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Abstract: This paper deals with a two-parameter new mix distribution called as RL (Rayleigh- Logarithmic) distribution with
increasing failure rate. Firstly, probability density function, distribution function, rth moment, survival and hazard functions of this
two-parameter RL distribution are examined. Then, estimation of parameters by using standard statistical techniquessuch as
maximum likelihood method and entropy are given for the new mix model. In the application part, a real data set is receipted and
when RL distribution compared with other distributions, this RL distribution is shown be a good competitor.
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1 Introduction

In many cases, known statistical distributions do not sufficient fits to real data. So, several methods for obtained new
probability distributions had been studied in the statistical literature recently [13]. Adamidis and Loukas [1] have given
the two-parameter exponential –geometric (EG) distribution which has decreasing failure rate. Kus [8] introduced the
exponential-Poisson distribution (EP) and examined several of its characteristic properties. Weibull-Poisson (WP)
distribution which generalized of the EP distribution was introduced by [11], respectively. Also, Binomial-Exponential 2
distribution is presented by [2].

Increasing failure rate (IFR) distributions are of interest in many real data systems [2]. Cancho et al. [4] obtained Poisson
–exponential (PE) distribution with IFR. Also the distributions with IFR had been studied by [9], [3] and [12].

Rayleigh distribution has been commonly used in reliability theory and survival analysis, as its failure rate is a linear
function of time. This distribution plays an important rolein real life applications since it relates to number distributions
such as Weibull and Chi-square distributions. In statistical literature a good amount of work has been devoted to
Rayleigh distribution. Several authors such as [6], [14] and the references cited there in have carried out extensive studies
as relate to the estimation, prediction and several other inferences with respect to Rayleigh distribution [5].

The purpose of this paper is obtain a new two-parameter mix distribution with IFR properly called as the
Rayleigh-Logarithmic (RL) distribution which is constructed as a distribution of independent Rayleigh random variables
when the sample sizeK has a logarithmic distribution. Also, various characteristics of RL distribution and estimation by
maximum likelihood and entropy are given.

2 The new RL distribution.

Let Y1,Y2, ...,YK be a random sample from a Rayleigh distribution with probability density function (pdf)

f (y,σ) =
y

σ2 e
−y2

/2σ2
, σ > 0, y ∈ [0,∞)
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Fig. 1: (a) Probability Density Functions of RL Distribution forσ2 = 1, p = 0.1, 0.5, 0.9, (b) Probability Density
Functions of RL Distribution forp = 0.5, σ2 = 0.5, 1, 1.5.

andK is a random variable from a logarithmic distribution with probability mass function (pmf )

P(k, p) =−
1

ln(1− p)
pk

k
, 0< p < 1, k ∈ {1,2,3, ...}

Let X = min{Yi}
k
i=1. Then

f (x/k,σ) = k
x

σ2 e−x2k/2σ2

and
f (x,θ ) =−

x
σ2 ln(1− p)

e−x2/2σ2
p(1− e−x2/2σ2

p)−1,θ = (σ2, p) (1)

pdf of RL distributions are indicated for different parameter values in Figure 1. Then, this variation is increasing according
to increasing value ofσ2.

3 Statistical and mathematical properties of RL distribution

The distribution function of RL distribution is obtained by

F(x,θ ) = 1−
ln(1− e−x2/2σ2

p)
ln(1− p)

. (2)

The moments ofX are given by

E(X r) =−
1

pσ2 ln(1− p)
2r/2(σ2)−1Γ [1+ r/2]PolyLog [2+ r/2, p]

where PolyLog(.) is a polylogarithmic function which is really available in standard software such as Mathematica and it
is defined as follows [10].

PolyLog(a,z) =
∞

∑
k=1

zk

ka .
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Therefore the mean and 2th moment of the RL distribution are obtained, by

E(X) =−

√

Π/2PolyLog [3/2, p]

ln(1− p)(σ2)
5/2

and

E(X2) =−
2PolyLog [2, p]

ln(1− p)(σ2)
3 ,

respectively. From here, variance is easily written.

4 The survival and Hazard functions

UsingF(x), survival function of RL distribution

S(x,θ ) = 1−F(x,θ ) =
ln(1− e−x2/2σ2

p)
ln(1− p)

and usingF(x) andf(x), hazard function of RL distribution

h(x,θ ) =−
xe−x2/2σ2

p(1− e−x2/2σ2
p)

−1

σ2 ln(1− e−x2/2σ2 p)
.

RL hazard functions for various parameters are indicated inFigure 2. The initial and long-term hazards areh(0,θ ) = 0
andh(∞,θ ) = ∞, respectively. Thus, the hazard function is a increasing function.
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Fig. 2: Hazard Functions of RL Distribution forσ2 = 4 andp = 0.1, 0.5, 0.9.

5 Estimation of parameters

The log-likelihood function of two-parameters RL distribution based on the observed sample size n is given by

ℓ(σ2, p) =
n

∑
i=1

lnxi + ln(−1)n − n lnσ2− n ln(ln(1− p))−
n

∑
i=1

x2
i

2σ2 + n ln p−
n

∑
i=1

ln(1− e−x2
i /2σ2

p)
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and
∂ℓ

∂σ2 =
−4n

σ
+

n

∑
i=1

x2
i

2σ4 −
n

∑
i=1

(px2
i /2σ4)e−x2

i /2σ2

(1− e−x2
i /2σ2

p)
= 0

∂ℓ
∂ p

=
n

(1− p) ln(1− p)
+

n
p
+

n

∑
i=1

e−x2
i /2σ2

(1− e−x2
i /2σ2

p)
= 0.

6 Entropy

The entropy of a random variableX is a measure of uncertainty or randomness of system modeled by this random
variable.

If Xa random variable withpdf f (X) , then its Shannon entropy can be written byE[− log f (X)] [2].

E[− log f (X)] = log
p

σ2 ln(1− p)
−E(logX)+

1
2σ2 E(X2)+E{log(1− e−x2/2σ2

)}

Then,

E(logX) =
σ2((EulerGamma+Log[1/(2σ2)])Log[1−p]+PolyLog(1,0)[1,p])

2

E(X2) =−
2PolyLog [2, p]

ln(1− p)(σ2)
3

and

E{log(1− e−x2/2σ2
)} =−

Log[1−p]2

2pLog[1−p]
.

Hence, Shannon entropy is obtained as

= log
p

σ2 ln(1− p)
−

σ2((EulerGamma+Log[1/(2σ2)])Log[1−p]+PolyLog(1,0)[1,p])
2

−
PolyLog [2, p]

ln(1− p)(σ2)
4 −

Log[1−p]2

2pLog[1−p]

7 Application

In practice, a real set which represents the notes of forty-eight students in Mathematics in the final examination of the Indian Institute
of Technology, in year 2003 was receipted [7]. Accordingly,the estimated parameters using a maximum likelihood of two-parameter
Rayleigh- Logarithmic (RL) distribution were ˆp = 0.24and̂σ2 = 372.

Table 1: Models, estimates of parameters and K-S statistics for dataset.

Model
1th
parameter

2 th
parameter K-S

fRL(x; p,σ2) =− x
σ2 ln(1−p)

e−x2/2σ2
p(1− e−x2/2σ2

p)−1 0.24 372 0.0864

fBE2(x;λ ,β ) = (1+(β x−1)λ/2−λ)β e−βx 0.9446 0.0732 0.0912

fW (x;λ ,β ) = λ β−λ xλ−1e−(x/β )λ 1.5131 28.9154 0.1180
fEE(x;λ ,β ) = λ β e−β x(1− e−β x)λ−1 2.5212 0.0655 0.0937
fW E(x;λ ,β ) = β (λ +1)λ−1e−β x(1− e−λ β x) 0.4385 3.0740 0.0914
fPE(x;λ ,β ) = λ β (1− e−λ)−1e−β x−λ e−βx

1 0.0743 2.3126x10−4
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8 Conclusions

In this paper, two-parameter Rayleigh- Logarithmic (RL) mix distribution is introduced. Mathematical and statistical properties of this
distribution are given. The estimations ofp andσ2parameters are examined by maximum likelihood method. Also, entropy ofX random
variable for measure of uncertainty is calculated and bivariate RL distribution is obtained using marginal distribution functions. In the
application part, a real data set is analyzed. As a result, parameters of RL distribution are estimated. Obtained results are compared
with other distributions. It is taken Binomial-Exponential 2 (BE2), two-parameter Weibull (W), Exponentiated- Exponential (EE),
Weighted- Exponental (WE) and Poisson- Exponential (PE) distributions for compare. It is found that RL distribution isfound to be a
good competitor according to these 5 distributions for thisdata set.
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