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Abstract: In the present paper we study locallyφ -symmetric, locally projectiveφ -symmetric,φ -recurrent andφ -projectively flat
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1 Introduction

In 1924, the idea of semi-symmetric linear connection on a differentiable manifold was introduced by Friedmann and

Schouten [5]. In 1930, Bartolotti [2] gave a geometrical meaning of such a connection. Further, the concept of metric

connection with torsion on a Riemannian manifold was definedby Hayden [7]. Later Yano[18] studied some curvature

and derivational conditions for semi-symmetric metric connection in Riemannian manifolds. As a generalization of

semi-symmetric connection, Golab [6] introduced quarter symmetric connection on a differentiable manifold.

A linear connectioñ∇ on ann-dimensional differentiable manifold is said to be a quarter-symmetric connection [6] if its

torsion tensorT is of the form

T(X,Y) = ∇̃XY− ∇̃YX− [X,Y] = η(Y)φX−η(X)φY, (1)

whereη is a 1-form andφ is a tensor field of type(1). In particular, if we replaceφX by X andφY by Y, then the

quarter-symmetric connection reduces to a semisymmetric connection [5]. Further if quarter-symmetric linear connection

∇̃ satisfies the condition

(∇̃Xg)(Y,Z) = 0, (2)

for all X,Y,Z ∈ χ(Mn), whereχ(Mn) is the Lie algebra of vector fields on a manifoldM, then ∇̃ is said to be a

quarter-symmetric metric connection. Quarter-symmetricmetric connection on different manifold have been studied by

many authors like Rastogi [13,14], Mishra and Pandey [8], Yano and Imai [19], De et al. [3,9], Pradeep Kumar et al.[11,

12,16] and others.

In 2005, Yildiz and Murathan [21] introduced Lorentzianα-Sasakian manifold. Later, many geometers have studied

Lorentzianα-Sasakian manifolds with different curvature restrictions in the papers [1,4,21,22] and others.

∗ Corresponding author e-mail:vensmath@gmail.com c© 2017 BISKA Bilisim Technology

 http://dx.doi.org/10.20852/ntmsci.2017.156


70 Venkatesha, Divyashree: Quarter-symmetric metric connection on a Lorentzianα-Sasakian manifold

Motivated by the above studies, we have made an attempt to study quarter-symmetric metric connection on a Lorentzian

α-Sasakian manifold. The present paper is structured as follows: The section2 is equipped with some preliminaries of

Lorentzianα-Sasakian manifold. Section3 and 4 are devoted respectively to the study of locallyφ -symmetric and

locally projectiveφ -symmetric Lorentzianα-Sasakian manifold admitting quarter-symmetric metric connection. And in

sections5 and6, we have proved thatφ -recurrent andφ -projectively flat Lorentzianα-Sasakian manifolds with respect

to quarter-symmetric metric connection is a generalizedη-Einstein manifold. In the last section, we have constructed an

example of a Lorentzianα-Sasakian manifold with respect to quarter-symmetric metric connection.

2 Preliminaries

A n-dimensional differentiable manifold M is called a Lorentzianα-Sasakian manifold [21], if it admits a (1) tensor field

ϕ , a contravariant vector fieldξ , a covariant vector fieldη and a Lorentzian metric g which satisfy,

ϕ2X = X+η(X)ξ ,g(X,ξ ) = η(X),η (ξ ) =−1, (3)

g(ϕX,ϕY) = g(X,Y)+η(X)η(Y), (4)

ϕξ = 0,η(ϕX) = 0 (5)

Also a Lorentzianα -Sasakian manifoldM satisfies [21,17],

∇Xξ = αϕX, (6)

(∇Xη)(Y) = αg(ϕX,Y) , (7)

η (R(X,Y )Z) = α2[g(Y,Z)η(X )−g(X,Z)η(Y)], (8)

R(ξ ,X)Y = α2[g(X,Y)ξ −η(Y)X], (9)

R(ξ ,X)ξ = α2[η(X)ξ +X], (10)

R(X,Y)ξ = α2[η(Y)X−η(X)Y], (11)

(Xϕ)(Y) = α[g(X,Y)ξ +η(Y)X], (12)

S(X,ξ ) = (n−1)α2η(X), (13)

S(ϕX,ϕY) = S(X,Y)+ (n−1)α2η(X)η(Y), (14)

for any vector fieldsX,Y,Z ∈ M and where∇ denotes the operator of covariant differentiation with respect to Lorentzian

metricg andα ∈ R. The relation between quarter-symmetric metric connection ∇̃ and the Levi-Civita connection∇ onM
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[10] is given by,

∇̃XY = ∇XY+η(Y)φX. (15)

By virtue of (15), the relation between Riemannian curvature tensorR̃, Ricci tensorS̃and scalar curvature ˜r with respect

to quarter-symmetric metric connection and the Riemanniancurvature tensorR, Ricci tensorRand scalar curvaturer with

respect to Levi-Civita connection in a Lorentzianα-Sasakian manifold [10] are given as follows.

R̃(X,Y)Z = R(X,Y)Z+α[g(ϕX,Z)ϕY−g(ϕY,Z)ϕX]+αη(Z)[η(Y)X−η(X)Y], (16)

S̃(Y,Z) = S(Y,Z)+α[g(Y,Z)+nη(Y)η(Z)], (17)

r̃ = r. (18)

A Lorentzianα -Sasakian manifoldMn is said to be a generalizedη -Einstein manifold [23] if the following condition

S(X,Y) = λg(X,Y)+ µη(X)η(Y)+νΩ(X,Y), (19)

holds on M. Whereλ , µ andν are smooth functions andΩ (X ,Y ) = g(ϕ X ,Y ). If ν = 0 thenthe manifold is anη
-Einstein manifold.

3 Locally φ -symmetric Lorentzian α-Sasakian manifold admitting quarter-symmetric metric

connection

Definition 1. A Lorentzianα -Sasakian manifold M is said to be locallyφ -symmetric if

φ2((∇wR)(X,Y)Z) = 0 (20)

for all vector fields X,Y,Z and W orthogonal toξ on M. This notion was introduced by Takahashi for Sasakian manifold

Definition 2. A Lorentzianα-Sasakian manifold M is said to be locallyϕ-symmetric with respect to quarter symmetric

metric connection if

φ2((∇̃wR̃)(X,Y)Z) = 0 (21)

for all vector fields X,Y,Z and W orthogonal toξ on M.

Theorem 1. A Lorentzianα−Sasakian manifold is locallyφ -symmetric with respect to the quarter-symmetric metric

connection∇̃ if and only if it is locallyφ -symmetric with respect to the Levi-Civita connection.

Proof.From equation (15) and (16), we have

(∇̃wR̃)(X,Y)Z = (∇wR̃)(X,Y)Z+η(R̃(X,Y)Z)φW. (22)

Differentiating (16) covariantly with respect toW, we obtain

(∇wR̃)(X,Y)Z = (∇wR)(X,Y)Z+α {g((∇wφ)(X),Z)φY+g(φX,Z)(∇wφ)(Y)}

−α {g((∇wφ)(Y),Z)φX}+g(φY,Z)(∇wφ)(X)}+α(∇wη)(Z)[η(Y)X

−η(X)Y]+α{η(Z)[(∇wη)(Y)X− (∇wη)(X)Y]}.

(23)
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Using (7) and (12), (23) reduces to

(∇wR̃)(X,Y)Z = (∇wR)(X,Y)Z−α2{g(W,Y)η(Z)+g(W,Z)η(Y)}φX

+α{g(W,X)η(Z)+g(W,Z)η(X)}φY+α2{g(φX,Z)g(W,Y)ξ +g(φX,Z)η(Y)W}

−α2{g(φY,Z)g(W,X)ξ +g(φY,Z)η(X)W}+α2g(φW,Z)[η(Y)X
−η(X)Y]+α2[g(φW,Y)X−g(φW,X)Y]η(Z).

(24)

Taking inner product of (16) with x and then using (3), (5) and(8), we obtain

η
(

R̃(X,Y)Z
)

= α2{g(Y,Z)η (X)−g(X,Z)η (Y)} . (25)

Making use of equations (24) and (25), equation (22) becomes

(∇̃WR̃)(X,Y)Z = (∇̃WR)(X,Y)Z−α2{g(W,Y)η(Z)+g(W,Z)η(Y)}φX

+α2{g(W,X)η(Z)+g(W,Z)η(X)}φY+α2{g(φX,Z)g(W,Y)ξ +g(φX,Z)η(Y)W}

−α2{g(φY,Z)g(W,X)ξ +g(φY,Z)η(X)W}+α2g(φW,Z)[η(Y)X−η(X)Y]+α2[g(φW,Y)X

−g(φW,X)Y]η(Z)+α2{g(Y,Z)η(X)−g(X,Z)η(Y)}φW.

(26)

By applyingφ2 on both sides of (26) and using (3), we obtain

φ2(∇̃WR̃)(X,Y)Z = φ2(∇WR)(X,Y)Z−α2{g(W,Y)η(Z)+g(W,Z)η(Y)}φ2(φX)+α2{g(W,X)η(Z)
+g(W,Z)η(X)}φ2φY+α2g(φX,Z)η(Y)φ2W−α2g(φY,Z)η(X)φ2W

+α2g(φW,Z)[η(Y)X−η(X)Y]+α2[g(φW,Y)X+g(φW,Y)η(X)ξ −g(φW,X)Y

−g(φW,X)η(Y)ξ ]η(Z)+α2{g(Y,Z)η(X)−g(X,Z)η(Y)}φ2φW.

(27)

AssumingX,Y, ZandW are orthogonal toξ , (27) reduces to,

φ2(∇̃WR̃)(X,Y)Z = φ2(∇WR)(X,Y)Z (28)

This completes the proof of the theorem.

4 Locally projectiveφ -symmetric Lorentzian α-Sasakian manifold admitting

quarter-symmetric metric connection

Definition 3. An n-dimensional Lorentzianα-Sasakian manifold M is said to be locally projectiveφ -symmetric if

φ2((∇̃WP)(X,Y)Z) = 0, (29)

for all vector fields X,Y,Z,W orthogonal toξ and the projective curvature tensor P [20] is given by

P(X,Y)Z = R(X,Y)Z−
1

n−1
− [S(Y,Z)X−S(X,Z)Y]. (30)

Definition 4. An n-dimensional Lorentzianα-Sasakian manifold M is said to be locally projectiveφ -symmetric with

respect to quarter-symmetric metric connection if

φ2((∇̃WP̃)(X,Y)Z) = 0 (31)
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for all vector fields X,Y,Z and W orthogonal toξ . Here P̃ is the projective curvature tensor with respect to quarter-

symmetric metric connection given by

P̃(X,Y)Z = P̃(X,Y)Z−
1

N−1
[S̃(Y,Z)X− S̃(X,Z)Y]. (32)

With the help of (16), we can write

(∇̃WP̃)(X,Y)Z = (∇WP̃)(X,Y)Z+η(P̃(X,Y)Z)φW. (33)

Theorem 2.An n-dimensional Lorentzianα-Sasakian manifold M is locally projectiveφ -symmetric with respect to the

quarter symmetric metric connection if and only if M is locally projectiveφ -symmetric with respect to the Levi-Civita

connection.

Proof.Differentiating (32) with respect toW, we get

(∇̃WP̃)(X,Y)Z = (∇WR̃)(X,Y)Z−
1

n−1
[(∇WS̃)(Y,Z)X− (∇WS̃)(X,Z)Y]. (34)

In view of equations (17) and (24), (34) reduces to

(∇WP̃)(X,Y)Z = (∇WR)(X,Y)Z−α2{g(W,Y)η(Z)+g(W,Z)η(Y)}φX

+α2{g(W,X)η(Z)+g(W,Z)η(X)}φY+α2{g(φX,Z)g(W,Y)ξ
+g(φX,Z)η(Y)W}−α2{g(φY,Z)g(W,X)ξ +g(φY,Z)η(X)W}

+α2g(φW,Z)[η(Y)X−η(X)Y]+α2[g(φW,Y)X−g(φW,X)Y]η(Z)
+ α2n

n−1[g(ϕW,Z)η(Y)X−η(X)Y}+g(φW,Y)Xg(φW,X)Yη(Z)]
− 1

n−1[(∇WS)(Y,Z)X− (∇WS)(X,Z)Y].

(35)

Substituting (32) in (35), we get

(∇WP̃)(X,Y)Z = (∇WP)(X,Y)Z−α2{g(W,Y)η(Z)+g(W,Z)η(Y)}ϕX

+α2{g(W,X)η(Z)+g(W,Z)η(X)}φY+α2{g(φX,Z)g(W,Y)ξ
+g(φX,Z)η(Y)W}−α2{g(φY,Z)g(W,X)ξ +g(φY,Z)η(X)W}

+α2g(φW,Z)[η(Y)X−η(X)Y]+α2[g(ϕW,Y)X−g(φW,X)Y]η(Z)
+ α2n

n−1[g(φW,Z){η(Y)X−η(X)Y}+ {g(φW,Y)X−g(φW,X)Y}η(Z)].

(36)

By using the equations (16) and (17) in (32), we obtain

P̃(X,Y)Z = R(X,Y)Z+α[g(φX,Z)φY−g(φY,Z)φX]− 1
n−1[S(Y,Z)X− (X,Z)Y]

− α
n−1[g(Y,Z)X−g(X,Z)Y]− α

n−1[η(Y)X−η(X)Y]η(Z).
(37)

In virtue of (30), (37) becomes

P̃(X,Y)Z = P(X,Y)Z+α [g(φX,Z)φY−g(φY,Z)φX]− α
n−1[g(Y,Z)X−g(X,Z)Y]

− α
n−1[η(Y)X−η(X)Y]η(Z).

(38)

Taking inner product of (37) withξ and then using (3),(5) and (8), we get

η(P̃(X,Y)Z) = (α2−
α

n−1
)[g(Y,Z)η(X)−g(X,Z)η(Y)]−

1
n−1

[S(Y,Z)η(X)−S(X,Z)η(Y)]. (39)
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Now using equations (36) and (39), (33) reduces to

(∇̃WP̃)(X,Y)Z = (∇WP)(X,Y)Z−α2{g(W,Y)η(Z)+g(W,Z)η(Y)}ϕX

+α2{g(W,X)η(Z)+g(W,Z)η(X)}φY+α2{g(φX,Z)g(W,Y)ξ
+g(φX,Z)η(Y)W}−α2{g(φY,Z)g(W,X)ξ +g(φY,Z)η(X)W}

+α2g(φW,Z)[η(Y)X−η(X)Y]+α2[g(φW,Y)X−g(φW,X)Y]η(Z)
+ α2n

n−1[g(φW,Z){η(Y)X−η(X)Y}+ {g(φW,Y)X−g(φW,X)Y}η(Z)]
+(α2− α

n−1)[g(Y,Z)η(X)−g(X,Z)η(Y)]φW− 1
n−1[S(Y,Z)η(X)

−S(X,Z)η(Y)]ϕW.

(40)

By applyingφ2 on both sides of (40) and assuming thatX,Y,Z andW are orthogonal toξ , we get

φ2((∇̃WP̃
)

(X,Y)Z
)

= φ2 ((∇WP)(X,Y)Z) (41)

Hence the proof.

5 φ -Recurrent Lorentzian α-Sasakian manifold admitting quarter-symmetric metric

connection

Definition 5. An n-dimensional Lorentzianα-Sasakian manifold M is said to beφ -recurrent if there exists a non-zero

1-form A such that

φ2 ((∇WP) (X,Y)Z) = A(W)R(X,Y)Z, (42)

for arbitrary vector fields X,Y,Z and M. If the 1-form A vanishes, then the manifold reduces to aφ -symmetric manifold

[15].

Definition 6. An n-dimensional Lorentzianα-Sasakian manifold M is said to beφ -recurrent with respect to quarter-

symmetric metric connection if there exists a non-zero 1-form A such that

φ2((∇̃WR̃)(X,Y)Z) = A(W)R̃(X,Y)Z, (43)

for arbitrary vector fields X,Y,Z and W.

Theorem 3.If a Lorentzianα-Sasakian manifold isφ -recurrent with respect to the quarter-symmetric metric connection

then the manifold is a generalizedη-Einstein manifold with respect to the Levi-Civita connection.

Proof.SupposeM is φ -recurrent with respect to quarter-symmetric metric connection. Then in view of (3), we can write

(43) as

(∇̃WR̃)(X,Y)Z+η((∇̃WR̃)(X,Y)Z)ξ = A(W)(R̃(X,Y)Z). (44)

Taking inner product of (44) withU , we get

g((∇̃WR̃)(X,Y)Z,U)+η((∇̃WR̃)(X,Y)Z)η(U) = A(W)g(R̃(X,Y)Z,U). (45)

Using (22) in (45), we get

g((∇̃WR̃)(X,Y)Z,U)+η((∇̃WR̃)(X,Y)Z)η(U)+η(R̃(X,Y)Z)g(φW,U) = A(W)g(R̃(X,Y)Z,U). (46)
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Making use of (16), (24) and (25) in (46), we obtain

g((∇WR)(X,Y)Z,U)−α2{g(W,Y)η(Z)+g(W,Z)η(Y)}g(φX,U)+α2{g(W,X)η(Z)+g(W,Z)η(X)}g(φY,U)

+α2{g(φX,Z)g(W,Y)η(U)+g(φX,Z)η(Y)g(W,U)}−α2{g(φY,Z)g(W,X)η(U)+g(φY,Z)η(X)g(W,U)}

+α2g(φW,Z)[η(Y)g(X,U)−η(X)g(Y,U)]+α2[g(φW,Y)g(X,U)−g(φW,X)g(Y,U)]η(Z)
+η((∇WR)(X,Y)Z)η(U)+α2{g(φX,Z)η(Y)η(W)−g(φX,Z)g(W,Y)}η(U)−α2{g(φY,Z)η(X)η(W)

−g(φY,Z)g(W,X)}η(U)+α2{g(φW,Y)η(Z)η(X)−g(φW,X)η(Y)η(Z)}η(U)+α2{g(Y,Z)η(X)

−g(X,Z)η(Y)}g(φW,U) = A(W)g(R(X,Y)Z,U)+αA(W){g(φX,Z)g(φY,U)−g(φY,Z)g(φX,U)

+g(X,U)η(Y)η(Z)−g(Y,U)η(X)η(Z)}.

(47)

PluggingZ = ξ in (47) and then using equations (3) and (5), we get

g((∇WR)(X,Y)ξ ,U)+α2{g(W,Y)−η(W)η(Y)}g(φX,U)−α2{g(W,X)

−η(W)η(X)}g(φY,U)−α2{g(φW,Y)g(X,U)−g(φW,X)g(Y,U)}

+η((∇WR)(X,Y)ξ )η(U)+α2{g(φW,X)η(Y)−g(φW,Y)η(X)}η(U)

= A(W)g(R(X,Y)ξ ,U)−αA(W){g(X,U)η(Y)−g(Y,U)η(X)}.

(48)

TakingX =U = ei in (48) and summing overi,1≤ i ≤ n, we get

∇WS(Y,ξ )+
n−1
∑

i=1
g((∇WR)(ei ,Y)ξ ,ξ )g(ei,ξ )+α2traceφ{g(W,Y)−η(W)η(Y)}

−α2(n−1)g(φW,Y) = A(W)S(Y,ξ )−α(n−1)A(W)η(Y).
(49)

We denote the second term of the left hand side of the above equation byG. In this caseG vanishes. Therefore (49)

reduces to

∇WS(Y,ξ ) =−α2traceφ{g(W,Y)−η(W)η(Y)}+α2(n−1)g(φW,Y)

+A(W)S(Y,ξ )−α(n−1)A(W)η(Y).
(50)

We have

(∇WS)(Y,ξ ) = ∇WS(Y,ξ )−S(∇WY,ξ )−S(Y,∇Wξ ).

Using (6), (7) and (13) in the above equation, we find

(∇WS)(Y,ξ ) = (n−1)α3g(φW,Y)−αS(αW,Y). (51)

Equating (50) and (51), we obtain

(n−1)α3g(φW,Y)−αS(φW,Y) =−α2traceφ{g(W,Y)−η(W)η(Y)}+α2(n−1)g(φW,Y)+A(W)S(Y,ξ )
−α(n−1)A(W)η(Y).

(52)

ReplacingY by φY in (52) and then using (4) and (14), we get

S(Y,W) = λg(Y,W)+ µη(Y)η(W)+νg(W,φY), (53)

whereλ = (n−1)(α2−α),µ = (1−n)α andν = αtraceφ . Thus, the proof of the theorem completes.
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6 φ -projectively flat Lorentzian α-Sasakian manifold admitting quarter-symmetric metric

connection

Definition 7. An n-dimensional Lorentzianα -Sasakian manifold is said to beφ -projectively flat with respect to quarter-

symmetric metric connection if it satisfies

φ2(P̃(φX,φY)φZ) = 0. (54)

Let M be φ -projectively flat with respect to quarter-symmetric metric connection. Then it is easy to see that

φ2(P̃(φX,φY)φZ) = 0holds if and only if

g(P̃(φX,φY)φW) = 0, (55)

for everyX,Y,Z,W ∈ TM.

Theorem 4.An n-dimensionalφ -projectively flat Lorentzianα-Sasakian manifold admitting the quarter-symmetric metric

connection is a generalizedη-Einstein manifold.

Proof.SupposeM is φ -projectively flat with respect to quarter symmetric metricconnection. Then we have from (32) that

g(R̃(φX,φY)φZ,φW) =
1

n−1
[S̃(φY,φZ)g(φX,φW)− S̃(φX,φZ)g(φY,φW)]. (56)

By using (3), (5), (16) and (17) in (56), we get

g(R(φX,φY)φZ,φW) +α[g(X,φZ)g(Y,φW)−g(Y,φZ)g(X,φW)] = 1
n−1[S(φY,φZ)g(φX,φW)

+αg(φY,φZ)g(φX,φW)−S(φX,φZ)g(φY,φW)−αg(φX,φZ)g(φY,φW)].
(57)

Let {e1,e2, ....,en−1,ξ} be a local orthonormal basis of vector fields inM. Using the fact that{φe1,φe2, ....,φen−1,ξ} is

also a local orthonormal basis, if we putX =W = ei in (57) and summing overi, we get

n−1
∑

i=1
g(R(φei ,φY)φZ,φei)+α[g(ei,φZ)g(Y,φei)−g(Y,φZ)g(ei ,φei)] =

1
n−1

n−1
∑

i=1
[S(φY,φZ)g(φei ,φei)

+αg(φY,φZ)g(φei ,φei)−S(φei,φZ)g(φY,φei)−αg(φei ,φZ)g(φY,φei)].
(58)

It is verified that[22]

n−1

∑
i=1

g(R(φei ,φY)φZ,φei) = S(φY,φZ)+g(φY,φZ), (59)

n−1

∑
i=1

S(φei ,φei) = r − (n−1)α2
, (60)

n−1

∑
i=1

g(φei ,φZ)S(φY,φei) = S(φY,φZ), (61)

n−1

∑
i=1

g(φei ,φei) = n−1, (62)

n−1

∑
i=1

g(φei ,φZ)g(φY,φei) = g(φY,φZ). (63)
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Making use of the equations (59)-(63), (58) becomes

S(φY,φZ) = {−α −n+1}g(φY,φZ)+α(n−1)traceϕg(Y,φZ). (64)

Applying equations (4) and (14) in (64), we finally obtain

S(Y,Z) = λg(Y,Z)+ µη(Y)η(Z)+νg(Y,φZ), (65)

whereλ = {−α −n+1},µ = {(−(n−1)(α2+1)−α} andν = α(n−1)traceϕ . This completes the proof.

7 Example of a Lorentzianα-Sasakian manifold admitting quarter-symmetric metric

connection

Example 1. In this section, we consider a 3-dimensional manifoldM = {(x,y,z) ∈ R3}, where(x,y,z) are the standard

coordinates inR3
. We choose the vector fields

e1 = ez ∂
∂y

,e2 = ez(
∂
∂x

+
∂
∂y

),e3 = α
∂
∂z

,

which are linearly independent at each point ofM andα is constant. Letg be a Lorentzian metric defined by

g(e1,e3) = g(e2,e3) = g(e1,e2) = 0,

g(e1,e1) = g(e2,e2) = 1,g(e3,e3) =−1.

Let η be a 1-form defined by

η(Z) = g(Z,e3),

for anyZ ∈ χ(M). Let φ be the(1,1) tensor field defined by

φe1 =−e1,φe2 =−e2,φe3 = 0.

Using the linearity ofφ andg, we have

η(e3) =−1,φ2Z = Z+η(Z)e3,g(φZ,φW) = g(Z,W)+η(Z)η(W),

For anyZ,W ∈ χ(M). Then we have

[e1,e2] = 0, [e1,e3] =−αe1, [e2,e3] =−αe2.

Using the Koszul’s formula, we have

∇e1 e1 =−αe1, ∇e1e2 = 0, ∇e1e3 =−αe1,

∇e2 e1 = 0, ∇e2e2 =−αe3, ∇e2e3 =−αe2,

∇e3 e1 = 0, ∇e3e2 = 0, ∇e3e3 = 0.
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By using (15) in the above equation, we obtain

∇̃e1 e1 =−αe3, ∇̃e1e2 = 0, ∇̃e1e3 = (α −1)e1,

∇̃e2 e1 = 0, ∇̃e2e2 =−αe3, ∇̃e2e3 = (α −1)e2,

∇̃e3 e1 = 0, ∇̃e3e2 = 0, ∇̃e3e3 = 0.

Using (1), the torsion tensor̃T of the quarter symmetric metric connection∇̃ may be expressed as follows.

T̃(ei ,ei) = 0, for i = 1,2,3, T̃(e1,e2) = 0, T̃(e1,e3) = e1, T̃(e1,e3) = e2.

Also,

(∇̃e1g)(e2,e3) = (∇̃e2g)(e3,e1) = (∇̃e3g)(e2,e1) = 0.

Hence, we proved the existence of a Lorentzianα-Sasakian manifold admitting quarter symmetric metric connection

through an example.
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