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Abstract: The object of the present paper is to study warped product pseudo-slant submanifolds of(LCS)n-manifolds. We study the
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1 Introduction

The notion of warped product manifolds were introduced by Bishop and O’Neill [4] and later it was studied by many

mathematicians and physicists. These manifolds are generalization of Riemannian product manifolds. The existence or

non-existence of warped product manifolds plays some important role in differential geometry as well as physics.

The notion of slant submanifolds in a complex manifold was introduced and studied by B.-Y. Chen [8], which is a

natural generalization of both invariant and anti-invariant submanifolds. B.-Y. Chen [8] also found examples of slant

submanifolds of complex Euclidean spaceC2 andC4. Then Lotta [14] has defined and studied slant immersions of a

Riemannian manifold into an almost contact metric manifoldand proved some properties of such immersions.

Thereafter, many authors studied slant submanifolds of almost contact metric manifolds.

In [18], N. Papaghiuc introduced the notion of semi-slant submanifolds of almost Hermitian manifolds. Then Cabrerizo

et. al [5] defined and investigated semi-slant submanifolds of Sasakian manifolds. In this connection, it may be

mentioned that Sahin [19] studied warped product semi-slant submanifolds of Kaehler manifolds. Also in [1], Atceken

studied warped product semi-slant submanifolds in locallyRiemannian product manifolds. Again Atceken [2] studied

warped product semi-slant submanifolds in Kenmotsu manifolds. Beside these, Uddin and his co-authors studied warped

product submanifolds in different context such as ([13], [28]) etc. Recently, Hui and Atceken [10] studied warped

product semi-slant submanifolds of(LCS)n-manifolds.

Next, A. Carriazo [7] defined and studied bi-slant submanifolds in almost Hermitian manifolds and simultaneously gave

the notion of pseudo-slant submanifolds in almost Hermitian manifolds. The contact version of pseudo-slant

submanifolds has been defined and studied by Khan and Khan in [12]. In this connection it may be mentioned that

Atceken and Hui [3] studied slant and pseudo-slant submanifolds of(LCS)n-manifolds. Recently, Khan and Chahal [11]

have been studied warped product pseudo-slant submanifoldof trans-Sasakian manifolds.
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In 2003, Shaikh [20] introduced the notion of Lorentzian concircular structure manifolds (briefly,(LCS)n-manifolds),

with an example, which generalizes the notion of LP-Sasakian manifolds introduced by Matsumoto [15] and also by

Mihai and Rosca [16]. Then Shaikh and Baishya ([22], [23]) investigated the applications of(LCS)n-manifolds to the

general theory of relativity and cosmology. The(LCS)n-manifolds is also studied by Hui [9], Hui and Atceken ([3],

[10]), Shaikh and his co-authors ([21], [24], [25], [26], [27]) and many others.

Motivated by the studies the object of the present paper is tostudy warped product pseudo-slant submanifolds of

(LCS)n-manifolds. The paper is organized as follows. Section 2 is concerned with preliminaries. In section 3, we study

warped product pseudo-slant submanifolds of(LCS)n-manifolds. It is shown that there do not exist warped product

pseudo-slant submanifolds of an(LCS)n-manifoldM of the typeM = N⊥× f Nθ such thatN⊥ andNθ are anti-invariant

and proper slant submanifolds ofM, respectively such thatξ is tangent toNθ , where as the warped products of the form

M = N⊥ × f Nθ exist, wheneverξ is tangent toNθ . Finally, the existence of such submanifolds is ensured by an

interesting example.

2 Preliminaries

An n-dimensional Lorentzian manifoldM is a smooth connected paracompact Hausdorff manifold with aLorentzian

metric g, that is,M admits a smooth symmetric tensor fieldg of type (0,2) such that for each pointp ∈ M, the tensor

gp : TpM×TpM →R is a non-degenerate inner product of signature(−,+, · · · ,+), whereTpM denotes the tangent vector

space ofM at p andR is the real number space. A non-zero vectorv ∈ TpM is said to be timelike (resp., non-spacelike,

null, spacelike) if it satisfiesgp(v,v)< 0 (resp,≤ 0, = 0,> 0) [17].

Definition 1. In a Lorentzian manifold(M,g) a vector field P defined by

g(X,P) = A(X),

for any X∈ Γ (TM), is said to be a concircular vector field[30] if

(∇XA)(Y) = α{g(X,Y)+ω(X)A(Y)}

whereα is a non-zero scalar andω is a closed 1-form and∇ denotes the operator of covariant differentiation with respect

to the Lorentzian metric g.

Let M be an n-dimensional Lorentzian manifold admitting a unit timelike concircular vector fieldξ , called the

characteristic vector field of the manifold. Then we have

g(ξ ,ξ ) =−1. (1)

Sinceξ is a unit concircular vector field, it follows that there exists a non-zero 1-formη such that for

g(X,ξ ) = η(X), (2)

the equation of the following form holds

(∇Xη)(Y) = α{g(X,Y)+η(X)η(Y)} (α 6= 0) (3)

∇Xξ = α{X+η(X)ξ}, α 6= 0 (4)
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for all vector fieldsX, Y, where∇ denotes the operator of covariant differentiation with respect to the Lorentzian metricg

andα is a non-zero scalar function satisfies

∇Xα = (Xα) = dα(X) = ρη(X), (5)

ρ being a certain scalar function given byρ =−(ξ α). If we put

φX =
1
α

∇Xξ , (6)

then from (4) and (6) we have

φX = X+η(X)ξ , (7)

g(φX,Y) = g(X,φY) (8)

from which it follows thatφ is a symmetric (1,1) tensor and called the structure tensor of the manifold. Thus the Lorentzian

manifoldM together with the unit timelike concircular vector fieldξ , its associated 1-formη and an (1,1) tensor fieldφ is

said to be a Lorentzian concircular structure manifold (briefly, (LCS)n-manifold), [20]. Especially, if we takeα = 1, then

we can obtain the LP-Sasakian structure of Matsumoto [15]. In a (LCS)n-manifold(n> 2), the following relations hold

[20].

η(ξ ) =−1, φξ = 0, η(φX) = 0, g(φX,φY) = g(X,Y)+η(X)η(Y), (9)

φ2X = X+η(X)ξ , (10)

S(X,ξ ) = (n−1)(α2−ρ)η(X), (11)

R(X,Y)ξ = (α2−ρ)[η(Y)X−η(X)Y], (12)

R(ξ ,Y)Z = (α2−ρ)[g(Y,Z)ξ −η(Z)Y], (13)

(∇Xφ)Y = α{g(X,Y)ξ +2η(X)η(Y)ξ +η(Y)X}, (14)

(Xρ) = dρ(X) = β η(X), (15)

R(X,Y)Z = φR(X,Y)Z+(α2−ρ){g(Y,Z)η(X)−g(X,Z)η(Y)}ξ , (16)

for all X, Y, Z ∈ Γ (TM) andβ =−(ξ ρ) is a scalar function, whereR is the curvature tensor andS is the Ricci tensor of

the manifold.

Let M be a submanifold of a(LCS)n-manifoldM with induced metricg. Also let ∇ and∇⊥ are the induced connections

on the tangent bundleTM and the normal bundleT⊥M of M respectively. Then the Gauss and Weingarten formulae are

given by

∇XY = ∇XY+h(X,Y) (17)
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and

∇XV =−AVX+∇⊥
XV (18)

for all X,Y ∈ Γ (TM) and V ∈ Γ (T⊥M), where h and AV are second fundamental form and the shape operator

(corresponding to the normal vector fieldV) respectively for the immersion ofM into M. The second fundamental formh

and the shape operatorAV are related by

g(h(X,Y),V) = g(AVX,Y), (19)

for anyX,Y ∈ Γ (TM) andV ∈ Γ (T⊥M).

For anyX ∈ Γ (TM), we can write

φX = EX+FX, (20)

whereEX is the tangential component andFX is the normal component ofφX.

Also, for anyV ∈ Γ (T⊥M), we have

φV = BV+CV, (21)

whereBV andCV are also the tangential and normal components ofφV respectively. From (20) and (21), we can derive

the tensor fieldsE, F, B andC are also symmetric, becauseφ is symmetric. Also from (8) and (20) we have

g(EX,Y) = g(X,EY) (22)

for anyX,Y ∈ Γ (TM).

Throughout the paper, we considerξ to be tangent toM. The submanifoldM is said to be invariant ifF is identically

zero, i.e.,φX ∈ Γ (TM) for any X ∈ Γ (TM). Also M is said to be anti-invariant ifE is identically zero, that is

φX ∈ Γ (T⊥M) for anyX ∈ Γ (TM).

For anyX, Y ∈ Γ (TM), we have from (7), (17) and (20) that

∇Xξ = αEX, (23)

h(X,ξ ) = αFX. (24)

Definition 2. Let M be a submanifold of(LCS)n-manifoldM. For each non-zero vector X tangent to M at x, the angleθ (x),
0≤ θ (x)≤ π

2 betweenφX and EX is called the slant angle or the Wirtinger angle. If the slant angle is constant then the

submanifold is called the slant submanifold. Invariant andanti-invariant submanifolds are particular slant submanifolds

with slant angleθ = 0 and θ = π
2 respectively. A slant submanifold is said to be proper slantif the slant angleθ lies

strictly between 0 andπ2 , i.e.,0< θ <
π
2 [6].

Theorem 1.[2] Let M be a submanifold of a(LCS)n-manifoldM such thatξ is tangent to M. Then M is slant submanifold

if and only if there exists a constantλ ∈ [0,1] such that

E2 = λ (I +η ⊗ ξ ). (25)
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Moreover, ifθ is the slant angle ofM, thenλ = cos2 θ .

Also from (25) we have

g(EX,EY) = cos2 θ [g(X,Y)+η(X)η(Y)], (26)

g(FX,FY) = sin2 θ [g(X,Y)+η(X)η(Y)] (27)

for anyX, Y tangent toM.

Definition 3. Let M be a(LCS)n-manifold and M be an immersed submanifold inM. Then M is said to be pseudo-slant

submanifold ofM if there exist two orthogonal complementary distributions Dθ and D⊥ such that

(i) TM = D⊥⊕Dθ⊕< ξ >,

(ii) the distribution D⊥ is anti-invariant, that is,φ(D⊥)⊆ (T⊥M),

(iii) the distribution Dθ is slant with slant angleθ 6= π
2 .

From the above definition, it is obvious that ifθ = 0 andθ = π
2 , then the pseudo slant submanifold becomes semi-invariant

submanifold and anti-invariant submanifold, respectively. On the other hand, if we denote the dimensions ofDθ andD⊥

by d1 andd2, respectively, then we have the following cases.

(i) if d1 = 0, thenM is an anti-invariant submanifold,

(ii) if d2 andθ = 0, thenM is an invariant submanifold,

(iii) if d2 = 0 andθ 6= 0, thenM is a proper slant submanifold.

A pseudo submanifold is called proper ifd1.d2 6= 0, θ 6= 0 andθ 6= π
2 .

In this connection it may be mentioned that Atceken and Hui [3] studied pseudo-slant submanifolds of

(LCS)n-manifolds.

The notion of warped product manifolds were introduced by Bishop and O’Neill [4].

Definition 4. Let (N1,g1) and(N2,g2) be two Riemannian manifolds with Riemannian metric g1 and g2 respectively and

f be a positive definite smooth function on N1. The warped product of N1 and N2 is the Riemannian manifold N1× f N2 =

(N1×N2,g), where

g= g1+ f 2g2. (28)

A warped product manifoldN1× f N2 is said to be trivial if the warping functionf is constant.

More explicitely, if the vector fieldsX andY are tangent toN1× f N2 at (p,q) then

g(X,Y) = g1(π1∗X,π1∗Y)+ f 2(p)g2(π2∗X,π2∗Y),

whereπi (i = 1,2) are the canonical projections ofN1×N2 ontoN1 andN2 respectively and * stands for the derivative

map.

Let M = N1× f N2 be warped product manifold, which means thatN1 andN2 are totally geodesic and totally umbilical

submanifolds ofM respectively.

For warped product manifolds, we have [17].

Proposition 1.Let M= N1× f N2 be a warped product manifold. Then
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(i) ∇XY ∈ TN1 is the lift of∇XY on N1,

(ii) ∇U X = ∇XU = (X ln f )U,

(iii) ∇UV = ∇′
UV −g(U,V)∇ ln f , for any X, Y∈ Γ (TN1) and U, V∈ Γ (TN2), where∇ and∇′ denote the Levi-Civita

connections on N1 and N2, respectively.

3 Warped product pseudo-slant submanifolds of(LCS)n-manifolds

Let us suppose thatM = N1 × f N2 be a warped product pseudo-slant submanifold of a(LCS)n-manifold M. Such

submanifolds are always tangent to the structure vector field ξ . If Nθ and N⊥ are proper slant submanifolds and

anti-invariant submanifolds of a(LCS)n-manifoldM then their warped product pseudo-slant submanifolds may begiven

by one of the following:

(i) N⊥× f Nθ , (ii) Nθ × f N⊥.

We now prove the following.

Theorem 2.LetM be a(LCS)n-manifold. Then there does not exist warped product pseudo-slant submanifold ofM of the

type M= N⊥× f Nθ in M where N⊥ is an anti-invariant submanifold and Nθ is a proper slant submanifold ofM such that

ξ is tangent to Nθ .

Proof. From Proposition 1, we have

∇XZ = ∇ZX = (Z ln f )X (29)

for any vector fieldsX ∈ Γ (TNθ ) andZ ∈ Γ (TN⊥). If ξ ∈ Γ (TNθ ), then we have

∇Zξ = (Z ln f )ξ . (30)

On the other hand, from (4), (17) and Proposition 1, we have

Z(ln f )ξ = αZ (31)

Taking the inner product withξ in (31), we getZ(ln f ) = 0, which means thatf is constant onM and hence the proof is

complete.

Theorem 3.Let M be a(LCS)n-manifold. Then there exist warped product pseudo-slant submanifolds ofM of the type

M = Nθ × f N⊥ in M such that Nθ is a proper slant submanifold tangent toξ and N⊥ is an anti-invariant submanifold of

M.

Proof. For any vector fieldsX ∈ Γ (TNθ ) andZ ∈ Γ (TN⊥), from Proposition 1, we get the relation (29). Then forξ ∈

Γ (TNθ ) we have from (29) that

∇Zξ = (ξ ln f )Z. (32)

Again, from (4) and (17), we get

∇Zξ = αZ, (33)

h(Z,ξ ) = 0. (34)

From (32) and (33), we getξ ln f = α(6= 0) for all Z ∈ Γ (TN⊥). That means we get a non-zero and non-constant warping

function f . Hence such a structure exist and consequently the theorem is proved.
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Example 1.Consider the semi-Euclidean spaceR
11 with the cartesian coordinates(x1,y1 · · · ,x5,y5, t) and paracontact

structure

φ
(

∂
∂xi

)

=
∂

∂yi
, φ

(

∂
∂y j

)

=
∂

∂x j
, φ

(

∂
∂ t

)

= 0, 1≤ i, j ≤ 5.

It is clear thatR11 is a Lorentzian metric manifold manifold with usual semi-Euclidean metric tensor. LetM be a

submanifold ofR11 defined by

χ(u,v,w, t) = (vcosu, vsinu, wcosu, wsinu, v+2w,−2v+w,−wcosu, wsinu,−vcosu, vsinu, t)

with non-zerou, v, w andu∈
(

0, π
2

)

. Then the tangent space ofM is spanned by the following vectors

Z1 = −vsinu
∂

∂x1
+ vcosu

∂
∂y1

−wsinu
∂

∂x2
+wcosu

∂
∂y2

+wsinu
∂

∂x4
+wcosu

∂
∂y4

+ vsinu
∂

∂x5
+ vcosu

∂
∂y5

,

Z2 = cosu
∂

∂x1
+ sinu

∂
∂y1

+
∂

∂x3
−2

∂
∂y3

− cosu
∂

∂x5
+ sinu

∂
∂y5

,

Z3 = cosu
∂

∂x2
+ sinu

∂
∂y2

+2
∂

∂x3
+

∂
∂y3

− cosu
∂

∂x4
+ sinu

∂
∂y4

,

Z4 =
∂
∂ t

.

Then with respect to paracontact structure onR
11, we get

φZ1 = −vsinu
∂

∂y1
+ vcosu

∂
∂x1

−wsinu
∂

∂y2
+wcosu

∂
∂x2

+wsinu
∂

∂y4
+wcosu

∂
∂x4

+ vsinu
∂

∂y5
+ vcosu

∂
∂x5

,

φZ2 = cosu
∂

∂y1
+ sinu

∂
∂x1

+
∂

∂y3
−2

∂
∂x3

− cosu
∂

∂y5
+ sinu

∂
∂x5

,

φZ3 = cosu
∂

∂y2
+ sinu

∂
∂x2

+2
∂

∂y3
+

∂
∂x3

− cosu
∂

∂y4
+ sinu

∂
∂x4

,

φZ4 = 0.

It is easy to see thatDθ = Span{Z2,Z3} is a slant distribution with slant angleθ = cos−1
(3

7

)

andD⊥ = Span{Z1} is an

anti-invariant distribution. ThusM is a pseudo-slant submanifold ofR11. It is easy to see that both the distributions are

integrable. We denote the integral manifolds ofDθ andD⊥ by Mθ andM⊥, respectively. Then the product metricg of M

is given by

g=−dt2+7
(

dv2+dw2)+2
(

v2+w2)du2
.

Hence M is a warped product pseudo-slant submanifold ofR
11 of the type Mθ × f M⊥ with warping function

f =
√

2(v2+w2).

4 Conclusion

Let Nθ andN⊥ be proper slant and anti-invariant submanifolds of a(LCS)n-manifoldM then their warped product pseudo-

slant submanifolds may be given by one of the following.

(i) N⊥× f Nθ ,

(ii) Nθ × f N⊥. Here we prove two theorems. Theorem 2 states that there doesnot exist warped product pseudo-slant

submanifolds of(LCS)n-manifoldM of the typeM = N⊥× f Nθ such thatN⊥ andNθ are anti-invariant and proper

slant submanifolds ofM so thatξ is tangent toNθ . And theorem 3 states that there exist warped product pseudo-

slant submanifolds of a(LCS)n-manifoldM of the typeM = Nθ × f N⊥ such thatNθ is a proper slant submanifold

tangent toξ andN⊥ is an anti-invariant submanifold ofM. The example 1 also support the Theorem 3. So there is a
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natural question arises. Does there exist warped product pseudo-slant submanifolds of a(LCS)n-manifoldM of the

type,

(iii) M = N⊥ × f Nθ and (iv) M = Nθ × f N⊥ such thatNθ is a proper slant submanifold andN⊥ is an anti-invariant

submanifold tangent toξ of M? These problems are still open.
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