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Abstract: In this paper, a way to obtain 2-uninorm on bounded latticenflJ; disjunctive uninorm or{0,k] andU, conjunctive
uninorm onk, 1] is presented. When the conditions disjunctivé&gfor conjunctive ofJ, drop, it is showed that this method is invalid.
Additionally, some properties of this construction metfaod investigated.
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1 Introduction

Uninorms have attracted great interest because of applsabf uninorm like fuzzy logic, expert systems, neural
networks, fuzzy system modelling,[L3]; after being defined on the unit intenj@l 1] by Yager and Rybalovi[Z]. Since
bounded lattice case is more complex, uninorms on boundgidels has been a challenging problem for many
researchers3[5,6,7,11]. Besides uninorm ofD, 1], 2-uninorms are defined and studidg, 4].

2-uninorms are special operators since they covers unmoamd nullnorms. Because of this reason some
characterization of 2-uninorms on unit reel interval is e¢8. And also, some properties of 2-uninorms on unit reel
interval are studiedl] 4]. Despite being worked on unit reel interval, there is nokuor 2-uninorms on bounded lattice.

In this study, a way to obtain 2-uninorm Wty on bounded lattice from disjunctive uninori® k] and conjunctive
uninorm onlk, 1] is presented. If the conditions of disjunctive df or conjunctive ofU, are removed, an example is
given to show that the proposition is invalid. Under this stonction method, it is showed thiais absorbing element of
U2 andU? is neither disjunctive nor conjunctive 2-uninorm bnAdditionally it is obtained that even i#; andU, are
idempotentlJ2 may not be idempotent 2-uninorm &n

The paper is organized as follows. We shortly recall somé&lagtions and results in Section 2. In Section 3, we give a
method to obtain 2-uninormy? Uk f) ON bounded latticd using disjunctive uninorm o0,k] and conjunctive
uninorm onlk, 1]. Some properties of this construction method are also figaged in Section 3.

2 Notations, definitions and a review of previous results

A bounded latticeL, <) is a lattice which has the top and bottom elements, which aiteew as 1 and 0, respectively,
i.e., there exist two elementsde L suchthat 0< x < 1, forallx e L.
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Definition 1. [3] Given a bounded latticé, <,0,1), and ab € L, if a and b are incomparable, in this case we use the
notation d|b.

Definition 2. [3] Given a bounded latticélL, <,0,1), and ab € L, a< b, a subintervala,b] of L is a sublattice of L
defined as
[a,b]={xelL|a<x< b}.

Similarly, (a,b] = {xeL|a<x< b},[ab)={xeL|]a<x<b}and(ab)={xeL|a<x<b}.

Definition 3. [11] Let (L,<,0,1) be a bounded lattice. An operation {12 — L is called a uninorm on L, if it is
commutative, associative, increasing with respect to tith kariables and has a neutral elemerg &.

In this study, the notatiof# (e) will be used for the set of all uninorms on L with neutral eleec L.

IfU(0,1) =0, U is called conjunctive uninorm and if(0,1) = 1, U is called disjunctive uninorm.

If U (x,x) = x for all elements x L, U is called idempotent uninorm.

Consider the se¥ of all uninorms orL with the following order. FolJ \V € %,
U <V <= U (xy) <V(xy) forall (xy) e L%

Corollary 1. [11] Let(L,<,0,1) be a bounded lattice andeL \ {0,1}. Then the following uninorms#J: L?> — L and
Us, : L? — L, respectively, are the greatest and the smallest uninari with neutral element.e

XAy, if (xy) € [O,e]2

xVy, if (x,y) €[0,€] x (e,21]U(e 1] x [0, €]
Ur, (va) =49Y if xe [0,6] ) ylle

X, ifye[0,€ ,x|e

1, otherwise

xVy, if (xy) e [e1)?

xAy, if (x,y) €[0,e) x [e 1] U[e 1] x [0,€)
Us,(xy)=1y, ifxclel], yle

x, ifyelel],x|e

otherwise

Definition 4. [5] An operation T (S) on a bounded lattice L is called a trianguiarm (triangular conorm) if it is
commutative, associative, increasing with respect to thié bariables and has a neutral elemein(0). Let (L, <,0,1)
be a bounded lattice, & % (e) and e< L. It is known that if it is e= 1, uninorm U coincides t-norm and if it is 0,
uninorm U coincides t-conorm on L.

Definition 5. [10] Let (L,<,0,1) be a bounded lattice. An operation M.?> — L is called a nullnorm on L, if it is
commutative, associative, increasing with respect to tik bariables and there is an elementa such that \(x,0) = x
for all x < a, V(x,1) = x for all x> a. It can be easily obtained that(},a) = a for all x € L. So, the elementa L that
provide (x,a) = a for all x € L is called (absorbing) zero element for operator V an L

Definition 6. [4] Let(L,<,0,1) be a bounded lattice. An operator:A.?2 — L is called2-uninorm if it is commutative,
associative, increasing with respect to both variables fniiling

¥x <k F(e,x) =x andvx > k F(f,x) =x,
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whereek, f e Lwith0<e<k< f <1.By Ue r) We denote the class of &uninorms on bounded lattice L. Conjunctive,
disjunctive or idempotent 2-uninorm can be defined as defarashinorms.

3 A way to obtain 2-uninorm on bounded lattice

In this section, a method has been proposed for generatingrdmU? Uk(ef) ON bounded lattice. using Uy
disjunctive uninorm on0, k] andU, conjunctive uninorm ok, 1]. Even if one of conditiont); disjunctive uninorm on
[0,k] andU, conjunctive uninorm orfk, 1] is removed, an example is given to show that the propositiay ioe invalid.

Proposition 1.Let(L,<,0,1) be a bounded lattice, I [0,k]?> — [0,k] be a disjunctive uninorm with neutral element e and
U, : [k,1]? — [k, 1] be a conjunctive uninorm with neutral element f. Ther(4 k) = k for all x € [0,k] and Uy(y,k) = k
forally € [k, 1].

Proof. Let (L,<,0,1) be a bounded lattice. Sint# : [0,k]?> — [0,K] be a disjunctive uninorm with neutral elemest
U1(0,k) = k. Then,
k=U1(0,k) <U1(x,k) <Uy(1,k) =k

for all x € [0,K]. Then, it is obtained that; (x,k) = k for all x € [0,k]. SinceU; : [k,1]? — [k, 1] be a conjunctive uninorm
with neutral element, U,(k,1) = k. Then,

k= UZ(kv k) < UZ(ya k) < U2(17 k) =k

for ally € [k,1]. Then, it is obtained thad,(y,k) =k for ally € [k, 1].

Theorem 1.Let (L, <,0,1) be a bounded lattice, 1) [0,k]? — [0,K] be a disjunctive uninorm with neutral element e and
U, : [k,1]? — [k, 1] be a conjunctive uninorm with neutral element f. Then, tetion U? : L2 — L given by

Ui(xy), if (xy) € [0,k?
UZ(y) = qUa(xy),  if (xy) € k1 (1)

k otherwise,

is 2-uninorm in Yee 1.

Proof. (i) Monotonicity: We prove that ik < y then for allze€ L, U?(x,2) <U?(y,2). The proofis split into all possible
cases.
Letx< k.
1.1. y<k
1.1.1.z<k,
U2(x2) = U1 (x,2) <U1(y.2) =U%(y,2)

1.1.2.z>korz|k,
U?(x,2) =k=U?(y,2)

1.2. y>k
1.2.1.z<Kk,
U2 (x,2) = Us (x,2) < Uz (k k) = k=U2(y,2)

1.2.2.z> Kk,
UZ(sz) =k= UZ(yvz) = Uz(yaz) .

(© 2017 BISKA Bilisim Technology
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1.2.3.Z]k,
U%(x2) =k=U?(%.2).

1.3. ylk,
1.3.1.z<k,
UZ(XaZ) :Ul(X,Z) < Ul(kak) = k:UZ(yaZ)'

1.3.2.z> korz||k,

U?(x,2) =k=U?(y,2).

2. Letx >k Theny > k.
2.1. y>k
2.1.1.z<korzk,
U2(x,2) =k=U2?(y,2).

2.1.2.z2> Kk,
Uz(xvz) = UZ(XaZ> < UZ(kak> =k= Uz(yaz>

3. Letx||k. Theny > k or y| k.
3.1.y >k,
3.1.1.z<korzk,
U?(x,2) =k=U?(y,2)

3.1.22>k
Uz(xvz) :k:UZ(kvk) SUZ(yvz) :Uz(yaz>

3.2.y|k,
3.2.1.z€L,
U?(x,2) =k=U?(y.2)

(i) Associativity. We demonstrate tha? (x,U?(y,2)) =U? (U2(x,y) ,z) for all x,y,z€ L. Again the proof s split into
all possible cases considering the relationships of thaettsx, y,z andk.
1. Letx< k
1.1.y <k,
1.1.1.z<k,

U (xU?(%,2) = U2 (U1 (%,2)) = U1 (6 Us (%,2) = U1 (U1 (xY),2) = U1 (U2 (xy),2) =U? (U (xY),2)
1.1.2.z> Kk,
U?(xU?(y.2)) =U? (x,k) = U1 (x k) =k =U?(U1(xy).2) = U? (U (xY),2)
1.1.3.7||k,
U2 (xU?(%,2)) =U2(xk) = Ur (k) =k =U1 (U1 (xy),2) =U? (U1 (x),2) =U? (U2 (x.) ,2)

1.2.y >k,
1.2.1.z<Kk,

U2 (x,U2(y,2)) =U?(x,k) = Uz (x,k) =k =Uy (k,2) =U?(k,2) =U? (U2 (x,y) ,2)

(© 2017 BISKA Bilisim Technology
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1.22z>k,
UZ (xU?(y.2)) =U?(xU2(y.2)) =k=U(k,2) =U?(k 2) =U? (U?(xY),2)
1.2.3.7k,
U2 (x,U2(y,2)) =U?(x,k) = Uz (x,k) =k =U?(k,2) =U? (U2 (x,y),2)
1.3.y|k,
1.3.1.z<Kk,
U2 (x,U2(y,2)) =U?(x,k) = Uz (x,k) = k= U1 (k,2) = U?(k,2) = U2 (U2 (x,y) ,2)
1.32z>k,
U2 (x,U%(y,2)) =U2(x,k) = Uz (x,k) =k = U, (k,2) =U?(k,2) = U? (U2 (x,y) ,2)
1.3.3.7k,
U? (x,U%(y.2)) =U?(x.k) = U1 (x k) =k=U?(k 2) = U? (U (xY) .2)
2. Letx > k.
2.1.y<Kk
2.1.1.2<K,
UZ(xU?(y.2)) =U?(xU1(.2)) =k=Uy(k,2) =U?(k 2) =U?(U?(xY),2)
2.1.2.2>k,
U2 (x,U2(y,2)) =U?(x,k) = Uz (x,k) = k= Uy (k,2) = U?(k,2) = U2 (U2 (x,y) ,2)
2.1.3.7)k,
U2 (x,U2(y,2)) =U?(x,k) = Uz (x,k) =k=U?(k,2) =U? (U2 (x,y),2)
2.2.y>Kk

2.2.1.z<korzk,
U2 (xU?(y,2)) =U?(x,k) = U2 (x.K) =k=U?(U2(xy),2) = U? (U?(xy),2)
2222>k,
U?(x,U?(y,2)) =U?(x.U2(y,2)) = Uz (x,U2(y,2)) = U2 (U2(xy),2) =U (U*(x,y),2) =U?(U?(xy),2)

2.3.yJk,
2.3.1z<k,

U2 (x,U?(y,2)) =U?(x,k) = Uz (x,k) =k =U1 (k,2) =U? (k,2) =U?(U?(x,y) ,2)

(© 2017 BISKA Bilisim Technology
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2.3.2.2> kK,

U2(x,U2(y,2)) =U?(x,k) = Up (x,k) = k=Up (k,2) =U?(k,2) = U2 (U?(x,y) ,2)

2.3.37)k,

U2 (x,U2(y,2)) =U2(x,k) = Uz (x,k) =k=U?(k,2) =U? (U2 (x,y),2)
3. Letx|k.
3.1.y <Kk,
3.1.1.z<Kk,

U2 (x,U2(y,2)) =U?(x,U1(y,2)) =k=Us (k,2) =U?(k,2) =U? (U%(x,y),2)

3.1.2.z> Kk,

U2 (x,U2(y,2)) =U?(x,k) = k=Uz(k,2) = U?(k,2) = U? (U2(x,y),2)
3.1.3.Z]k,

U2(x,U2(y,2)) =U?(x,k) = k=U?(k,2) =U?(U%(x,y),2)

3.2.y > Kk,
3.2.1.z<Kk,

U2 (x,U2(y,2)) =U?(x,k) = k=U1(k,2) =U?(k,2) = U? (U2(x,y),2)
3.2.2.z> Kk,

U2(x,U2(y,2)) =U?(x,U2(y,2)) =k=Uz(k,2) =U?(k,2) =U? (U%(x,y),2)
3.2.3.| k,
U2 (x,U%(y,2)) =U?(x,k) =k=U?(k,2) =U?(U%(x,y),2)

3.3.y|k,
3.3.1.z<Kk,

U2 (x,U2(y,2)) =U?(x,k) = k=U1(k,2) = U?(k,2) = U? (U2(xy),2)
3.32.1>z>¢

U2 (x,U2(y,2)) =U?(x,k) = k=Uz(k,2) =U?(k,2) =U? (U2(x,y),2)
3.3.3.7|e,

U2(x,U2(y,2)) =U?(x,k) =k=U?(k,2) =U?(U%(xy),2)

It is trivial to see the commutativity and the fact thit e Ukef)-

(© 2017 BISKA Bilisim Technology
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Remarklf Uy is not disjunctive olJ, is not conjunctive, (3) may not produce a unindenConsider the latticél, <,0,1)
whose lattice diagram is displayed in Fig 1.

c b
a
0
Fig. 1: (L, <).
The functionU; on [0, d] as follows.
Ui |O0Oja|blc|d
0 0O|{O0O|bjc]|d
a Ola|bjc]|d
b |[b|b|b|d|d
c clc|d|c]|d
d [d|d|[d|d]|d

Table 1: The uninormJ; on [0,d].

and the functiotJ, on|[d, 1] as follows.

Rl olalc
RQ|alala|la
RQID| Q| d
RQ|— ||
[l l[(=]{{=}{{o][(e]
i i

Table 2: The uninormJ, on[d, 1].

It is clear that the functiot); is an uninorm orj0, d] with neutral elemen& andU, is an uninorm orid, 1] with neutral
elementf. It can be seen that; is a disjunctive uninorm and, is not a conjunctive uninornt? is obtained from (1) as
follows.

(© 2017 BISKA Bilisim Technology
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Rla|Ho|lalo|o|y|olc
Rlalalalalalalalala
Rla|olalalalalajalo
Rla|-+o|alalalalal—-
Pl r|lalalalalalalala
e =T f=1=1F-1

olo|oo(oo|a|oO|olo

o000 QN Q| T|T|o|0)

olooolal0|T]v| oD

O00oo 0|00 oo

Table 3: U2 onL.

SinceU, dont satisfies the conditions of TheorenUZ,is not an 2-uninorm ok since
U2(U?(g,b),c) =U?(d,c) =d # g =U?(g,d) = U*(g,U?(b,c)).

Corollary 2. (1) in theorem 2 produce an 2-uninorm such that neither cocfive nor disjunctive 2-uninorm in .

Proposition 2. Let (L, <,0,1) be a bounded lattice, ¥c Uk f) Such that satisfied conditions of theorem 2. Then, k is
absorbing element of ¥

Proof. Let (L, <,0,1) be a bounded latticé)? € Uy ). Then,U2(k,k) =k for k € L sincek = U?(e k) < U?(k,k) <
U2(f,k) = k. Itis satisfied that one of < k, x> k or x| |k for all x € L. Letx < k. Then,

k=U1(0,k) <Uz(x,k) =U?%(x,k) <U?(k k) = k.
So,U?(x,k) =k for x € L such thak < k. Letx > k. Then,
k=U?(k k) <U?(x,k) =Uz(x k) <Up(1,k) = k.

So,U?(x,k) = kfor x € L such thak > k. Letx||k. ThenU?(x,k) = k for x € L such thak||k using (1). Then, it is obtained
thatU?(x,k) = k for x € L.

Corollary 3. Let(L,<,0,1) be a bounded lattice such that there is at least one elemehtthat incomporable element
with k, Uy : [0,K]> — [0,k] be a disjunctive uninorm with neutral element e ang:Uk,1]?> — [k,1] be a conjunctive
uninorm with neutral element f. Then, the functiof:L? — L as mentioned in theorem 2 is not idempotent 2-uninorm
on L even if 4 is idempotent uninorm of®, k] and U, is idempotent uninorm ofk, 1].

Consider the sélly ) of all 2-uninorms orL with the following order:
ForG,H ¢ Uk(&f)’
G <H < G(xy) <H(xy) forall (xy) e L2

Proposition 3. Let (L, <,0,1) be a bounded lattice. Let take &= Ut, on [0,k] with neutral element e andd= Ug, on
[k, 1] with neutral element f. In these constraints, let call 2narm in (1) as U. Then, U satisfies neither Y < F nor
U* > F for every F€ Uy 1) such thatU | [0,K] # F | [0,k and U* | [k, 1] # F | [k, 1]. So, if U* | [0,k] # F | [0,k] and
U* ][k 1] #F | [k 1], U* is incomporable with F for Fe Uy 1)

Proof. Let assume that)* < F. Then,U*(x,y) < F(x,y) for all (x,y) € L% So, it has to be satisfied thet*(x,y) =
Ur, (x,y) < F(x,y) forall (xy) € [0,K?. Itis known that ifF € Uke ), F 1 [0,K] is an uninorm o010, k] with neutral element
e. This contradict tdJ *(x,y) = Ur, is greatest uninorm oj®,k]. Let assume thai* > F. Then,U*(x,y) < F(x,y) for all

(© 2017 BISKA Bilisim Technology
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(xy) € L2. So, it has to be satisfied that (x,y) = Us, (x,y) > F(x,y) for all (x,y) € [k, 1]2. It is known that ifF € Uke f)
F | [k, 1] is an uninorm orik, 1] with neutral element. This contradict tdJ*(x,y) = Ug, is smallest uninorm of0, k.
So, ifU* | [0,k] #F | [0,k andU* | [k, 1] # F | [k, 1], U* is incomporable withF for F € Uy 1)

4 Conclusion

2-Uninorms is generalization of both uninorms and nullner@onsidering this, it is very important to study 2-uninerm
on bounded lattices. 2-uninorms have been characterizai¢@ 1] unit reel interval as the point of discontinuity][
2-uninorms have not been studied on bounded lattice yetribest knowledge. In this paper, if there &fgdisjunctive
uninorm|0, k] andU, conjunctive uninorm ofk, 1], it is showed that there is way to obtain 2-uninorms on bodraltices
such thatU? ¢ Uk(e f)- Moreover, this construction method gives a way to get Zwamms on bounded lattice such that
neither conjunctive nor disjunctive. Additionally, it if@wed that 2-uninorms obtained by this method does not lwave t
be idempotent even ¥, andU, are.
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