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Abstract: LetG be a graph. The splitting graj8YG) for a graphG is obtained by adding a new vertéxcorresponding to each vertex

v of G such thalN(v) = N(V'), whereN(v) andN(V') are neighborhood sets wfandV/, respectively. The average lower independence

numberiay(G) of a graphG is defined aslﬁ S iv(G), whereiy(G) is the minimum cardinality of a maximal independent set
veV

that contains. In this paper, we consider the average lower independammber in splitting graph. We determine the average lower
independence number 8f(G) for specific graphs.
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1 Introduction

The study of the security and stability of networks plays i role in reducing the risk and consequences of attacks o
disjunctions of any type. The concept of vulnerability iswamportant in network analysis. The problem of measuring
the vulnerability of graphs has received much attentiorhenfteld of computer or communication networks. Computer
or communication networks are so designed that they do rsilyyeget disrupted under external attack and, furthermore,
are easily reconstructible if they do get disrupted. If wiakiof a graph as modeling a network, several vulnerability
measures have been used to describe the stability of nedwimdduding connectivity, toughness, scattering number,
binding number and integrity?[6,8]. Each of these parameters have been used to measure tleeahility of networks

in the case the communication vertices are damaged.

The average lower independence number of a graph is a nemetato measure the vulnerability of networks. This
parameter is closely related to the problem of finding langiependent sets in graphs.

In a graphG = (V(G),E(G)) , a subseS C V(G) of vertices is a dominating set if every verteXMG) — Sis adjacent
to at least one vertex o8 The dominating numbey(G) is the minimum cardinality of a dominating set. The
independent domination number (also called the lower iaddpnce numbei}G) of G is the minimum cardinality of a
set that is both independent and dominating.

Henning introduced the concept of average independence Fertexv of a graphG, the lower independence number,

denoted byiy(G), is the minimum cardinality of a maximal independent seGofhat containss.. The average lower

independence number of5, denoted by iy(G), is the value ﬁ y iv(G) [2,3,8]. It is clear that
veV

V(
i(G) =min{iy(G) : ve V(G)} and sd(G) < ia(G).

In this paper, we consider finite undirected graphs withoaps and multiple edges. L& = (V(G),E(G)) be a graph

* Corresponding author e-madlysun.aytac@ege.edu.tr ®© 2016 BISKA Bilisim Technology


 http://dx.doi.org/10.20852/ntmsci.2016.112

(_/
260 BISKA A. Aytac and B. Atay: Average lower independence number littsy graphs

with vertex seV (G) and edge sefE(G). The order ofG, denoted byV (G)|, is the number of vertices i®. The open

neighborhood of/ is N(v) = {u € V(G) : uv € E(G)} and the closed neighborhoodwfs N[v] = {v} UN(v). For a set

SCV,N(S) = U N(v) andN[g = N(S)US. An independent set of vertices of a graplis a set of vertices o6 whose
vesS

elements are pairwise nonadjacent. The independence myB{® of G is the maximum cardinality among all
independent sets of vertices@f 6].

We use|x| to denote the largest integer not greater tkarand [x| to denote the least integer not less thanVe let
Xx=)ymeanx =y (modl).

The paper is organized as follows. In section 2, some of th&tieg literature on average independent domination
number is reviewed. In section 3, the average lower indepcel number of the splitting gra(G) whenG is a
specified family of graphs is computed. Finally, section Adodes the paper.

2 Basic results

In this section, we will review some of the known result onrage lower independence number.
Theorem 1[5,8] For every vertex vin a graph,

(@) i(G) <iv(G) <B(G)
(b) 1(G) <iav(G) < B(G).
Theorem 2[5] For any graph G of order n with independent domination number i and independence number 3,
i(B—i)

a(G) < B— =

Theorem 3[8] If T isatreeof order n > 2, then
. 2
iav(G) <n-—2+ -
Theorem 4[2] Let G; and G; be two connected graphsand 8(G1) < B(Gz). Then,
iav(G1) +iav(G2) < 2B(Gy).
Theorem 5[2] Let G; and G; be two connected graphsandi(G1) < i(Ggz). Then,
2i(G1) <iav(G1) +iav(G2).

Theorem 6[1] For two graphs G; and G, of order mand n, respectively,

_ iav(Gl)m+ iav(GZ)n
N m+n '

iav(G1+G2)

Theorem 7[1] For two graphs G, and G, of order mand n, respectively,

B(Gym+ B(Go)n.

i <
iav(G1+Gy) < e
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Theorem 8[1] For complete graph K, of order n and for any graph G of order m,

ia\/(GO Kn) =m.

3 Average lower independence number of some splitting graggh

In this section, we consider the average lower independemetber of the splitting graph8(G) whenG is a specified
family of graphs. Then, we give the following definition.

Definition 1. For a graph the splitting graph S(G) of graph G is obtained by adding a new vertex v’ corresponding to
each vertex v of G such that N(v) = N(V') where N(v) and N(V') are the neighborhood sets of v and V/, respectively.

vy t g N i

Fig. 1: S(Ps)

In order to make the proof of the given theorems understdadebS (G) beH. If we think that the vertex- set of graph
H beV(H) =Vi(H)UV,(H), where

Vi(H): The set contains the vertices of the gr&ph

V,(H): The set contains the new vertices which are obtained byitiefirof splitting graph, then it is easily calculated
that the average lower independence number of gkaph

Theorem 9.Let P, be a path graph with n verticesand H = S(P,) be a splitting path graph with 2n vertices. Then

iav(H) > (?1 Jr%-

Proof. Every vertex in splitting path graph included itself adjacent to at most five vertices due to stmad of graphH.

When we calculate thigy, for all v vertices in graphd, we should examine the vertices in two cases.

Case 1Letvbe the vertex of th¥;(H). We consider the s@f(H) consists of the vertex The number of vertices of the
setiy(H) for Vv € V1(H) is greater than or equal l(%}.

liv(H)| > [%1, Vv e Vi(H).

Case 2.Letv be the vertex of th¥,(H). We consider the séi(H) consists of the vertices The number of vertices of
the sety(H) for Vv € V>(H) is greater than or equal (cﬁ%] +1).

WH) 2 241, Wea(H).
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From Case 1, 2 and the definitionigf(H ), we have

1 .
av H ~ \" H \% H
lar(F) Zn(vevl(H)I ( )+VEV2(H)I )
1 2n 2n
> (2 +n(1 2 +1)
2n 1
> fg] >

The proof is completed.

Theorem 10. Let C, bea cycle graph of order nand H = S(C,) be a splitting cycle graph of order 2n. Then,

[n/2]14+1/2 if n=40 and n=41
lav(H) =14 [n/2]+1 if n=42
[n/2] if n=43.

Proof. We consider any vertexof the graptH. This vertex is adjacent to at least two vertices and at nast\ertices.
When we calculate thigy in graphH, we should examine the vertices in three cases.

Case1(n=40 and n=41).Ifn=40 and n=41, then forvve Vi(H), theiy(H)-set including the vertex has
[9] vertices. Similarly, foivv € V2(H), theiy(H)-set including the vertex has[J] + 1 vertices. From the definition of
iav(H), we have

) =5 S WH) Y i)

veVi(H) veVo(H)
1 n n
= on (5] +n([5]+1)
n 1

Case 2(n=4 2). ForVv € H, the number of vertices of the sigtH) is the same an@i3] + 1. From the definition of
iav(H), we have

Case 3(n=43). ForVv € H, the number of vertices of the sigtH) is the same anfl3]. From the definition ofay(H),
we have

fay(H) = Z—:Ln(ve\%H)iv(H)

1 n
= %(Zn(j)
n
= fEW-
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The proof is completed.

Theorem 11. Let Ky be a complete graph of order 2n and H = S(K,) be a splitting complete graph of order 2n. Then,
iav(H) == 2

Proof. Let v be the vertex of th&;(H) and new vertex’ corresponding to each vertexn Vi(H) be the vertex of the
V,(H). We have two cases according to the number of verticés. of

Case 1.The vertexv in Vi (H) adjacent to th@— 1 other vertices o, (H) and adjacent to every vertex except the vertex
V' in V»(H). So, theiy(H)-set including vertew doesn’t include other vertices & (H) and other vertices iv>(H)
except the vertex'. Thus, we can add the vertgkto thei,(H)-set. Hence, thg,(H)-set has two vertices namehand

V. We have to repeat this process forertices ofV;(H). Thus, we getiy(H)| = 2.

Case 2.The proof of this case is similar to Case 1. The venein V»(H) adjacent tan— 1 vertices ofVi(H) except
corresponding vertex and none of the vertices My(H). To have the,(H)-set, we can add the vertex Vi(H) to the
iv(H)-set. Thus, we can cover every verted{H) and we havei,(H)| = 2.

Consequently, by Case 1 and Case 2, we have;

iv(H) = iv(H) + iv(H)

veV(H) veVi(H) veVp(H)
=2n+2n=4n.
From the definition ofa(H) , we have
w(H) = 3 i(H)
aV |V(H)| veV(H) !
1
= %Am =2

The proof is completed.

Theorem 12.Let Ky , bea star graph of order n+1andlet H = S(Ky ) bea splitting star graph of order 2(n+1). Then,

5n+4
2(n+1)

iav(H) =

Proof. We should find the value of lower independence nunifiét) of every vertex for average lower independence
number of a graph. If we think that the vertex- set of grabbeV (H) = Vi(H) UVa(H) UVa(H), where

Vi(H): The set containe+ 1 vertices oKy

V,(H): The set contains vertex with degree of which corresponds to the center vertein graphKy .

V3(H): The set contains new vertices except vertexvhich added toKy , then then it is easily calculated that the
average lower independence number of gridpkVe have two cases according to the number of verticék of

Case l.Letvbe a vertex invi(H). If vis the center vertex of thi€; ,,, then it is adjacent tor2vertices in graptd. The
iv(H)-set, which includes vertexdoesn't include other vertices ®(H) or V3(H). Consequently; to have thg(H)-
set; we can add the remaining vertex which corresponds teetiexv. Hence, the,(H)-set has two vertices. Thus, we
haveliy(H)| = 2.

Let vertexv is any vertex except the center vertexMi{H). Thus, thd,(H)-set, which includes vertexdoesn’t include
the center vertex in Vi(H) and the vertext’ in V,(H). Since the vertew is adjacent to these vertices, there are
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remainingVy(H) — {c} UV3(H) vertices in graptH. The center vertex in Ky is adjacent tovy(H) — {c} UVz(H)
vertices. Thus, we can add the center vettéxtheiy(H )-set. Hence, we gei,(H)| = 2 for v € Vi (H) — {c}.
By writing these values in the definition @f,(H), we havey(H) =2+ 2n.

Case 2.Let v be the only vertex inv>(H). The iy(H)-set, which includes vertey, is adjacent ton vertices in
Vi(H) — {c}. The remaining vertices in graph areV3(H) U {c}. Every vertex inv3(H) is adjacent to the center vertex
¢, so we can add only the vertexoiy(H)-set. Hence, we have,(H)| = 2.

Case 3.Letv be a vertex invo(H). Thus, theiy(H)-set including vertex is not adjacent any vertex except the center
vertexc in Vi(H). The remaining vertices in gragh areVi(H) — {c} UV2(H) UV3(H). Due to the structure of the
splitting complete graphl, the center verter is adjacent to every vertex M (H) andVs(H). So, the center vertexis
added toiy(H) = {v}. Then, there i€’ vertex remaning iVo(H). We can add this vertex iQ(H)-set. Hence, we have
liv(H)| = {v} + {e} + [{c}] = 3.

We have to repeat this process fovertices ofV3(H). Thus we getiy(H)| = 3n. Consequently, by Case 1, Case 2 and
Case 3, we have;

The proof is completed.

Theorem 13. LetW , beawheel graph of order n+1, andlet H = S (W ) bea splitting wheel graph of order 2(n+1).

Then, iav(H) = 043y

Proof. We have to find the value af(H) of every vertex irH for average lower independence number. If we think that
the vertex set of grapH beV (H) =Vi(H) UVa(H) UVa(H), where

Vi(H): The set contains+ 1 vertices of\ p,

V,(H): The set contains vertex of ordern which corresponding vertex of center vertex W p.

V3(H): The set contains new vertices of order three, except veftewhich added tW, ,, by the definition of splitting
graphH.

Since graptH contains grapt8(Ky ), the proof is done similar to Theorem 12. Hence, averagerlingeependence

number ofH isia(H) = 25(';1‘1‘). The proof is completed.

4 Conclusion

If we want to design a communications network, we wish thaisitas possible as stable. Then, we model any

communication network by a connected graph. In graph theegy have many stability measures are called as

connectivity, toughness, integrity, domination and itsiatéons. In this paper, we introduce and study the concépt o

average lower indepence number in graphs, a concept cladated to the problem of finding large independent sets in

graphs. In the design of two networks having the same numt@nocessors, if we want to choose the more stable one
from these, we take their graph models and it is enough tosshtiee model whose the average lower independence
number is smaller.
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