k1kl kg "2> Ni=0 (16)

k1 k2 k% k1 kz k k2

By writing

From (16) we get
Daﬁl + B3D§IW1 + B0, Ni+BN1=0

which is desired equation.

If yis a slant helix irg3, then"1 = const, that |st1 = ::2 In this case, we havg, = 0. Therefore, we give the following

corollary.

Corollary 1. Lety be a slant helix in B with Bishop frame{? Wl,ﬁ } curvature k and torsion k. The differential

equation characterizing according to the vectoﬁ is given by

/1

/ / 2
K K)’ K
03 N1+ <3k—1> 2N+ <3@ _a +k§+k§> 0,N1=0

k2 ki

Theorem 3. Let y be a unit speed curve in Euclidean 3-spaceviith Bishop frame{? Wl,ﬁ } curvature k and

torsion k. The differential equation characterizingaccording to the vectoﬁz is given by

0% N2+ 503 N2+ 20, Na+ niN2 = 0

where ) )
k. k
n3 = (72k_;7 k_i)v
n (2 + 1k2_ﬁ_k2 kz)
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ProoflLet y be a unit speed curve with Bishop fran{? Wl,ﬁ } andki, ko be curvature and torsion of the curve,

respectively. By dlfferennatlnag three times with respect ®we find the followings,

0, Ny =~k T (17)
BN, =~k T —koky N1 — BN, (18)
03N = (K + K+ ko) T -+ (~25ks — koky) N1+ (~3koKy) N2, (19)
From (17) and (18) we have
0,N>
T=-Y (20)
ko
and
K, |<2
m:fkkmzﬁ k2k 0, Na— W 1)

By substituting (20) and (21) in (19) we get

/ 7.2 1"
AP +<— ——k—>mzﬁ +< o). +ﬁ—k—+k +k2>D W2+<k2k2_ﬁ)ﬁzzo (22)

ke ki k% kik, ko ky
By writing
KoK
Ma= (-2 - ),
/ k/k/ k//
Ne= (2% + g% — %~ KK,

From (20) we get
Dﬁ«ﬁz + nsmf/ﬁz + "lszﬁz +nN2=0

which is desired equation.

If yis a slant helix irE3 i.e., if ::1 = ::2 thenn; = 0. Therefore, we obtain the following corollary.

Corollary 2. Let y be a slant helix in B with Bishop frame{? Wl,ﬁ } curvature kK, torsion k. The differential

equation characterizing according to the vectoﬁz is given by

k

D3W2+< )Dzﬁ </—2k—”+k2+k2> WZ:O.

4 Space curves with harmonic 1-typel’, N1, N, vectors in Euclidean 3-spacd?

In this section we will give the characterizations of the cgaurves with Harmonic 1-typ?,ﬁ>1,ﬁ>2 vectors in
Euclidean 3-spacg?.

(© 2016 BISKA Bilisim Technology



NTMSCI 1, No. 1, 47-57 (2016) lttp://www.ntmsci.com/jacm BISKA 53

Definition 1. A regular curvey in E2 said to have harmonic tangent vector if
AT =0 (23)
holds. Further, a regular curvg in E® said to have harmonic 1-type tangent vector if
AT =AT, A eR (24)

holds. First we prove the following theorem.

Theorem 4.Lety be a unit speed curve inwith Bishop framg T,Ng, N, } . Then,yis of harmonic 1-type tangent vector
if and only if the curvature kand the torsion k of the curvey satisfy the followings,

A =121k,
k, = cq, (25)

whereA , ¢y, c, are constants.

Proof.Let y be a unit speed curve B° with tangentvecto? and letA be the Laplacian associated with One can use
(5) and (6) to compute
AT = (IR +13)T —K N1 — KN (26)

We assume that the curyas of harmonic 1-type tangent vector. Substituting (26)24)(we have (25).

Conversely, if the equations (25) satisfy for the consfgrihen it is easy to show thatis of harmonic 1-type tangent
vector.

Corollary 3. Let y be a unit speed curve in®with Bishop frame{T,N;,N,}. Then,y is of harmonic 1-type tangent
vector if and only ify is a slant helix, with constant curvature and constant tomsi

Corollary 4. Let y be a unit speed curve inEwith Bishop framg{T,Nz,No} . Then,it has a harmonic tangent vector, if
and only if
ku(s) = ka(s) = 0.

Let, now consider the characterization of the cupaccording to the vectoﬁl. Similar to Definition 1., we can give the
following definition.

Definition 2. A regular curvey in E said to have harmonic vect(ﬁl if
AN =0 @27)
holds. Further, a regular curvg in E3 said to have harmonic 1-type vectﬁl if
AN;=AN1,A €R (28)

holds.
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Theorem 5.Lety be a unit speed curve inEwith Bishop framg T,Ny, N} . Then,y is of harmonic 1-type vectcﬁl if
and only if the curvature kand the torsion k of the curvey satisfy the followings,

A=K,
k, = const, (29)
ko =0.

Proof. Let y be a unit speed curve &% with vectorWl and letA be the Laplacian associated with One can use (5)
and (6) to compute

Aﬁl = k/l? + k%ﬁl + klkzﬁz (30)

We assume that the curyas of harmonic 1-type vectaﬁl. Substituting (30) in (28) we have (29).

Conversely, if the equations (29) satisfy for the consigrthen it is easy to show thatis of harmonic 1-type vectoﬁl.

Corollary 5. Let y be a unit speed curve in*Bwith Bishop frame{T,N;,N,} . Then,y has harmonic vectoﬁl, if and
only if
ki(s) =0.

Finally, let give the characterization of the curyaccording to the vectoﬁz.

Definition 3. A regular curvey in E said to have harmonic vect(ﬁz if
AN, =0 (31)
holds. Further, a regular curvg in E3 said to have harmonic 1-type vectﬁz if
AN, =AN2A €R (32)

holds.

Theorem 6.Let y be a unit speed curve inwith Bishop frame TNz, N> Then,y is of harmonic 1-type vectorNf and
only if the curvature and the torsion of the curve satisfyfti®wings,

A=K,
k, = const, (33)
k1 =0.

Proof. Let y be a unit speed curve in with vectB? and letA be the Laplacian associated with One can use (5) and (6)
to compute
AN, = KT +kikoN 1+ KN (34)

We assume that the curyas of harmonic 1-type vectadd,. Substituting (34) in (32) we have (33).

Conversely, if the equations (32) satisfy for the consfgrthen it is easy to show thatis of harmonic 1-type vectaﬁz.

(© 2016 BISKA Bilisim Technology



NTMSCI 1, No. 1, 47-57 (2016) lttp://www.ntmsci.com/jacm BISKA 55

Corollary 6. Let y be a unit speed curve inBwith Bishop frame{T,N;,N,}. Then,y has harmonic vect(ﬁz, if and
only if
kg(S) =0.

Let now consider the general characterizations of a Bishegvey according to the Laplacian operatak. Then, by
considering the vector?, Wl and Wz we obtain the followings.
Theorem 7.Lety be a unit speed curve inFwith Bishop framegT,N;, Ny} . Then,
A?+qu+u?:q (35)
holds along the curvg for the constantd and y, if and only ify is a slant helix, with curvature and the torsion
ky = cko,

u
c2+1’

k2 = :Fi
where c is constants.

Proof Assume that (35) holds along the cumerhen from the equalities (5), (6) and (35) we have

ke+k+p=0
—K;+Ak; =0 (36)
—ky+ Ak =0

The second and third equation of the system (36) gives%hstconstant, i.e.y is a slant helix. Furthermore, from the
equations of the system (36) we get
ki = ckp (37)

and

ko = Fi (38)

c2+1
wherec is constant.

Conversely, ify is a slant helix with curvaturk; and torsiork, given by (37) and (38), respectively, it is easily seen that
(36) holds.

Theorem 8.Lety be a unit speed curve inand u be a nonzero constant. Then,
AN+ pN; =0, (39)

holds along the curvg if and only if,
ki = FiyH, ko =0 (40)

Proof. Assume that (39) holds along the cunerhen from the equality (30) we have

K+u=0

41
ki-ko=0 (1)
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From the equations of the system (41) we kjet Fi,/lf andk, = 0.

Conversely, if (41) holds then (39) is satisfied.

Theorem 9.Lety be a unit speed curve inandp be a nonzero constant. Then,
Aﬁz + pﬁz =0, (42)

holds along the curvg if and only if
ko =Fi/p,ky =0. (43)

Proof. Assume that (39) holds along the cunxerhen from the equality (34) we have

Ks+p=0

44
ki-kp=0 (44)

From the equations of the system (44) we get
ko=TFi/p,k1=0 (45)

Conversely if (45) holds, then it is easily seen that (39patisfied.

Example 1.Let consider the curvg(s) : | — E2 given by the parameterizatiois) = (g coss, 1—sins, f%coss). The
curvature and the torsion gfs) arek =1, 1 =0, respectively. Then from (2) and (3) we ha¥e- 0, t—i =0i.e,kp=0.
Thusy(s) is a slant helix according to Bishop Frame. Furthermorenft@orollary 4.4,y(s) is of harmonic type vector

2
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