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1 Introduction

Let f:1 CR — R be a convex function defined on the intervvalf real numbers and,b € | with a < b. The inequality

b

is well known in the literature as Hermite-Hadamard's inaiy 6, 7].

The most well-known inequalities related to the integralamef a convex functiorf are the Hermite Hadamard
inequalities or its weighted versions, the so-called Hathiadamard-Fejér inequalities.

In [4], Fejér established the following Fejér inequality whiis the weighted generalization of Hermite-Hadamard
inequality(1).

Theorem 1.Let f: [a, b] — R be convex function. Then the inequality

f <¥> /:W(x)dng:f(x)w(x)dxg w/abw(x)dx (2

holds, where w [a,b] — R is nonnegative, integrable and symmetriqot b) /2.

For some results which generalize, improve, and extenchéiruialities 1) and(2) see [1,2,5,9,11,12,18,19,20,22].
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We will now give definitions of the right-hand side and lefiffd side Riemann-Liouville fractional integrals which are
used throughout this paper.

Definition 1. [17]. Let f € L[a,b]. The right-hand side and left-hand side Riemann-Liouvilietional integrals §, f
and J_f of ordera > 0 with b> a > 0 are defined by

I8 F(x) = %.[(x—t)a’lf(t)dt, x>a and § f(x)= %/j(t-x)“f(t)dt, x<b

respectively, wherg (a) is the Gamma function defined bya) = [e~'t?—dt.
0

Because of the wide application of Hermite-Hadamard typesiralities and fractional integrals, many researchers
extend their studies to Hermite-Hadamard type inequalitieolving fractional integrals not limited to integer égrals.
Recently, more and more Hermite-Hadamard inequalitieshivg fractional integrals have been obtained for différe
classes of functions; se8,B, 14,21,23].

In [9], Iscan gave the definition of harmonically convex functiow astablished following Hermite-Hadamard type
inequality for harmonically convex functions as follows.

Definition 2.Let | C R\ {0} be a real interval. A function fl — R is said to be harmonically convex, if

Xy
f(m)ﬁtf(Y)+(lt)f(x) 3

forall x,y €  and t € [0, 1]. If the inequality in(3) is reversed, then f is said to be harmonically concave.
Theorem 2.[9]. Let f : | C R\ {0} — R be a harmonically convex function andoee | with a < b. If f € L[a,b] then the

following inequalities holds:
2ab ab [P f(x) f(a)+ f(b)
< < .

f(a+b) _bfa/a X2 dx< 2 @

In [2], Chan and Wu presented Hermite-Hadamard-Fejér indgdafiharmonically convex functions as follows:

Theorem 3. Let f: 1 C R\ {0} — R be a harmonically convex function andbec | with a < b. If f € L[a,b] and

w: [a,b] C R\ {0} — R is nonnegative, integrable and harmonically symmetritwéispect tog%’,, then

f(zab)/abmdxg/abf(x)w()()dxf f(a)+f(b) /abw(x)dx (5)

a+b X2 X2 2 x2

In [14], Kunt et al. presented Hermite-Hadamard and Hermite-Hed-Fejer inequality for harmonically convex
functions via fractional integrals as follows:

Theorem 4.[14]. Let f : 1 C (0,00) — R be a function such that € L [a,b] where ab € | with a< b. If f is a harmonically
convex function ofg, b, then the following inequalities for fractional integraislds:

(25) < e (50a) [P, (teo /g, (fegan)] < 1ETIE) ©)

with o > 0and gx) = 1, xe [}, 1].
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Theorem 5.[14)]. Let f : [a,b]— R be a harmonically convex function with<ab and fe L[ab]. If w: [a,b] = R
is nonnegative, integrable and harmonically symmetriciwispect to2ab/a+ b, then the following inequalities for
fractional integrals holds:

f(zib) Jgp, WoQ)(B/a) | | Jgp, (TWeQ)(1/a) | f(a) 4 f(b) | Tgp. WoO)(L/3) 2
a+b) | +3g, (Wog)(1/b) | = | +35, (fwog)(1/b)| = 2 +3%, (wog)(1/b)

2ab 2ab
with a > 0and gx) = 1, xe [L,1].

In [24], Zhang and Wan gave the definition pfconvex function ol C R, in [12], Iscan gave a different definition of
p-convex function ont C (0, ) as follows:

Definition 3. Let | C (0,) be a real interval and g R\ {0}. A function f:1 — R is said to be p-convex, if
(I + - 0yPP) <t 9+ (2-1) T (y) (®)
forallx,yelandte [0,1].

It can be easily seen that fpr= 1 andp = —1, p-convexity reduces to ordinary convexity and harmonicedigvexity of
functions defined oh C (0, «), respectively.

In [5, Theorem 5], if we také C (0,), p € R\ {0} andh(t) =t, then we have the following theorem.

Theorem 6.Let f: | C (0,0) — R be a p-convex function, @ R\ {0}, and ab €| with a< b. If f € L[a,b] then the
following inequalities holds:

f<[ap+bpr/p>< p /bf(x>dng(a>;f<b>_ )

2 ~ bP—aP Jy x-P

In [15], Kunt andiscan presented Hermite-Hadamard-Fejer inequalitpfoonvex functions as follows.

Theorem 7.Let f:1 C (0,0) — R be a p-convex function,@R\ {0}, a,be lwitha<b.If f eL[a,bjandw: [a,b] = R

1/p
is nonnegative, integrable and p-symmetric with respe%ﬁ%b—p} , then the following inequalities holds:

aP+bPTYP\  rbw(x) b f (x) w(x) f(a)+ f(b) [Pw(x)
([ L e [ e ) a0)

In [16], Kunt andiscan presented Hermite-Hadamard inequalityfa@onvex functions via fractional integrals as follows:

Theorem 8.Let f: 1 C (0,0) — R be a p-convex function, R\ {0}, a >0and abe | witha<b. If f € L[a,b], then
the following inequalities for fractional integrals holds

@i Ifp>0,

Py pp1Y/P Moa+1 " a f(a)+f(b
f({a = )szlggﬁ Koo (100 0)+ 3 (Tog)@)] < " OTTO qn

with g(x) = x¥/P, x € [aP,bP],

(© 2017 BISKA Bilisim Technology
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(i) fp<O,

/
f([a"+bp]lp)<& Yoo (100)(aP) + b (fog) (B7) <7 a2

2 T 2l-a(ap—pp)T | TE

with g(x) = x1/P, x € [bP, aP].

For some results related to p-convex functions and its gdimations, we refer the reader to s&10,11,12,15,16,18,
19,24).

In this paper, we built new Hermite-Hadamard-Fejer typejiradities forp-convex functions in fractional integral forms.
We obtain an integral identity and some new Hermite-Haddrk@jer type integral inequalities fgrconvex functions

in fractional integral forms. We give some new Hermite-Hadad and Hermite-Hadamard-Fejer inequalities for convex,
harmonically convex ang-convex functions.

2 Main results

Throughout this sectionjw||, = sup |w(t)|, for the continuous functiow : [a,b] — R.
tela,b]

- . . o p.
Definition 4. Let pe R\ {0}. A function w. [a,b] C (0,%) — R is said to be p-symmetric with respect[tﬁ";—bp} if

w(x) = W([ap+ bp—xp]l/P)

holds for all xe [a, b].

1/p
Lemma 1.Let pe R\ {0}, o > 0and w: [a,b] C (0,) — R is integrable, p-symmetric with respect[té‘”zf—bp} , th

@i Ifp>0,

en

1
Bgo (Wog)(67) = T (WoG) (&%) = 5 [ Moyss , (WoQ)(DP) + I (W) (aP)
2 2 2 2

with g(x) = xTIJ, x € [aP,bP],
(i) fp<O,

1
Bgo (Wog) (@) =T (Wog)(67) = 5 [yss (WoQ)(@P) + I (Wog) (bP)
2 2 2 2

with g(x) = xTIJ, x € [bP,aP].
Proof.
1/p
(i) Let p > 0. Since w is p-symmetric with respect to{w} , using Definition 4 we have

w (xP) = W([aerbpfx]l/p) for all x € [aP,bP]. Hence in the following integral setting= aP + bP — x and
dt = —dxgives

Ja (Wo )(bp) _ 1 /bp (bp_ X)Gflw(xl/p) dx= 1 /.bp (bp _ X)aflw([ap_*_ bP — X]l/p) dx
N A @) Jeg
S
- _gmo-1 1/p @ p
F@ o (x—aP) W(X )dx Jaboow (wog)(a®).
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This completes the proof of i.
(ii) The proofis similar with i.
Theorem 9.Let f: 1 C (0,0) — R be a p-convex function, R\ {0}, a >0andabelwitha<b.If f € L[a,b] and

w: [a,b] — R is nonnegative, integrable and p-symmetric with respe(%ﬁfq—} , then the following inequalities for
fractional integrals holds.

@i Ifp>0,

1/p
f <[ap§bp} ) o (Wo0) (6F) + Hbss (WoQ)(@P)] < [ (o0) (5F) 4 s (Fw00)(@P)

(13)

L0 g, (wog) 09) + 90 (wo) (2P

with g(x) = x¥/P, x € [aP, bP],
(i) fp<O,

P4 pp1l/P
f([a = )[a L WoG) (@) + g (Wog)(87)] < s (Fwog) (&) + o (fwog) (07
2 2 2
a9

sz(b) |:\]ap+bp (Wog)( )+Jap+bp (Wog) (bp):|

<
with g(x) = x¥/P, x € [bP,aP].

1/p
Proof. (i) Let p > 0. Sincef : 1 C (0,0) — R is a p-convex function, we havé <[XPLZVP} ) < M for all

x,y € | (with t = 1 in the inequality(8) ).

Choosingx = [taP + (1 —t)bP]Y/P andy =[tbP + (1 —t)aP]*/P, we get

(15)

f <[a"+ bp] 1/p) <! (ftaP+ @-P7) + (it + (1))
2 = 5 |

Multiplying both sides of15) by Z"*lw<[tap+ (1-t) bp]l/p) and integrating with respect taver [0, 3], using
Lemmal-i, we get

i/p
f ([ap;bp} ) oo (WoG)(07)+ 2 (Wog) ()] < s (wog) (B°) + o (fwog) (a9
2 7z 2

the left hand side of13).

For the proof of the second inequality (3) we first note that iff is a p-convex function, then, for atle [0, 1], it
yields

f ([taP+ (1 —t)bP[P) + £ ([tbP+ (1 )a”]/P) _f@+f()
; < .

(16)
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Multiplying both sides of16) by 2%~ 1w ([tap+ (1-t) bp]l/p) and integrating with respect taver [0, 3], using
Lemmal-i, we get

Jgp#szjL(fWog)(bp)—i-Jgp#zwi(fWo 9) (ap)] < M |:J‘E]l{pJ£m)+(Wog)(bp)+Jng£w(Wog) (aP)

the right hand side af13). This completes the proof of i.
(i) The proof is similar with i.
Remarkin Theorem®, one can see the following.

(1) If one takep =1 anda = 1, one hag2),

(2) Ifonetakepp =1, a =1 andw(x) =1, one hagl),

(3) If one takepp = —1, one hag7),

(4) If one takepp = —1 andw(x) = 1, one hag6),

(5) If one takepp=—1 anda =1, one hag5),

(6) If one takepp = —1, 0 =1 andw(x) = 1, one hag4),

(7) If one takesy =1 andw(x) = 1, one hag9),

(8) If one takesx =1, one hag10),

(9) If one takew(x) = 1, one hag11) for p> 0, (12) for p< 0.

Lemma 2.Let f: 1 C (0,0) — R be a differentiable function orf land ab € 1° with a< b, pe R\ {0} anda > 0. If
f’ € L[a,b] and w: [a,b] — R is integrable, then the following equalities for fractidrategrals holds.

@ Ifp>0,
0 0079 [ e WoQ)07) | [ e (Twro) (69
f({ -] )LJM(wog)(ap) 3 (o) @) 40

1 [ (s weg)(91ds) (fog) (ot
F(@) | = & (1 (=9 (wog) (s)ds) (og) (1)t

with g(x) = x¥P, x € [aP,bP],
(i) fp<O,
(128+b? 1/p Japmp (wog)(aP) ‘]ap+bp (fwog)(aP) 18
{ 2 ] +JM7(Wog)(bp) a +Jap%w7(fw<>g)(bp) (18)

1 [ e (fbp<s bP)~* (wog) (s)ds) (fog) (1)
8 (I (@9 (wog)(s)ds) (fog) ()t

with g(x) = x¥/P, x € [bP,aP].

Proof. (i) Let p> 0. It suffices to note that

1 { o7 (fn(s=a0)" wog) (999) (Fo0) (1t ] .

@) e (0P —9°(wog)(9)ds) (fog) (t)at

ap+bp t
aPybb

= ﬁ/ap </ap (sfap)afl(wo 0) (s)ds> (fog) (t)dt
- (10) /;:pr (/tbp(bps)al(wo g) (s)ds> (fog) ()dt=1y—I>.

(© 2017 BISKA Bilisim Technology
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By integration by parts, we have

1= i (1000 ([ 5= Hweg@as)| T - [ e fweg) 0t (20)

aP-bP aP1bP

(a
1/p
f<[ap;bp} >r<1a>/apT (o Hweg) (95 s [ e tweg e

aP+bP]Y/P
| ) Woa) @) (fwog) (@)

and similarly

bP

-

o= i (10900 ([ ©P—97 wog)(5)ds)

bP
e F(la> /w (bP =" (fwog)(D)dt  (21)

1/p bP bP
— ({ap;bp] )I’(la) /% (bps)‘”(wa)(s)dH%/ap;bp (bP—1)7 L (fwog) (t)dt

aP+ PP
f([ ! ] e, (Wo0)(6%) + 050 (TWoQ) (bP).

A combination of(19), (20) and(21) we have(17). This completes the proof of i.
(ii) The proofis similar with i.

Remarkin Lemmaz2, one can see the following.

(1) If one takesp =1, one hasZ1, Lemma 4],

(2) If one takegp =1 anda = 1, one hasZ0, Lemma 2.1],

(3) Ifone takep =1, a =1 andw(x) = 1, one has13 Lemma 2.1],
(4) If one takep = —1, one hasi4, Lemma 3],

(5) If one takesx =1 andw(x) = 1, one has19, Lemma 2.7],

(6) If one takesr =1, one has15, Lemma 1],

(7) If one takesw(x) =1, one has16, Lemma 1].

Theorem 10.Let f: 1 C (0,o) — R be a differentiable function orf Isuch that f € L [a,b], where ab € | and a< b. If
|| is p-convex function ofa, b] for p € R\ {0} anda > 0, w: [a,b] — R is continuous, then the following inequality for
fractional integrals holds.

@i Ifp>0,

¢ aP+bpp]Y/P Jap+bp (wog) (bP) Jap+bp (fwog) (bP)

[ 2 ] +Jap+bp7(WOg)(ap) +Jap+bp (fwog) (aP)
=

W[, (bP —aP)*

< Fary  G@P|T@[+C(@p)f O]

with g(x) = x¥/P, x € [aP,bP],

(© 2017 BISKA Bilisim Technology
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(i) fp<O,
. [aerbPT/p Jip%bpjwog)(ap) Yoo yoo, (TWog)(aP)
2 350 000) (07)| | (Two0) ()
Iw]l., (8° — bP)
= I—(a+1) [7Cj_(a,p)|f/(a)|7C2(C{7p)‘f/(b)u
with g(x) = x1/P, x € [bP,aP], where
1 a+1 0!
2 u u
Cl(a,p):/ —wpd /1 @m Y
0 pluaP+ (1—u)br]* 2 uaF’qL 1- u)bp]
1 jatt
u?(1—u (1—u)
Cz(a,p)Z/z ( a /1 ap !
0 pluaP+(1—u)brt e 1 pluaP+(1—u)br)t”
Proof. (i) Let p> 0. Using Lemma-i, it follows that
aP -+ P /P Py L 3@ p a IR p
f Jap+bp (wWog)(bP) +Jzppp (Wog)(@®)| — [Japype , (fwog)(bP)+ Iz (fwog)(aP)
2 v St ==
aPbP -
SRR (Jo(s-a0) 2 wog) (9d5) (fog) ()
T8 (1 (00— 97 (wog) (91ds) (og) (tdt]
1 [ (fap<s a)?*|(wog)(9)|ds) |(f o) (1)]dt
CT@ [+ 8 (K (0P =9 (weg)(9)]ds) [(Fog) (1)t
||W||oo ap;sz t pya— 1 be bp Gfld f d
SI’(a) /ap /al(s aP) " ds| |(fog) (t |dt+ﬁp+bp / (bP—s) s||(fog) (t)|dt
W] T 1 1
_ e _ g 1/P _1\¥ 1 (t1/p
ST+l /ap (-2 |1 (1 ‘d”/mp U aww (t )‘dtl'

aP+pr1Y/P Jap+bp (wog) (bP) [ Jgp+bp+(fwog)(bp)
f { ] e (22)
2 W Wog) (@) | | 354 (Twog)(aP)
a 1
< Il (0P — )" [ K s T [ (loeP+ (1 w)p2?) ]
- rao+1 ! p —u)bP1¥/P '
(a+1) I} e i/ (JuaP+ (1- u)b?*/P) | du
Since|f'| is p-convex function ora, b}, we have
’([uaer(l—u)bp]l/p)‘ <ulf' @)+ (1-u)|f' (b)]. (23)

(© 2017 BISKA Bilisim Technology
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A combination of(22) and(23) , we have

1/p
f<[ap;bp} )[Jamp (WOg)(bp)JrJ%Lp(Wog)(ap)} {J%ﬁﬂfw‘)g)(bp)*ﬂ%ﬁ(fWOg)(ap)H

r 1

|, (bP —aP) L | J¢ uap+lU:)bpl<1/p (u|f' (@) + (1 —u) | (b)|) du
A G A - (ulf' (@) + (L—w| ' (b)) du

pluaP-+( l u) bpl 1/p)

1
Q ya+1 1 (1-u)%u ,
_ Wl (69— a?)"* ( o= U Y S we? 1/p>du) |t (a)]

I'(a+1) 3 ud(1-u) (1-u)7+1 ,
<f° pluaP—+(1—u)bP] ww d f% pluaP+(1—u)bP]t g du ) [ (b)]

W, (bP—aP) 7t
o r(a+1)

[Ci(a,p)|f" (@) +Ca(a,p) | T (D)]].

This completes the proof of i.
(ii) The proofis similar with i.

Remarkln TheoremlO, one can see the following.

(1) If one takep =1, one has41, Theorem 6],

(2) Ifonetakepp=1, a0 =1 andw(x) =1, one has13, Theorem 2.2],
(3) If one takesr = 1 andw(x) = 1, one has9, Teheorem 3.3],

(4) If one takesx = 1, one has15, Theorem 6],

(5) If one takesw(x) = 1, one has16, Theorem 5].

Corollary 1. In Theorem0, one can see the following.

(1) If one takes p= 1 and w(x) = 1, one has the following Hermite-Hadamard inequality for wex functions via
fractional integrals.

(b—a)
~4(a+1)

‘f<a+b)_l'(a+l)201 -

2 (b—a)

(2) If one takes p= 1anda = 1, one has the following Hermite-Hadamard-Fejer inequdilitiyconvex functions.

‘f (a—;b) /abw(x)dx—/:f(x)w b)|],

(3) If one takes p= —1, one has the following Hermite-Hadamard-Fejer inequaldy harmonically convex functions
via fractional integrals.

‘f (:it;)) |:\]a+b+ (Weg) (1) +‘]a+b (wog) (%)} |:Ja+b+ (fwog) (1) +Ja+b (fwog) (%)} ‘

<L>(b—f) [~Ci(a, =) |F'(@)] ~Cz(@.~1)[f' B)]]

92 10+, f(a)]|<

SRS, Y

(4) If one takes p= —1, a = 1 and w(x) = 1, one has the following Hermite-Hadamard inequality for imanically
convex functions.

’f (;ﬁ) i o )g)dx‘ < (%‘) [Ci(L-1)|f' (@)~ C(1,~1) | ()]

(© 2017 BISKA Bilisim Technology
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(5) If onetakes p= —1anda = 1, one has the following Hermite-Hadamard-Fejer inequdiityharmonically convex
functions.

() [

(6) If one takes p= —1 and w(x) = 1, one has the following Hermite-Hadamard inequality for imanically convex
functions via fractional integrals.

@) ) {J%ze+<fog>(l)“a+b 0 ()]

< g (5 -G @~ (@] Ca(a 1)1 0]

2
<l (°57) [-Ca(L-2) |1 (@] - Co(1,-D) | )]

Theorem 11.Let f: 1 C (0,) — R be a differentiable function orf Isuch that f € L [a,b], where abe | and a< b. If
|f/]9, g> 1, is p-convex function ofa, b] for p € R\ {0}, a >0, w: [a,b] — R is continuous, then the following inequality
for fractional integrals holds.

@ Ifp>0,

ap+bp 1/p ‘]ap+bp (Wog)(bp) ‘]ap+bp (fWOg)(bp)
f([ - ) 0 Wog)@)| | 405 (weg)(@)

1
q

Wi, (bP — aP) e+ Cs(a,p)|f' ()| 11| Co(a,p)|f (a) %
S Py [(Cf’(“ P Cr(a,p)|F' )| T(C@P) +Clo(a,p)|f’(b)lq] ]
with g(x) = x¥/P, x € [aP,bP],
(i) fp<oO,
f [ap+bp}1/p J‘;’F,LZM,+(Wog)(ap) Jap+bp (fwog)(aP)
2 +I%.0  (Wog)(bP) J’_‘]ap+bp (fwog) (bP)
i@ -2t [ el @]’ [ G@pr@n ]
= ,—(a+1) |:( C5(O{,p)) —C7(a,p)|f’(b)|q +( CS(a7p)) [Clo(a,p)|f/(b)|q] :|

with g(x) = x1/P, x € [bP,aP], where

3 u® 1 ya+1
Cs(a, / du, / u
P= s pluaP + (1—u)bp] /P 0 puap+ (1—u)bpI-@/P)
Cr(a p)=/% a-w du =/1 iUl du
; 0 pluaP+ (1—u)br) (/P u, 3 pluab+( 1 u) P /P)
! (1-uu 1 (1—u)+t
Go(a, :/ du, Cio(a :/
(@P= fy e wp e GO e - wbRE
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Proof. (i) Let p > 0. Using(22), power mean inequality and theconvexity of| f'|Yit follows that

f<[ap+bpr/p> [sz (Wog) (o) ]_ Yo, (fwog) (BP) ]
)

2 +I. e (Wog)(aP +~]gp+pr ~(fwog)(aP)
M 3 u? / 1/p
ol (08— a) [ | (02 (1= wpPP) [ du ]
- rMa+1 1 - / p —u)pr1/p
( ) _+_f% o (e P f ([ua + (1—u)bP] )‘du

1—
1
2 uv
_ lIwil, (bP— &) ( v e p]1<1/p>du)
- MNo+1 4 1
( ! <fo f’([uap+(1u)lop]l/p)‘qdu>q

Ql-

pluaP-+(1—u)bP] 1~ (1/P)

1-1 i
(1-u)? q 1 (1—u) p p1l/p
<[ pluaP-+(1—u)bP| ]_/p)> X <f% pluaP-+(1—u)bP) T (17P) ‘f ( ua- + (1 ub ] )‘ du) ‘|

17; uﬂ+1 , q

_ Wl (b°—aP)** </% u® a) (fo pluaP+(1_u)bP 1/p>du) [t (a)]
- e+l 0 pluaP+ (1— u)bPt-@/P) W (1) o
pluaP+ (1—u)bP] +( 12 o dy) | ()]

1-1 1 (1-u)%u ’ q a
N (/1 (1—u)“ du ! (f% pluaP-+ (1—u)bP| 1/p>du> [t (a)]
! pluaP+ (1—u)brt-/P 1 (1w
2 pluaP+(1-u)bP] (s e du) [T ()

1
. 1
W[, (P —aP)*™ !

_ _1[cstap it (@)
- ,—(a+1) |:(C5(avp))l

1-1
+Cr(ap)|f/ e | (RO

Cola.p|@F |
Cuola.p O] |

This completes the proof of i.
(ii) The proofis similar with i.
Remarkln Theoremll, one can see the following.

(1) If one takegp =1, one hasq1, Theorem 7],
(2) If one takesx = 1, one has15, Theorem 7],
(3) If one takew(x) = 1, one has16, Theorem 6].

Corollary 2. In Theoreml1, one can see the following.
(1) If one takes p=1, a = 1 and w(x) = 1, one has the following Hermite-Hadamard inequality for eexfunctions:

atby 1 b Co(L1) |/ (@) ]
‘f(T)‘m/a Fgdx +clo<1,1>f'<b>q} ]

(2) If one takes p=1 and w(x) = 1, one has the following Hermite-Hadamard inequality for wex functions via
fractional integrals:

Co(L1) | (@) |

1-1
scrar ) e

<(b-a) {(Q;(L 1)t a

’f <a+b> _r(a+1)2"*l{

> b-ar J§’++f(b)+\]+f(a)H

2 2

1

< e {(cf,(a,mlq

1

/ q %
Cs(a,1)|f' (a)] ] FPPIE

+Cr(a, 1) [/ (b)[*

Co(a, 1) P (@) |
Cao(a. )P 0] |

(© 2017 BISKA Bilisim Technology
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(3) If one takes p=1anda = 1, one has the following Hermite-Hadamard-Fejer inequdiitlyconvex functions:

‘f (a_;b) /:W(x)dxf /:f(x)w(x)dx

1
q

Co(1,2)|1 ()

1-1
e arepe| HEED

< [, (b—a)? [(Cs(l, 1)t a

Co(LD)|f" (@) |
Co )P O] |

(4) If one takes p= —1, one has the following Hermite-Hadamard-Fejer inequaliy harmonically convex functions
via fractional integrals:
f < 2ab) o, (Wo)(3) W, (fwog) (3)
a+b +J%_;€7(Wog)(%) +39, (fwog)(})

w|, [b—a\%"? 1| —Cg(a,—1)|f (a)4
g () oo S
(5) If one takes p= —1, a =1 and w(x) = 1, one has the following Hermite-Hadamard inequality for imanically

convex functions:
2ab ab [0 f(x)
‘f(awLb)_ba/a X2 dX’

_ N PSPRPNPRE.
(%) [(Csu,mla l Co(1,-1)|f'(a)|

+(~Cg(a,—1))* 3

Cola. D) (@) ]
—Cyo(a,—1)[f"(D)[F] |’

[

+(~Cg(1,—-1)* 3

~Cr(L,-1)[f' (b)[*

Co-1|F@P ]
CoL-D|F b |

(6) If one takes p= —1 anda = 1, one has the following Hermite-Hadamard-Fejer inequdiityharmonically convex

functions:
b b
‘ 2ab W(X)dxf/ f(x)w(x)dx
a+b/)/a X a X2

— ’ - - ! a % 1| — _ U q %
< [|W][o (%‘) [(_CS(l,_l))lq Cs(1,—1)|f'(a)| +(_C8(1’_1))lql Co(1,—1)|f' ()| ] ]

~Cr(1,-1)|F (b ~Cio(1,-1)[f" (D)
(7) If one takes p= —1 and w(x) = 1, one has the following Hermite-Hadamard inequality for imanically convex
functions via fractional integrals.

‘f (azjt;)) - r(zclrj;l) (baba)a [Jg;gAfog) (é) +J%7(fog) (t—l))”
)|

1 (b- _1 q
<5 () [(_%(U’_l))l q e

(8) If one takesr = 1 and w(x) = 1, one has the following Hermite-Hadamard inequalities fecgnvex functions.

@i Ifp>0,
¢ [[3°+bP Y\ p /bf(x)dX
2 bP—aP fy x1-P

Q

Q

—Ces (a,—1)|'(
—Cr(a, =1 ['(

+(~Ca(a,~1))*a

O

~Cio(a,~1)|f (b)|*

—Cola,~1)|F' () ] ]

(© 2017 BISKA Bilisim Technology



CMMA 2, No. 1, 1-15 (2017) htmsci.com/cmma BISKA 13

) L cpr @ ]f L] caplr@ ]°

Py pp]l/P b
[ g . /wdx
2 bP—aP [y xt-p

% l*:‘é _CQ(Lp)lf/(a)'q %
+(~Cs(1,p)) clo(l,p)lf’(b”q] ]

(i) fp<O,

Theorem 12.Let f: | C (0,0) — R be a differentiable function orf Isuch that f € L [a,b], where ab e | and a< b. If
||, g> 1, is p-convex function ofa, b] for p € R\ {0}, a >0, é +1=1,w:[a,b] - Ris continuous, then the following
inequality for fractional integrals holds.

@i Ifp>0,

f [ap+bp]1/P Jebyop, (Wo0) (BP) b soo, (TWog) (bP)
2 e oG (@) | | 4950 (Wog)(@)

_ a+1 1 / q l q % 1 ’ q ' q %

< (P2 l(cll(a,p,r))r(“ @SSO 0 g, (ALY ]

where

1

ua

o “ N (1-u) r
Cll(a’p’r)_./o (p[ uaP+ (1—u)bp)*~ l/p> au Clz(a’p7r)_-/% (p[uap+(1—U)bp]l(l/p)> w

with g(x) = x¥/P, x € [aP,bP],

(i) fp<O,
¢ ap+bp 1/p ‘]ap+bp (Wog)(ap) ‘]ap+bp (fWOg)(ap)
([ 2 ] ) +J@,<wog><bp> - +JM,<fwog><bp>
i a+1 1 I q / q % 1 1 q l q %
. ||w||mr<?2+t£> l(‘:”(“’p’”)T(“ @11+ 317 (o) > +(CM((“OJ))F<3>|f @f+1 o) ) ]

where

1 a r 1 a r

2 u (1—-u)
Cuz(a, ,r:/ du, Cus(a, ,r:/ du,
SICH A <p[uap+(1u)bp]1<l/p>> (B0 /3 (p[uap+(1u)bp]l<1/r’>>

with g(x) = x*/P, x € [bP,aP].

(© 2017 BISKA Bilisim Technology
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Proof. (i) Let p > 0. Using(22), Holder’s inequality and the-convexity of| f'|Yit follows that

([P VP [ S, WoQ)(O0) | [ Ihy (fwog) (BP)
[ 2 ] +Jap+bp (wWog)(@) | | +Igue (fwog)(a)

2 ! _ 1/p
HWHoo (bp — ap)a+l fo p[uap+(1jju)bp]lf(1/p) f ([uap+ (1 u) bp] ) ‘

u
- ra+1 1 (1-u?® ’ p - p1l/p ]
(a+1) e e || ([ua +(1—u)bP] ) du

1
2 uv
_ Wl (b°—ar)** (fo <p[uap+<1 u)bP]- 1/p> >
ra+1) N [11 (1u)e
73 \ pluaP+(1—u)bp)-(/P)

< IW]l, (bP —aP)+ ( %< uab+(1— ubp] 1/9) )
e ( ( uap+1 ubp] UP)) ) (f1u|f +(1- U)|f()|qdu)%
g (69— Py (f%( S—T— w) ) ( Irial* o )i
HCE) ( (uapHpr] w) ) ( il o) )q

et (1 @) 31 @4 ()
_ [ (0~ 9 (Cll(a,p,r))r(lf( s Tl ) Colapr ))r(3|f<a>|+|f<b>|”.

o

1
uaer 1-u) bp]l/p) ‘qdu> !

/_\/—\

f%} f'(uap+ 1- u)bp]l/p)\ du)%

e >|qdu)q

““‘/—\

r(a+1) 8

This completes the proof of i.
(i) The proofis similar with i.

Remarkln Theoreml?2, one can see the following.

(1) If one takegp =1, one hasZ1, Theorem 8],

(2) Ifonetakepp =1, a =1 andw(x) =1, one has13, Theorem 2.3],
(3) If one takesx = 1, one has15, Theorem 8],

(4) If one takesv(x) = 1, one has16, Theorem 7].

Remarkin Theorem12, similarly the Corollary2, if one takes special selections fpr a andw(x) , one has some
inequalities for convex, harmonically convex ap@onvex functions.

3 Conclusion

In Theoren®, new Hermite-Hadamard-Fejer type inequalitiesgaronvex functions in fractional integral forms are built.
In Lemmaz2, an integral identity and in Theoreth®), Theoreml1 and Theoremi2, some new Hermite-Hadamard-Fejer
type integral inequalities fop-convex functions in fractional integral forms are obtaink Corollaryl and Corollary2,
some new Hermite-Hadamard and Hermite-Hadamard-Fejqualities for convex, harmonically convex apetonvex
functions are given. Some results presented RerBaRemark2 and Remark2, provide extensions of others given in
earlier works for convex, harmonically convex apaonvex fuctions.
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