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Abstract: In the present paper we study localpysymmetric, locally projectivep-symmetric, ¢-recurrent andp-projectively flat
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1 Introduction

In 1924, the idea of semi-symmetric linear connection onffemintiable manifold was introduced by Friedmann and
Schouten $]. In 1930, Bartolotti P] gave a geometrical meaning of such a connection. Furtherconcept of metric
connection with torsion on a Riemannian manifold was defimgtHayden ). Later Yano[L§ studied some curvature
and derivational conditions for semi-symmetric metric mection in Riemannian manifolds. As a generalization of
semi-symmetric connection, Golaf] jntroduced quarter symmetric connection on a differdsiananifold.

A linear connectiori] on ann-dimensional differentiable manifold is said to be a guastammetric connectiorf] if its
torsion tensofl is of the form

T(X,Y) = OxY — OyX — [X,Y] = n(Y)@X — n(X)gY, ()

wheren is a 1-form andgp is a tensor field of typ€1). In particular, if we replacepX by X and ¢Y by Y, then the
quarter-symmetric connection reduces to a semisymmaedrinaction §]. Further if quarter-symmetric linear connection
0 satisfies the condition

(ng) (Ya Z) =0, (2)

for all X,Y,Z € x(M"), where x(M") is the Lie algebra of vector fields on a manifdid, thenJ is said to be a
quarter-symmetric metric connection. Quarter-symmetiédric connection on different manifold have been studigd b
many authors like Rastogi B,14], Mishra and Pande\g], Yano and Imai 19], De et al. B,9], Pradeep Kumar et al[L,
12,16] and others.

In 2005, Yildiz and MurathanZ1] introduced Lorentziara-Sasakian manifold. Later, many geometers have studied
Lorentziana-Sasakian manifolds with different curvature restriciamthe papersl]4,21,22] and others.
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Motivated by the above studies, we have made an attemptdy guuarter-symmetric metric connection on a Lorentzian
a-Sasakian manifold. The present paper is structured asafellThe sectior? is equipped with some preliminaries of
Lorentziana-Sasakian manifold. Sectio® and 4 are devoted respectively to the study of locajhysymmetric and
locally projectivep-symmetric Lorentziam-Sasakian manifold admitting quarter-symmetric metricregction. And in
sectionsb and6, we have proved thap-recurrent andp-projectively flat Lorentziarr-Sasakian manifolds with respect
to quarter-symmetric metric connection is a generalizeginstein manifold. In the last section, we have constdicte
example of a Lorentziao-Sasakian manifold with respect to quarter-symmetric imetinnection.

2 Preliminaries

A n-dimensional differentiable manifold M is called a Loteian a-Sasakian manifoldX1], if it admits a (1) tensor field
¢, a contravariant vector fielél, a covariat vector fieldn and a Lorentzian metric g whichasisfy,

$2X =X +n(X)&,9(X, &) =n(X),n(§) = -1, (3)
9(9X,9Y) =9(X,Y) +n(X)n(Y), (4)
$&=0,n(¢X)=0 (5)

Also a Lorentziaro -Sasakian manifoltl satisfies 21,17],

Ox& = agX, (6)

(Oxn) (Y) = ag(¢X,Y), (7)

n (RX,Y)2) = a®[g(Y.Z)n(X ) - g(X. Z)n(Y)), (8)
R(E.X)Y = a®[g(X,Y)& —n(Y)X], 9
R(¢,X)& = a®[n(X)& +X], (10)

R(X,Y)E = a®[n(Y)X —n(X)Y], (11)
(X$)(Y) = alg(X,Y)E+n(Y)X], (12)
S(X,&) = (n—1)a’n(X), (13)

S($X,9Y) = S(X,Y) + (n—L)a’n(X)n(Y), (14)

for any vector fieldX,Y,Z € M and wherd] denotes the operator of covariant differentiation wittpees to Lorentzian
metricg anda € R. The relation between quarter-symmetric metric connadfiand the Levi-Civita connectiahon M
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[10] is given by,
OxY = OxY +n(Y)eX. (15)
By virtue of (15), the relation between Riemannian cunatensoiR, Ricci tensorSand scalar curvaturewith respect

to quarter-symmetric metric connection and the Riemancuavature tensdr, Ricci tensoR and scalar curvaturrewith
respect to Levi-Civita connection in a LorentzianSasakian manifoldl0] are given as follows.

R(X,Y)Z=R(X,Y)Z+a[g(¢X,Z)pY —a(¢Y,2)pX] +an(Z)[n(Y)X —n(X)Y], (16)
SY.2) =S(Y,2) + alg(Y,Z) +nn (Y)n(Z)), 17)
F=r. (18)

A Lorentziana -Sasakian manifol¥" is said to be a generalizeg-Einstein manifold 23] if the following condition
S(X,Y) =Ag(X,Y) +un(X)n(Y) +vQ(X.Y), (19)

holds on M. Where\ , u andv are smooth functions an@ (X ,Y ) = g(¢ X ,Y ). If v =0 thenthe manifold is am
-Eingein marifol d.

3 Locally g-symmetric Lorentzian a-Sasakian manifold admitting quarter-symmetric metric
connection

Definition 1. A Lorentziana -Sasakian manifold M is said to be localpysymmetric if
¢*((DwR)(X,Y)Z) =0 (20)

for all vector fields XY,Z and W orthogonal t§ on M. This notion was introduced by Takahashi for Sasakian mkhifo

Definition 2. A Lorentziana-Sasakian manifold M is said to be localprsymmetric with respect to quarter symmetric
metric connection if

P(OwR(X,Y)Z) =0 (21)

for all vector fields XY,Z and W orthogonal t§ on M.

Theorem 1. A Lorentziana —Sasakian manifold is locallp-symmetric with respect to the quarter-symmetric metric
connectiort] if and only if it is locally g-symmetric with respect to the Levi-Civita connection.

Proof From equation (15) and (16), we have
(DR (X,Y)Z = (OwR) (X,Y)Z + n(R(X,Y)Z)gW. (22)
Differentiating (16) covariantly with respect W, we obtain

(DwR)(X,Y)Z = (OwR)(X,Y)Z + a {g((Dw®)(X),Z) @Y + g(oX, Z) (Cwe) (Y)}
—a{g((Ow@)(Y),Z)oX} +9(9Y,Z)(Owe) (X)} +a(Own)(Z)[n(Y)X (23)
—n(X)Y]+a{n(Z)[(OCwn)(Y)X = (Own)(X)Y]}.
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Using (7) and (12), (23) reduces to

(OwR)(X,Y)Z = (OwR)(X,Y)Z - a?{g(W,Y)n(Z) +g(W, Z)n(Y)} X
+a{g(W,X)n(Z) +9gW,Z)n(X)} @Y + a*{g(eX,Z)g(W,Y)& +g(@X,Z)n (Y)W}
—a?{g(@Y,Z)g(W, X)& +g(@Y,Z)n (X)W} + a?g(eW, Z)[n(Y)X
—N(X)Y]+ a?[g(@W,Y)X — g(eW, X)Y]n(2).

(24)

Taking inner product of (16) with x and then using (3), (5) #8)] we obtain

n (R(X,Y)Z) =a*{g(Y.Z)n (X)~9(X,Z)n (Y)}. (25)
Making use of equations (24) and (25), equation (22) becomes

(OwR(X,Y)Z = (OwR)(X,Y)Z — a?{g(W,Y)n(Z) + g(W,Z)n(Y)} X
+a?{g(W,X)n(Z) +g(W,2)n(X)} @Y + a?{g(eX,Z)g(W,Y)& +g(eX,Z)n (Y)W}
—a?{g(eY,Z)g(W, X)& 4+ g(eY,Z)n (X)W} + a’g(@W,Z)[n (Y)X — n(X)Y] + a?[g(@W,Y)X
—g(eW, X)Y]n(Z) + a*{g(Y,Z)n(X) —g(X,Z)n(Y)} gw.

(26)

By applying¢? on both sides of (26) and using (3), we obtain

P(OWR(X,Y)Z = @?(OWR)(X,Y)Z — a?{g(W,Y)n(Z) + g(W, Z)n (Y) }¢?(9X) + a?{g(W, X)n (Z)
+9(W, Z)n (X)} @Y + a®g(X, Z)n(Y)9*W — a’g(¢Y,Z)n (X) p?W
+a?g(@W, Z)[n (Y)X — n(X)Y] + a?[g(@W,Y)X +g(@W,Y)n (X)& — g(@W, X)Y
—g(@W, X)n(Y)EIN(Z) + a{g(Y,Z)n(X) —g(X,Z)n(Y)} @*W.

(27)

AssumingX,Y, ZandW are orthogonal tg , (27) reduces to,
¢ (BwRI(X,Y)Z = @? (CwR)(X,Y)Z (28)

This completes the proof of the theorem.

4 Locally projectiveg-symmetric Lorentzian a-Sasakian manifold admitting
guarter-symmetric metric connection

Definition 3. An n-dimensional Lorentziam-Sasakian manifold M is said to be locally projectigesymmetric if
¢(GwP)(X,Y)2) =0, (29)
for all vector fields XY,Z,W orthogonal t&¢ and the projective curvature tensor B is given by
P(X,Y)Z=R(X,Y)Z— rll —[S(Y,Z)X —S(X,2)Y]. (30)

Definition 4. An n-dimensional Lorentziao-Sasakian manifold M is said to be locally projectige-symmetric with
respect to quarter-symmetric metric connection if

@ ((OwP)(X,Y)Z) =0 (31)
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for all vector fields XY,Z and W orthogonal t&. Here P is the projective curvature tensor with respect to quarter
symmetric metric connection given by

P(X,Y)Z=P(X,Y)Z— Ni_l[é(Y,Z)x —§X,2)Y]. (32)
With the help of (16), we can write
(OwP)(X,Y)Z = (OwP)(X,Y)Z + n(P(X,Y)Z)gW. (33)

Theorem 2. An n-dimensional Lorentzian-Sasakian manifold M is locally projectivg-symmetric with respect to the
quarter symmetric metric connection if and only if M is Idggbrojective g-symmetric with respect to the Levi-Civita
connection.

Proof. Differentiating (32) with respect W, we get

(OwP)(X,Y)Z = (OwR)(X,Y)Z — rll[(mwé) (Y,Z)X — (OwS)(X,2)Y]. (34)

In view of equations (17) and (24), (34) reduces to

(DWﬁ) (XvY)Z = (DWR) (XaY)Z - az{g(WaY)r’ (Z) + g(WaZ)rl (Y)}(DX
+a2{g(W,X)n(Z) +gW,Z)n (X)} @Y + a®{g(eX,Z)g(W,Y)E&
+9(@X,Z)n (Y)W} — a?{g(¢Y,Z)g(W, X)& +g(eY,Z)n (X)W}
+orjg(<pW,Z)[n (Y)X = n(X)Y]+ a?[g(eW,Y)X — g(eW, X)Y]n(Z)
+71[9(8W, Z)n (V)X = n(X)Y} + 9(eW,Y)Xg(@W, X)Yn (Z)]
—L[(Ow(Y,Z2)X — (OwS)(X, 2)Y].

(35)

Substituting (32) in (35), we get

(OwP)(X,Y)Z = (OwP)(X,Y)Z — a?{g(W,Y)n(Z) + g(W,Z)n(Y)} o X
+a?{g(W,X)n(Z) +g(W, Z)n (X)} @Y + a{g(¢X,Z)g(W,Y)E&
+9(@X,Z)n (Y)W} — a?{g(¢Y,Z)g(W, X)& +g(eY,Z)n (X)W} (36)
+ag(@W, Z)[n (Y)X — n(X)Y] + a?[g(eW,Y)X — g(eW, X)Y]n(Z)
+E8[9(gW, 2){n (Y)X — n(X)Y} + {g(@W,Y)X — g(9W, X)Y}n(Z)].

By using the equations (16) and (17) in (32), we obtain

I5(X,Y)Z R(X Y)Z+ alg(eX,Z)eY —g(@Y,Z)pX] — [S(Y Z)X — (X,2)Y]

(812X gX.2)Y] — 1 (V)X - n(X)YIn ). 7
In virtue of (30), (37) becomes
P(X,Y)Z =P(X, Y)Z+a(g(9X.2) @Y ~g(9¥.2) 9X] - 721 0¥, 2)X — g(X. Z)Y] 39)
—n51[n(YV)X=n(X)Y]n(2).
Taking inner product of (37) wit§ and then using (3),(5) and (8), we get
NBXY)Z) = (@~ T Dla. 2 ) ~ g Z)n(Y)] - T SY.2)n() - SX2a) (@39)
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Now using equations (36) and (39), (33) reduces to

(OwP)(X,Y)Z = (OwP)(X,Y)Z — a?{g(W,Y)n(Z) + g(W, Z)n (Y)} X
+a?{g(W,X)n(Z) +g(W,Z)n(X)} oY + a?{g(@X,Z)g(W,Y)&
+a(@X,Z2)n (Y)W} — a{g(eY,Z)g(W,X)& +g(eY,Z)n (X)W}
+a2g(eW, Z)[n (Y)X = n(X)Y] + a?[g(eW,Y)X — g(@W, X)Y]n(2) (40)
R g(@W,Z) {n(Y)X — n(X)Y} +{g(@W, Y)X — g(@W, X)Y} 1 (2)]
+(a2 =24 [9(Y, 2)n(X) —g(X, Z)n (V)] oW — =11 [S(Y, Z)n (X)
=S(X,Z)n(Y)]pW.

By applying¢? on both sides of (40) and assuming tXa¥,Z andW are orthogonal td , we get
¢ ((OwP) (X.Y)2) = @ ((BwP) (X.Y)2) (41)

Hence the proof.

5 @-Recurrent Lorentzian a-Sasakian manifold admitting quarter-symmetric metric
connection

Definition 5. An n-dimensional Lorentziao-Sasakian manifold M is said to bgrecurrent if there exists a non-zero
1-form A such that

@ ((OwP) (X,Y)Z) = AW)R(X,Y)Z, (42)

for arbitrary vector fields XY,Z and M If the 1-form A vanishes, then the manifold reduces @@symmetric manifold
[15].

Definition 6. An n-dimensional Lorentziao-Sasakian manifold M is said to kg -recurrent with respect to quarter-
symmetric metric connection if there exists a non-zerorirfa such that

P(OWR(X,Y)Z) = AW)R(X,Y)Z, (43)

for arbitrary vector fields XY,Z and W

Theorem 3.1f a Lorentziana-Sasakian manifold ig-recurrent with respect to the quarter-symmetric metriamection
then the manifold is a generalizedEinstein manifold with respect to the Levi-Civita conmtt

Proof. SupposeM is @-recurrent with respect to quarter-symmetric metric catioa. Then in view of (3), we can write
(43) as

(CwR (X,Y)Z+ n(OwR)(X,Y)Z)E = AW)(R(X,Y)Z). (44)
Taking inner product of (44) with), we get
g((EwRI(X,Y)Z.U) +n((BwR)(X,Y)Z)n (U) = AW)g(R(X,Y)Z.U). (45)
Using (22) in (45), we get

g((GwR(X,Y)Z,U) + n((BwR)(X,Y)Z)n(U) + n(R(X,Y)Z)g(gW,U) = AW)g(R(X,Y)Z,U). (46)
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Making use of (16), (24) and (25) in (46), we obtain

g((OwR)(X,Y)Z,U) — a?{g(W,Y)n(Z) +g(W,Z)n(Y)}g(eX,U) + a*{g(W,X)n(Z) + g(W,Z)n (X) }g(eY,U)
+a?{g(eX,Z)g(W,Y)n(U) +9(eX,Z)n(Y)g(W,U)} — a®{g(@Y,Z)g(W,X)n (U) + g(¢Y,Z)n(X)g(W,U)}

+a2g(ewW,Z)[n(Y)g(X,U) — n(X)g(Y,U)] + a?[g(gW, Y)g(X,U) — g(pW ) (Y,U)In(2)
+n((OwWR)(X,Y)Z)n(U) + a?{g(@X,Z)n(Y)n (W) — g(¢X,Z)g(W, )}n( a?{g(eY,Z)n(X)n(W) (47)
—g(@Y,Z)g(W,X)}n (U) + a?{g(eW,Y)n(Z)n (X) — g(@W,X)n(Y)n(Z)}n (U )+02{9(Y Z)n(X)
—9(X,2)n(Y)}g(eW,U) = AW)g(R(X,Y)Z,U) + aAW){g(¢X,Z)g(¢Y,U) — g(¢Y,Z)g(¢X,U)

+9(X,u)n(Y)n(Z) —g(Y,U)n(X)n(2)}.

PluggingZ = &in (47) and then using equations (3) and (5), we get

g((OWR(X,Y)E,U) +aX{gW,Y) —n(W)n(Y)}g(eX,U) — a?{g(W,X)
—n(W)n(X)}g(eY,U) — a?{g(ewW,Y)g(X,U) — g(eW, X)g(Y,U)} (48)
+n((OWR(X,Y)&)n(U) + a{g(eW, X)n (Y) —g(eW,Y)n(X)}n (V)
=AW)g(R(X,Y)&,U) — aAW){g(X,U)n(Y) —g(Y, ) (X}

TakingX =U = g in (48) and summing overl <i < n, we get

CWSY, €)', o((CwR)(@, )€, £)3(e, £) -+ atracep{gWiy) — 1 (Wn(Y))
—a?(n— gW.Y) = AW)SY,E) — a(n— AW (Y).

(49)

We denote the second term of the left hand side of the abovatiequby G. In this caseG vanishes. Therefore (49)
reduces to

OwS(Y, &) = —a?tracep{g(W,Y) — n(W)n(Y)} + a?(n— 1)g(@W,Y)

FAW)S(Y, E) - a(n—DAW)(Y) (%0
We have
Using (6), (7) and (13) in the above equation, we find
(DWS) (Ya §)= (n - 1)039((p\/\/,Y) - US(UW,Y). (51)
Equating (50) and (51), we obtain
(n—1)ag(@W.Y) — aS(@W.Y) = —atracep{g(W.Y) —n(W)n(¥)} +a*(n—1)g(@W.Y) + AW)SY.&) o,
—a(n—=DAW)n(Y).
ReplacingY by @Y in (52) and then using (4) and (14), we get
S(Y,W) = Ag(Y,W) +un(Y)n(W) + vg(W, ¢Y), (53)

whereA = (n—1)(a2—a),u = (1—n)a andy = atracep. Thus, the proof of the theorem completes.
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6 @-projectively flat Lorentzian a-Sasakian manifold admitting quarter-symmetric metric
connection

Definition 7. An n-dimensional Lorentziam -Sasakian manifold is said to lge-projectively flat with respect to quarter-
symmetric metric connection if it satisfies

@ (P(¢X, @Y )@pZ) = 0. (54)

Let M be g@-projectively flat with respect to quarter-symmetric metdonnection. Then it is easy to see that
@?(P(@X, oY) @Z) = Oholds if and only if

a(P(@X, 9Y) W) =0, (55)

for everyXY,Z,W € TM.

Theorem 4.An n-dimensionap-projectively flat Lorentziaw-Sasakian manifold admitting the quarter-symmetric neetri
connection is a generalizeg-Einstein manifold.

Proof. SupposéM is ¢-projectively flat with respect to quarter symmetric metaminection. Then we have from (32) that

O(R(GX, 9Y)9Z, W) = T (5[0, 6Z)a(9X, W) ~ X, GZ)(gY, )] (56)
By using (3), (5), (16) and (17) in (56), we get

9(R(@X, 9Y)9Z, W) +a[g(X, pZ)g(Y, gW) — g(Y, 9Z)g(X, PW)] = 711[S(@Y, 9Z)g(X, W) (57)
+ag(@Y, 9Z)g(@X, W) — S(@X, 9Z)g(@Y, W) — ag(X, 9Z)g(¢pY, pW)].

Let{ej,e,.....,en-1,&} be alocal orthonormal basis of vector fielddMn Using the fact thafpe;, ey, ...., pen-1,& } is
also a local orthonormal basis, if we pXit=W = g in (57) and summing over we get

Ellg(R«pa,(pY)(pZ,(paHa[g(a,q)Z)g(Y,qoa) —a(Y,9Z)g(e, pa)] = %liz[s((p\(, »Z)g(pei, pe) (58)

+ag(@Y,pZ)g(ge, pa) — S(pe, pZ)9(¢Y, pe ) — ag(ee, 9Z)9(PY, pe )]

Itis verified that[22]

?Zlg(R(¢37¢Y)¢Z, ve) = S(¢Y,9Z) +9(¢Y, 9Z), (59)
?le(fpa,fpa) =r—(n-1)a? (60)
?Zlg(qoemZ)S(qu, pe) = S(¢Y, 9Z), (61)
?Z\lg(qoa ,p8)=n—1, 62)
?Zlg(m,¢z>g(¢Y, ve) =9(¢Y,9Z). (63)
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Making use of the equations (59)-(63), (58) becomes
S(oY,pZ) = {—a —n+1}g(@Y,pZ) + a(n— Litracepg(Y, ¢Z). (64)
Applying equations (4) and (14) in (64), we finally obtain
S(Y.Z) = Ag(Y,Z) +un(Y)n(2) + vo(Y, ¢Z), (65)

whereA = {—a —n+1},u={(—(n—1)(a2+ 1) —a} andv = a(n— L)tracep. This completes the proof.

7 Example of a Lorentzian a-Sasakian manifold admitting quarter-symmetric metric
connection

Example 1.In this section, we consider a 3-dimensional manifdld= {(x,y,2z) € R®}, where(x,y,z) are the standard
coordinates irR®. We choose the vector fields

7} 7}

7} 0

which are linearly independent at each poindbanda is constant. Let) be a Lorentzian metric defined by

g(er,e3) = g(ez, €3) = g(€1,€2) =0,
g(er,e1) = g(ez, &) = 1,9(e3,€3) = —1.

Letn be a 1-form defined by
n(Z) =9(Z.es),

foranyZ € x(M). Let @ be the(1,1) tensor field defined by
per = —ey, pe; = —€,pe3 =0.
Using the linearity ofp andg, we have
n(es) = —1,¢°Z = Z+n(Z)es, 9(9Z, W) = g(Z,W) +n(Z)n (W),
For anyZ,W € x(M). Then we have
[e1,€2] =0,[e1,€3] = —aey, &, &3] = —ae.
Using the Koszul’'s formula, we have

Ue €1 = —0aey, Oe,e0 =0, e, 83 = —0ey,
Ue, €1 =0, Ue, &0 = —0€3, Ue, 03 = —aey,
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By using (15) in the above equation, we obtain

Oey 1 = —aes, Do, =0, Deye3 = (a— ey,
Ue, 81 =0, Ue, @ = —a€3, Ue,€3 = (0 — 1)&,
Uey €1 =0, ;€0 =0, He,e3=0.

Using (1), the torsion tensdr of the quarter symmetric metric connectirmay be expressed as follows.
T(e,8)=0 fori=123 T(eie)=0T(er,e35)=e1, T(er,e)=e

Also,
(De1g) (€2, €3) = (Deg)(es, e1) = (Desg) (ez,€1) = 0.

Hence, we proved the existence of a LorentzieSasakian manifold admitting quarter symmetric metricreion
through an example.
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