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Abstract: In this study, we investigate spherical indicatrix of paliti null curves in Semi-Riemann spa% . First, we calculate
Frenet apparatus of tangent, normal, first and second baldrdicatrices. Moreover, we characterized spacelike tandlike null
curves inR‘z‘ and we give necessary condition the curve lie on pseudo sgpeze.
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1 Introduction

The local theory of space curves are mainly developed byeSErenet theorem which expresses the derivative of a
geometrically chosen basis Bf by the aid of itself is proved. Then it is observed that by thlison of some special
ordinary differential equations, further classical tapifor instance spherical curves, Bertrand curves, Mammlearves,
constant breadth curves, slant helix, general helix, unes and evolutes are investigated. One of the mentioneidsvior
spherical images of a regular curve in the Euclidian spddse.d well-known concept in the local differential geometry
of the curves. Such curves are obtained in terms of the Sereetet vector fields [1].

Spherical indicatrices are investigated in four dimenai& Yilmaz studied spherical indicatrices of curves in ligigan

4 space and Lorenzian 4 space [9,10]. Moreover, Yilmaz amgutstudied spherical images according to Type-1 and
Type-2 Bishop frame in Euclidean and Minkowski space [1R,1&ter Yimaz and Savcl given characterizations of
spherical images according to Type-2 Bishop frame in Mingkiv@-space. Additionally, Yilmaz characterized sphédrica

images according to Type-1 Bishop frame in Minkowski 3-&p@G8].

In analogy with the Euclidean curves and their Frenet eqoatithe Frenet equations of a spacelike and a timelike
curves, lying fully in the semi—Euclidean sp&gég, are given in [4]. For the moving Frenet frames along suchresyrit

is assumed to be orthonormal, consisting of four non—nwtorefields{T,N,Bs, B}, which are called respectively the
tangent, the principal normal, the first binormal and theosdcbinormal vector field. In particular, when the Frenet
frame along a spacelike or a timelike curve contains a nultars, such curve is said to be a pseudo null curve or a
partially null curve [6].

* Corresponding author e-maiiyasavci@hotmail.com ®© 2017 BISKA Bilisim Technology


 http://www.ntmsci.com/jacm

(_/
24 BISKA U. Z. Savci and Suha Yilmaz: On spherical indicatrices piytnull curves inR}

2 Preliminaries

The semi-Euclidean spa&4 is the Euclidean 4-spad* equipped with an indefinite flat metric given by
g=—-d&—dx+d3g+dx

where(x1,X2,X3,X4) is a rectangular coordinate systenﬁff Sincegis an indefinite metric recall that a vectoe Eg‘ can
be one of three causal characters; it can be space-lie,if) > 0 orv =0, time-like if g(v,v) < 0 and null ifg(v,v) = 0
andv # 0. Similarly, an arbitrary curver = a(s) in E5 can locally be space-like, time-like or null (light-likef)all of
its velocity vectora' is respectively space-like, time-like or null (light-likéor everys € J € R. The pseudo-norm of an
arbitrary vectora € Ej is given by||al| = v/|< a,a>]. The curveqa is called a unit speed curve if its velocity vector
satisfies|a'|| = 1. For any vectors,w € Ej, they are said to be orthogonal if and only<f u,w >= 0. The Lorentzian
pseudo hyper sphere of center= (my, my, Mg, my) and radius € R* in the spacd&; defined by

Simr) = {a = (a1,02,03,04) € E3 | g(a —m,a —m) =r?}.

Denote by{T,N,B;,B,} the moving Frenet frame along curaen the spaceEg. Let a be a space-like curve in the space
E3, the Frenet formulae are given as

T Okgo O[T

N ki O ks O N

Bl |0O0ks O ||B (1)
1 3 1

B, Ok O —ks| | By

whereky, ko andks are the first, second and third curvatures of the carveespectively and
g(T,T) =1, g(N,N) = -1, g(By,B1) =9(B2,B2) =0, g(B1,B2) = 1.

Leta be a time-like curve in the spa&, the Frenet formulae are given as

T Ok 0 07T
N| |k 0k O N @
B, 0 0k O ||B;
B, 0 -k 0 —ks| | By

whereky, ko andks are the first, second and third curvatures of the carviespectively and [6]
9(T,T)=—1, g(N,N) =1, g(B1,B1) =9(B2,B2) =0, g(B1,B2) = 1.

Theorem 1.Leta unit speed curve in four dimensional Lorentzian space. im¢ase

|
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N — ||a‘|\za”— <a',a">a'
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whereo = +1if curve is spacelikeg = —1if curve is timelike. First, second and third curvature ofweia respectively

HHa‘HZaM <a,a"> a'H

1=

o) *
TANAQ"||a
Ky — H2 [ lla] @)
HHa‘H a"—<a‘,a“>a'H
e — <a™ By >
STITANAGY

Definition 1. Let x= (x1,X2,%3,X4), Y = (Y1,Y2,Y3,Ya) and z= (z1,2,23,24) be vectors in B. The vectors product in £
is defined with the determinant

—€ €636

X1 X2 X3X4

Y1 Y2 Y3VYa

L L BYL

XAYAz= —det

where g, ey, e3 and g are mutually orthogonal vectors satisfying equations [9]

BN ANE =861, @A NE =€, 3ANE =6, 4N NE =€3.

3 Spherical indicatrices of spacelike partially null curvein E3

In this section, we examine spacelike curve with normahietike, first and second binormal are null vectors.

Theorem 2.Leta = a(s) be spacelike partially null unit speed curve with normaliiselike, first and second binormal
are null vectors andKs), ka(s) and k(s) first, second and third curvature of(s) respectively in E. If the curvea (s) is
pseudo hyper spherical curve then

k
K = i [(kako) +ka(K; +kaka)]
1K2
where K £ 0, k, 20 and kg #£ 0.
Proof. Equation of pseudo hyper sphere is defined by
(C—d(9) (C-a(s) =
wherer is radius ancC is centre of pseudo hyper sphere. If the cum¢s) is pseudo hyper spherical curve then

fi(9=f'(s)=f"(5=FfV)(g=0

wheref(s) = (@(s) — C)2— r2 = 0 then we can write

if fi(s)=0, then(@—C)-T =0

if f'(s)=0, then(d —C) kN —-1=0 :
if £/(s)=0, then(@ — C)-[kikB1+k N]=0 ®)
if £0V)(s) =0, then(d — C)- [k“WH(klkz) + Kk + kakoks} B1] =

(© 2017 BISKA Bilisim Technology
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Using equations (1) and (5), we get

(@-C) N=¢,
(7—8)'312@%,

substituting equations (6) into equation{®je obtain

(6)

k\
ki = ——[(kika)' -+ ka(K; + Kiks)].
kiko

Let C = 61(s)T + B2(s)N + 63(s)B1 + 64(s)B2 is vectorial equation of center of pseudo hyper sphere.dJsguations
(5) and (6), we obtain

g iN-Ng,

ki Kk,

Theorem 3.Leta = a(s) be spacelike (or timelike) partially null unit speed cunighwmormal is timelike (or spacelike),
first and second binormal are null vectors and¥, kz(s) and k(s) first, second and third curvature of(s) respectively
in E5. Then normal vector N af (s) satisfies a vectorial differential equations as follow

S

d?y K, dy o, kik, B
PR [—k—2 — kg]d—s —Kfy+ [k—2 —k— klkg]Zkl(S)y(S)dS— 0
where k # 0and y(s) = (Ill—g).

Proof.Let a = a(s) be spacelike from equations {1gnd (1), we get

N =
B, =

&=

() —kaT]

taking the derivative above equations and using equatibgsve get
1.1, Lok T
(k_z[(k_l) —le]) = k_z[(k_l) —kaT]

we arrangement this equations and taking into considm&o(%) we have

@y Ky o kK _
PR [—k—2 — kg]d—s — Ky + [k—2 —ki— k1k3]{kl(s)y(s)ds_ 0

S
whereT = [ki(s)y(s)ds
0

(© 2017 BISKA Bilisim Technology
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3.1 Tangent indicatrices of spacelike partially null cumeEg‘

Leta = a(s) be spacelike partially null unit speed curvebg. By means of Frenet equations, let us calculate following
differentiations respect t&

"5 =T(9=B(9)

B =kN
(7)

B" = KT + KN + kikoBy

B" = 3kak; T + (k3 + K )N + (2K ko + k1K, + Kikokz)By.

From the equations (1), (3) and (7) we have tangent and nonaiigahtrices

kiN
TB = k—l =N
N k%T + 2k;N + kikoBg
s =
|k — (2K )2

using, the equations (1), (4) and (7), we can obtain first @edrsd curvatures of curnye

R,
3=—>—
B k%

Since||T ANAB"|| =0, Byg, Bog andksg are not defined.

3.2 Normal indicatrices of spacelike partially null curve;,

Leta = a(s) be spacelike partially null unit speed curveb§. By means of Frenet equations, let us calculate following
differentiations respect t8

¢(s) =N(s)

¢ = kiT +koBy

¢" =K T+ KN+ (K, + koks) By

¢" = (I3 + KT + Bkak; N + (k2ka + Kj + (KaKz)' + Kyks + kok3) By

(8)

From the equations (1), (3) and (8), we have

kiT +koBy
K
1
Np = K3N + (keky, — K ko + kikoks) By

kg

(© 2017 BISKA Bilisim Technology
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Using, the equations (1), (4) and (8), we can obtain first @edisd curvatures of curve

kop = O.

Since[|TANA ¢"|| =0, By, B2y andksy are not defined.

3.3 First binormal indicatrices of spacelike partially hgurve in E

Leta = a(s) be spacelike partially null unit speed curveb§. By means of Frenet equations, let us calculate following
differentiations respect t&

A(s) =Ba(9)

X' =ksBy

A" = (K;+k3)By

A" = (K + Bkaky + k3)B1

9)
From the equations (1), (3) and (9), first binormal indiaagsi are undefined.

3.4 Second binormal indicatrices of spacelike partiallyl surve in E

Leta = a(s) be spacelike partially null unit speed curvebf. By means of Frenet equations, let us calculate following
differentiations respect t®

(s) = Ba(s)
' = koN — k3B
(10)
' =kikoT + (K; + koka)N + k%Bl + (k% —k5)B2
P" =a1(s)T +ay(s)N + az(s)B1 + as(s)Bz

where

2L
ND)
|

KKz + 2kiK, — kikoka

(
ay(s) = kika + (K3 — koka)' + ka (kG — kj) (11)
(
(

and fourth differential ofy

Yy (s) = (a) +kiaz) T + (kiar + a, + koay)N 2
+(koap + a5+ kaag) By + (a), — kaas)Bo

From the equations (1), (3), (10) and (11), we have
B k2N — kng

ko
N kob1 T + koboN + kobsBi + baBy
=

Ko /[IBIG — [2(Ky + koka)]2 + (kok3 — (koks) |

Ty

(© 2017 BISKA Bilisim Technology
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whereb (s) = Kikp, b2(S) = 2(K, + koks) + k2ks, bs(s) = k3, ba(s) = kokZ — (kzks)' to obtainB, we needT AN A Q" if
we product tree vectors as cross product, we get

TANAG@" =c1(s)T + c2(S)N + c3(S)B1 + €4(s) B2
where
C1(S) = kabzap — (ksbz + kabg)ag + kobzay
CZ(S) = k3b3al — k2b1a3
(13)
C3(S) = (kabg + ksbz)azy — kabrax — kobray
C4(S) = k3b3a1 — kzbj_ag,

equations (1), (3), (10), (11), (12) and (13), we hByg andByy

C1

Boy = T+ —2 N
Y e R = e

- < B1— < 2
\/|c§-c§+c403| \/|c§-c§+c403|

and B = i ([habacs —kabits —kobucs + ssca]T
+[ksbscs — ksbics]N
—[kabaCy — kab1Co — koboCs + k3bacy By
—[kabscy — kabsC3]By

From the equations (1), (3) (10), (11), (12) and (13), we getatures ofy as follow

V11— [2(k; +koka) 2+ ollolg — (loks) 2]
kiy = k%

/KK = 20k + keoks) 2+ kKol — (koka) )]

Koy
ko /GG — [2(Ky + koka)]2 + (kok3 — (koks) )|

kay = g{c1(a) + kiap) — ca(kuan + &, + koaa)
—Ca(ay — ksay) — Ca(koaz + a5+ kaag) }

4 Spherical indicatrices of timelike partially null curve in E3

In this section, we examine timelike curve with normal isegike, first and second binormal are null vectors.

Theorem 4.Leta = a(s) be timelike partially null unit speed curve with normal isasplike, first and second binormal
are null vectors and Ks), k(s) and k(s) first, second and third curvature of(s) respectively in E. If the curvea (s) is
pseudo hyper spherical curve then

k\
K = = [(kikz)' + ka(K; + Kiks)]
kiko

where K £ 0, k, 20 and kg #£ 0.

(© 2017 BISKA Bilisim Technology
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Proof. Equation of pseudo hyper sphere is defined by
(C-T(9)-(C-T(9
wherer is radius andC is centre of pseudo hyper sphere. If the cumg) is pseudo hyper spherical curve then
fi(s)=f'(s)=1"(s)=fV)(s)=0

wheref(s) = (o (s) — 8)27 r? then we can write

if f'(s=0, then(d-C)-T =
if f'(s)=0, then(d — C)- le+1 0
if () =0, then(@ —C)-[kN +kikxB1] =0 (14)
if 1V)(s) =0, then(@ — C)-| HW+{ keka)' + Kiko + kikoks} B 1] =
Using equations (14) and (2) we get
(@-C)-N=-p,
(15)
(@-C)-Bi= .

substituting equations (14) into equation (&) obtain

k
k= —k[(klkz) + ka(Ky + Kiks)].

LetbeC = 61(s)T + 62(s)N + 65(s)B1 + 04(s) B2 is vectorial equation of center of pseudo hyper sphere.dJsiuations
(14) and (15), we obtain
k\
C-d- N LB,

ky k2kz

4.1 Tangent indicatrices of timelike partially null cur\melig1

Let a = a(s) be timelike partially null unit speed curve Ef. By means of Frenet equations, let us calculate following
differentiations respect t®

d

49 —T(s)=B(9
B'=kN
B" = KT + k;N + kikoBy

(16)

B" = 3kak; T + (k3 + KN + (2K ko + kK, + Kikoks) By

From the equations (2), (3) and (16) we have tangent and namdieatrices

kiN
Tp=SN =N

K2 TJrszl
Ng ==

(© 2017 BISKA Bilisim Technology



NTMSCI 2, No. 1, 23-34 (2017) lttp://www.ntmsci.com/jacm BISKA 31

Using, the equations (2), (4) and (16), we can obtain firstsudnd curvatures of curye

Since||T ANAB"|| =0, Byg, Bog andksg are not defined.

4.2 Normal indicatrices of timelike partially null curve Eﬁ

Let a = a(s) be timelike partially null unit speed curve Ef. By means of Frenet equations, let us calculate following
differentiations respect t8

¢(s) =N(s)

¢' =Kk T+ koBy

0" =K T + KN+ (K, + koks) By

0" = (k3 + KT + 3kgk,N + (ko + Ky + (koka) '+ Kiks + kok2)By

(17)

From the equations (2), (3) and (17), we have

kiT + koBy
Tp = o 251
Ky
N 2T +KIN+ kl[ (kiko) + k1k2k3]
o =

—(2k))?

Using, the equations (2), (4) and (17), we can obtain firstsmuond curvatures of curge

2k‘

kap = O.

Since|| TANA¢"|| =0, By, Boy andksy are not defined.

4.3 First binormal indicatrices of timelike partially nutiurve in E§

Leta = a(s) be spacelike partially null unit speed curveb. By means of Frenet equations, let us calculate following
differentiations respect t®

A(s) =Ba(9)
A =ksBy
(18)
A= (Ky+K3)B1
A= (K + Bkaks + k3)By

From the equations (2), (3) and (18), first binormal indicas are undefined.

(© 2017 BISKA Bilisim Technology
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4.4 Second binormal indicatrices of timelike partially incdrve in Eg

Let a = a(s) be timelike partially null unit speed curve Ef. By means of Frenet equations, let us calculate following
differentiations respect t®

Y(s) =Bz(9)
¢' =koN — k3B
(19)
P =k ko T + (k'z + kzkg)N + k%Bl + (k% — ké)Bg
Y" =ay(s)T + ax(S)N + az(s)B1 + a4(s)B;
where
al(s) = kikoks — k‘lkz — 2klk'2
az(S) = (k‘ — k2k3)' — k2|(2 — k2(k2 —k )
3 1 3 K3 (20)
83(8) = 73k2|(12
a4(s) = (K5 — k3)' — ks(k§ — k3)
and fourth differential ofy
g (s) = (a) +kiaz) T + (kiar + a, + koay)N 1)

+(koaz + a3+ k3ag) By + (a, — ksau) B,
From the equations (2), (3), (19) and (20), we have

—koN—k3B:
Ty = = - 3B2
N b1 T + kobaN + bzBg + byB
W

koy/|-GK3 + 242H3 — ka(koka — kol )|

whereby (s) = —kik3, ba(s) = k3ks, ba(s) = —K3, ba(s) = —k3k3 + ka(kaK; — kyks). To obtainByy, we needl AN A o' if
we product tree vectors as cross product, we get

TANA A" =ci(S)T + c2(S)N + c3(S)B1 + €4(S)B2
where
C1(S) = —ksbgaz + (—kabz + kobg)az — kobzay
+kabza; — ksbiag

- (22)
= (kobs — kabz)ay + ksbrap — kobjas

Co(s

)
)
cs(s)
C4(s) = kabsay — kobzas,
equations (2), (3), (19), (20), (21) and (22), we hByg andByy

C2

a7 N
GG an |GG

Boy =

+ C3 B+ G4 B,
VIG-GBroacs| /| E-Breacy|

(© 2017 BISKA Bilisim Technology
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and
Biy = —————{[KsbaC3 + kob3Cs — kobaCs + k3bsco| T
|c-c5+cacs]

+[ksbsci + ksbycs]N
+[kobacy — k3biCo + kobpca — k3boci By
+ [kzbgCl + k2b103] B,

From the equations (2), (4) (19), (20), (21) and (22), we lawgatures of) as follow:

2+ 288 — ks — k)
ki = 2

G- s

kz\/ | —K2I2 -+ [2(K, + koks)]2 + ko (kok2 — (Koks)") |

koy =

kay = 1 {C1(8) +kiap) — Co(Keas + @, — koaa)

+C3(ay — kaau) + Ca(kodp + a3 + ksag) }
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