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Abstract: In the present paper, a numerical method is proposed forutmerical solution of a coupled-BBM system with appropriate
initial and boundary conditions by using collocation metheith cubic trigonometric B-spline on the uniform mesh psinThe
method is shown to be unconditionally stable using von-Neumtechnique. To test accuracy the error nokmd.., are computed.
Furthermore, interaction of two and three solitary wavesused to discuss the effect of the behavior of the solitanewafter the
interaction. These results show that the technique intedinere is easy to apply. We make linearization for the neali term.

Keywords: Collocation Method, cubic trigopnometric B-splines methodupled-BBM system.

1 Introduction

In this paper, we consider the Coupled-BBM system, whiclohgs to the class of Boussinesq systems, modeling two-
way propagation of long waves of small amplitude on the serfaf water in a channel. The system is a good candidate
for modeling long waves of small to moderate amplitude. Thaged-BBM system is given by Bona and Chen [1],

1
Ve - U+ (VU)x — g Viot =0, 1)
1
Ut + Vo + Ul — S liog =0, (@)
Where subscriptg andt denote differentiatiox distance and time, is consideredy(x,t) is a dimensionless deviation

of the water surface from its undisturbed position afxit) is the dimensionless horizontal velocity above the bottém o
the channel. Boundary conditions

u(a,t) = ag,u(b,t) = as,

v(a,t) =B,v(bt) =6, 0<t<T.

ux(a,t) = 0,ux(b,t) =0, 3)
w(a,t) =0,w(b,t)=0, 0<t<T.

And initial conditions.
u(x,0) = f(x), v(x,0)=9(x), a<x<h. 4

One of the advantages tha) pas over alternative Boussinesg-type systems is theesasivith which it may be integrated
numerically [2]. Furthermore, it was proved in [2, 3] thaetiitial value problem either fox € O or with boundary
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conditions K € [a, b]) for (1) is well posed in certain natural function classes. Theahlioundary value problem of the
form (1) posed on a bounded smooth plane domain with homogenowRiror Neumann or reflective (mixed) boundary
conditions which is locally well-posed [4]. The existenoelainiqueness of the system have been proved in Bioada[3].
They investigated the solution of the system as integrahom, while Chen in [5] established the existence of sglita
waves for several Boussinesq types, including the CouBRHEI system. Various numerical techniques including the
finite element method have been used for the solution of ERmih system of Boussinesq type in Antonopoudbal.

[6]. S. S. Behzadiand A. Yildirim, using Quintic B-Spline ration Method for Solving the Coupled-BBM System [7].
E. S. Al- Rawi and M. A. M. Sallal, using finite element methodiend the Numerical solution of Coupled-BBM system
[8]. Min Chen fined the exact traveling-wave solutions toitgidtional wave equations [9]. The numerical solutions of
coupled nonlinear systems are very important in applieeh®a, for example, the hirota-satsuma coupled KDV equation
which admits soliton solution and it has many applicationsdmmunication and optical fibers; this system has been
discussed numerically by Raslanal. finite element methods [10]. Also, the Hirota equation hesrbsolving by Raslan

et al. using finite element methods [11]. A finite element algarnithased on the collocation method with trial functions
taken as septiB-spline functions over the elements will be constructed Thbic trigonometric B-spline basis together
with finite element methods are shown to provide very acewsatutions in solving some partial differential equations
and have been used before by several authors. In this aséckre going to derive a numerical solution of the coupled
BBM-system. The brief outline of this paper is as followsSeaction 2, cubic trigonometric B-spline collocation scleem
is explained. In Sections 3 and 4, the method is describe@japlied to the coupled BBM-system. In Section 5, stability
of the method is discussed. In Section 6, numerical exangpieicluded to establish the applicability and accuracy of
the proposed method computationally. Conclusion is gime®ection 7 that briefly summarizes the numerical outcomes.

2 Cubic trigonometric B-spline collocation method

To construct numerical solution, consider nodal poimistn) defined in the regiofe, b] x [0, T] where

b—a

a=X <X <..<xn=bh=X41—-%= N

j=0,1,...,N

O=th<ti<..<th<..<Tth=nAt,n=0,1,.....

The cubic trigonometric B-spline basis functid®EB; (x) at knots are given by.

w3(J2) XJ2<X<XJ]_
1 | @Xi-2) (0(Xj-2)@(x)) + (X} -1)@(Xj 1)) + WP (Xj-1)P(Xj12), Xj-1 <X <X
CTB;(X) = 5 { W(Xj-2)@?(xj+1) + @(Xj+2) (O(Xj-1) (X 41) + WX))P(Xj12))  Xj-1 <X X ()
O*(Xj42), Xj1 <X<Xjp2
0 otherwise

=

wherew(x;j) = sin(%) QX)) = sin(%() .8 =sin(Y)sin(h)sin().

Using cubic trigonometric B-spline basis functids) the values o€TB;(x) and its derivatives at the knots points can be
calculated, which are tabulated in Table 1.

3 Solution of coupled-BBM system
To apply the proposed method, we rewrit¢ &nd @) as

0v(xt) du(xt)

g du(x, 3v(x,
+ 240 (U ) 250 v ) 24) — 3 [ 29| o,
0u(xt) i 0v‘§>)<(t) i (u(x,t)au‘;?(,t)) _
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we take the approximationgx,t) = U andv(x,t) =V}, then from famous Cranck-Nicolson scheme and forward finite
difference approximation for the derivatit/g12]. We get

1
vy N Uzt 2JrUQj n {(uvx)?ﬂﬂuvx)? + (VUX)?+1+(VUX)?:| -

(Vi) (V)]
2 2 { J K J} =0, (6)

1
6
urt-ur vt v

4 J J

k 2 0 0

(UUy )nﬂ +UUIT | 1 (UXX)TH‘F (Ux)'!
2 6 k

wherek = At is the time step.

Table 1: The values of cubic trigonometric B-spline and its first aadand derivatives at the knots points.

X Xj—2 | Xj—1 | Xj Xj+1 | Xj42
CTBJ' 1 ap ar ap 0
CTB,| 0 [ B[O B | O
CTB{ | 0 i ||l n 0

where )
oy =sir? (4 )csc( yese(L),ax = Tr2eoa)”
PL=—3csc(F) B = esc(),
_ 3((1+3cos{h))cs<?(g))
= 16(2cog §)+cog( F)) Y2 =~ 7zcosh)

In the Crank-Nicolson scheme, the time stepping procesalfskplicit and half implicit. So the method is better than
simple finite difference method.

The nonlinear terms in Eqs6)Y and () is linearized using the form given by Rubin and Graves [18] we take
linearization of the nonlinear term as follows

UV = UNVEH L UMV — UMV,
(VUX)T+1 Vnur‘;+l Vn+lUn7anU)g, (8)
(UU )T+l UnU n+l+Un+1Un anu)?

]

ExpressingU (x,t) and V(x,t) by using cubic trigonometric B-spline functio3TB;(x) and the time dependent
parameters;(t) andd;j(t), for U (x,t) andV (x,t) respectively, the approximate solution can be written as:

N-+1 N+1

= 5 B Wxt) = Y g(t) 9)

j=-1 j=-1

Using approximate functiorBf and cubic trigonometric B-spline functionS){ the approximate valuad(x),V(x) and
their derivatives up to second order are determined in tefrtise time parametens (t) anddj(t), respectively, as

Uj =U(Xj) = a1Cj_1+ a2Cj + Q1Cj 11,

Ui =U'(x)) = B1Cj_1+ BaCj+1,

U =U"(xj) = Y1Cj_1+ ¥2Cj + Y1Cj 11, (10)
Vj =V (Xj) = a10j_1+ a20j + a1 11,

Vi =V'(xj) = B1dj-1+ B2dj 1,

V' =V"(x)) = v18j_1+ y20j + ¥10j 1,

(© 2016 BISKA Bilisim Technology
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On substituting the approximate solution fdyV/ and its derivatives from Eq1() at the knots in Eqs6) and (7) yields
the following difference equation with the variablgst) andd;(t).

AL ApBI L AT + AuCT L 4 AsC 4 At E = Ardly + AaS] + Ardll — Aocl g — Awocl g, (11)
Bucl 1+ Boc] "+ BaC 1 +Bad]!'s +BsOY = Boc_y + BrC] +BoCly1 —Bad] s —BsOfly, (12)
where
A= 01*%+alTAtZZ+%Zl, Ap = az*%JrazTAtzzv
Az=o01— % +al7m22+ %Zl, Ay = Blzm + alet + Blzmz?”
As = GZTAt% Ao = BZZAt + alZAt BZZAt %
A7:al—%, Agzaz—%, Ag= %, At = %’
B = al—%#“TAtZﬁ%zl, B2 = az*%#}{%mz%
Bs— al—%ﬁxlTAtzﬁ%zl, Bs= %, Bs = @,
Bs = alf%, B = 02*%,

71 = 01Cj—1+ 02Cj + A1Cj+1,

2 = B1Cj—1+ BoCj 41,

z3=010j_1+ 020; + 01011, 2= P1dj_1+ L2011,

The system thus obtained on simplifying Eq&l)(and (12) consists of(2N + 2) linear equations in thé2N + 6)
unknowns(c,l,co’...,CN,CN+1)T,(6,1,6O’...,6N,5,\|+1)T. To obtain a unique solution to the resulting system two
additional constraints are required. These are obtainetpypsing boundary conditions. Eliminating 1,cyy1 and

0_1,0n+1 the system get reduced to a matrix system of dimen@bh+ 2) x (2N + 2) which is the tridiagonal system
that can be solved by any algorithm.

4 |nitial values

To find the initial parametexﬁ’ andd?, the initial conditions and the derivatives at the boureisaire used in the following
way

(U') (%0,0) = Brc_1+ Boc1 = f'(X0),

(U") (x0,0) = yic_1+ yaco+vac1 = (o),
(U)(x},0) = a1 ¢j_1+ a2 ¢j + a1 1 = F(Xj),

(U") (xn,0) = Bicn-1+ BaCns1 = F'(Xn),

(U”) (xn,0) = yaien-1+ Yoon + yacni1 = 7 (xn),
(V') (%0,0) = B18_1+ B2 81 = ¢ (%),

(V") (%0.0) = 1 8_1 + oo+ 1. 81 = ¢ (%),
(V) (x,0) = a1 81+ 020 + 0191 = 9(X; ),
(V') (xn,0) = BrOn-1+ B2 Oni1 =g (Xn)

(V") (xn,0) = v On-1+ Y20 + y1 Ot = 97 (Xn),

(© 2016 BISKA Bilisim Technology
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which forms a linear block tridiagonal system for unknowitiéh cond|t|0nsc0 and60 of order(2N + 2)after eliminating
the functions values af andd. This system can be solved by any algorlthm Once the initators of parameters have
been calculated, the numerical solution of coupled BBMeaydd andV can be determined from the time evaluation of
the vectors:? andéj”, by using the recurrence relations

U (Xj,th) = a1 Cj_1+ 02 Cj + A1 Cj 11,
V(X]7tn) = alajfl"' az 6] + al 5j+]_.

5 Stability analysis of the method

The stability analysis of nonlinear partial differentigjuations is not easy task to undertake. Most researcheysnitp
the problem by linearizing the partial differential eqoati Our stability analysis will be based on the Von-Neumann
concept in which the growth factor of a typical Fourier moeééimed as

= Aznexmijq))v 6Jn = aneXp(ij(P)a (13)
gf Zn ’

whereA andB are the harmonics amplitud@,= kh, k is the mode numbei,= +/—1 andg is the amplification factor

of the schemes. We will be applied the stability of the cubigonometric schemes by assuming the nonlinear term as
a constantd, A». This is equivalent to assuming that all ttlj‘eand 6j” as a local constant;, Aorespectively. Ax = x;
systems 11) and (L2) can be written as

210" + 2200 + 2O +aac] 1 +asc] T = 601 + 200 + 78], 1 —auc]_; —asc, 4, (14)
where
At k
al*a*EvLBl—)\l, 32:0!2*%, a3:(11*€+% 1
t At
[312 (1+X2), as= 322 (1+A2),
At k
a = 011*%7[;1—)\1, a7 = alf%,@,\l,
aCl 1+ apc] ! 4 agC] ] + b1 8] + ool = a6C]_; + anC] + arc],  — 018] 1 — bodT 5, (15)
where Bt Bt
by = P28 = P22
1 2 ) 2 2 s

Substituting 13) into the difference14), we get

n+t {B [2 (a — ﬁ) cosp+ (az — %)} +i[sing (A(B24tA1) + B(B2At (1+A2)))]} =

¢"[B[2(0u— %) cosp+ (az— £ )| ~i[sing (A(BAWL) + B(BAL (1 22))]

we get
X—iY
_ : 16
XY’ (16)
where

=8fo (e 2 osm (- 2)]

(© 2016 BISKA Bilisim Technology
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and
Y = [sing (A(BAtAr) +B(BAt (1+A2)))].

Similar substituting 13) into the difference5), we get

™ t[A[2(ar—2) cosp+ (ar— 2] +ifsing (B(B4tA) + ABA (12)))]] =

6 6
Ve [A {2 (al - %) cosp+ (0!2 - %)} —i[sing (B(B2AtA1) + A(BAt (Az)))]} 7
we get . _iv
—i
N x1+ iYi’ 0
where
X1 =A [2 (al— %) cosp + (0!2— %)} )
and

Yi = [sing (B(BoAthr) + A(Bodt (A2)))]

From (16) and (L7) we get|g| < 1, hence the schemes are unconditionally stable. It meanghia is no restriction on
the grid size, i.e. oh andAt, but we should choose them in such a way that the accuracg aictieme is not degraded.
6 Numerical testsand results of coupled-BBM system

In this section, we present some numerical examples to &digity of our scheme for solving coupled-BBM system.

The normd.,-norm and..-norm are used to compare the numerical solution with thé/taal solution [14].

Lo = ¥ =

(18)

E_ N|
Lm:mjax|uj —uY|,j=0,1,---,N.

WhereUF is the exact solutiom anduN is the approximation solutiody. Now we can studying our scheme from this
problem.

6.1 Sngle soliton

Consider the coupled-BBM systert) @nd @) with the following initial and boundary conditions:
u(x,0) = f(x), v(x,0)=g(x),a<x<bh.
And
u(a,t)=0, u(b,t)=0, v(at)=0, v(b,t)=0, ux(a,t)=0, ux(b,t)=0, w(at)=0, w(bt)=0 0<t<T.
The exact solution is

uxt) = (1— %) C—ngzech2 (g(erxo— ct)) . v(xt)=—1.

(© 2016 BISKA Bilisim Technology
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Now, for comparison, we consider a test problem where,6,c = §,Xo =0,k=0.001 and-20 < x < 40. the errors, at

time 5 are satisfactorily smalll-error= 3.51191x 103 andL«-error= 3.51191x 102 for approximation solution of
u(x,t) andLy-error andL.-error approach to zero for approximation solution/pf,t) ath = 0.1. The Errors, at time 5
are satisfactorily smallp-error =118952x 102 andL-error =126181x 102 for approximation solution afi(x,t) and
Lo-error andL.-error approach to zero for approximation solutiorvpf t) ath = 0.06. Our results are recorded in Table
2. The motion of solitary wave using our scheme is plotteéhags$t = 0,10,20 in Fig.1. These results illustrate that the
scheme has a highest accuracy.

Table 2: L,- norm and_,-norm fort =5.0,g=6,c= %,xo =0,k=0.001 and—20< x < 40.

h T u(x,t) v(X,t)

L,- norm

Le- norm

L,- norm

Le- norm

0.0
1.0
2.0
3.0
4.0
5.0
0.0
1.0
2.0
3.0
4.0
5.0

h=0.06

0.00000000
9.90537E-4
1.96454E-3
2.54651E-3
3.01948E-3
3.31466E-3
0.00000000
3.55263E-4
6.68911E-4
9.13812E-4
1.08368E-3
1.18952E-3

0.00000000
9.94496E-4
2.30882E-3
3.03307E-3
3.39768E-3
3.51191E-3
0.00000000
3.89692E-4
8.28194E-4
1.08811E-3
1.22108E-3
1.26181E-3

0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000

0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000

O T S

0.8}

=
- =alTBEREs

o6f
d —t10

- —t=20

0.4f

EEmEE .-
EEmm

0.2t

i

L

-10}

-1:5

e e —— e
=20 -10 0 10

x .

(a)

Fig. 1: Single solitory wave withg =

20

30

6,c:3

A0

—=ld
o

5 X1 | TP

-20

-10

[l-”

-
(b)

1 . .
—,% =0,k=0.001 and—20< x < 40 at timed = 0,10,20 respectively.

2030 40
x

Now, we consider a test problem at different constants whete6,¢c = %,xo =0, k=0.005 and—20< x < 30. The
Errors, at time 5 are satisfactorily smay-error = 8.26971x 10~* and L-error = 8.77934x 10~ for approximation
solution ofu(x,t) andLz-error and_-error approach to zero for approximation solutiorvf,t) ath = 0.05. Our results
are recorded in Table 3.

(© 2016 BISKA Bilisim Technology
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Table 3: L,- norm andL,- norm fort =5.0,g=6,c = %,xo =0,k=0.005and-20< x < 30.

h T

u(x,t)

v(x,t)

Lo- norm

Leo- nOrm

Lo- norm

Le- NOrm

0.0
1.0
2.0
3.0
4.0
5.0

h=0.05

0.0000000
2.46734E-4
4.64639E-4
6.34904E-4
7.53146E-4
8.26971E-4

0.0000000
3.02889E-4
5.76178E-4
7.59264E-4
8.49291E-4
8.77934E-4

0.0000000
0.0000000
0.0000000
0.0000000
0.0000000
0.0000000

0.0000000
0.0000000
0.0000000
0.0000000
0.0000000
0.0000000

Now we make comparison between our results and results,ifilf] and [16].

Table 4: Comparison of numerical results of the problem with the ltssobtained from [7] for the variabla with,

g=6,c=3,% =0,k=0.001-20<x< 40 att =5.

Schemes &&= 5 u(x,t)ath=0.1
L,- norm L,- norm
our scheme | 3.31466E-3| 3.51191E-3
(Shadan [7]) | 7.99452E-4| 7.99452E-4

Table 5: Comparison of numerical results of the problem with the ltiesabtained from [15] and [16] for the variable
with,g=6,c= %,xo =0,k=0.005h=0.05-20<x<30att =5.

Schemes a&=5 u(x,t)ath=0.05
L,- norm Lo- norm
our scheme 8.26971E-4| 8.77934E-4
[15 atA =0 - 1.23155E-3
[15) atA = —2.97x 1073 - 3.69655E-4
[16] atA =1 - 1.35101E-3
[15) atA =5.8339x 10 6 - 1.89722E-4

In tables 4 and 5 we show that our results are related withetbiglts in [7], [15] and [16].

6.2 Interaction of two solitary waves

The interaction of two solitary waves having different aifygles and traveling in the same direction is illustrate@. W
consider Coupled-BBM system with initial conditions giviey the linear sum of two well separated solitary waves of
various amplitudes

2 -
gj Ci9i 2 (VI
0) = 1-=")cj+—=sedr | *— - 0)=-1 19
U(X, ) ;( 6)C1+ 2 se ( 2 (X+XJ) aV(Xa ) ) ( )
wherej = 1,2, gj,Xj andc;are arbitrary constants. In our computational work. Now,cheoseg; = 6,g> = 6,¢1 =
lc= %, X1 = 0,2 = —10,h= 0.1,k = 0.01 with interval [-20, 40]. In Fig. 2, the interactions of feesolitary waves are
plotted at different time levels.

(© 2016 BISKA Bilisim Technology
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3 Qp e . 3.0 T e :
2.5¢ i 25} r\
2.0 . 2.0 |,
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1.5F | : 1.5} .‘
IDE' _E i 0F |:_F|" ]
0.5F | J\ ; 0.5t m
D.D‘Ewm)ul||||||||||||||||||||: DD. L L III
-20 10 © , 10 20 30 40 20 -10 0 ,10 20 30 40
(a) (b)
O A T TR
25
204
His] :
1of == 5

\
Jl E

D.DllllllllllIIII|IIII|I:-III|IIII|-
20 -10 0,10 20 30 40

(c)

. . . . 1
Fig. 2: Interaction two solitary waves witth = 6,go = 6,c; =1,¢c, = 3 h=0.1,k=0.01,—20< x < 40 for valueu at
timest = 0,10,20, 30 respectively.

6.3 Interaction of three solitary waves

The interaction of three solitary waves having differenpéitndes and traveling in the same direction is illustraté@
consider Coupled-BBM system with initial conditions giviey the linear sum of three well separated solitary waves of
various amplitudes

3 .
_ _ 9N g 4 G0 o2 (YO . —
u(x,0) = j; (1 5 ) cj+— sedh ( > (X+Xj) ) ,v(x,0) = —1, (20)
wherej = 1,2, 3, gj,X; andc; are arbitrary constants. In our computational work. Nowclveoseg; = 6,9> = 6,03 =
6,c1=1,co=%,c3= %X = 0,% = —5,x3 = —10,h = 0.1, k= 0.01 with interval [-20, 40]. In Fig. 3, the interactions of
these solitary waves are plotted at different time levels.

7 Conclusions

In this paper a numerical treatment for the nonlinear CalyiBM system is proposed using a collection method with
the cubic trigonometric B-spline. The stability analysfstee method is shown to be unconditionally stable. We make
linearization for the nonlinear term. We tested our schetmerigh a single solitary wave in which the analytic solatio
is known, then extend it to study the interaction of soliterteere no analytic solution is known during the interaction.
The accuracy of our scheme was shown by calculating erronsiogand. .

(© 2016 BISKA Bilisim Technology
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3.0F I 5F

25k i 20

2.0f { 15}
u sk r| { u1of

: o —imii}
| Lo T
DDE.——T—JI |

50 10 0,10 20 30 40 -20 16 0,10 20 30 40

B |
{a) (b)

30— - T 30F
2.5¢ i a5}
ot ] 200

u i 4.
15 15¢
N ¢ 10f B

os [L JUL

20 10 0,10 20 30 40 20 -10 0,10 20 30 40
fc) (d)

Fig. 3: interaction three solitary waves with = 6,9, =6,93=6,¢c; =1,C, = %, C3= %,xl =0,%x=-5x3=—-10,h=
0.1, k=0.01, —20 < x < 40 for valuesu at timest = 0,10, 20, 30 respectively
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