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1 Introduction, definitions and notations

A function f, analytic in the unit dist) = {z: |z] < 1}, is said to be of finite Nevanlinna ordef][if there exist a number
U such that Nevanlinna characteristic function

2
T (r) = %/Iog*‘f (re'®)|de
0

satisfiesTy (r) < (1—r) H forall r in 0 < ro (i) < r < 1. The greatest lower bound of all such numbgris called the
Nevanlinna order of . Thus the Nevanlinna ordgx of f is given by

. logTs (r)
=limsu .
P P log(1—1)

Similarly, the Nevanlinna lower ordér; of f is given by

s 10gTe (1)
A= Sog1—n) -

Somasundaram and Thamizharaiifitroduced the notions df-order (-lower order ) for entire functions whete=
L (r) is a positive continuous function increasing slowly ile(ar) ~ L (r) asr — oo for every positive constan&’. In the
line of Somasundaram and Thamizhar&kine may introduce the notion of Nevanlinarder for an analytic function
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finthe unitdisdJ ={z: |z <1} whereL=L (1—fr) is a positive continuous function in the unit diddncreasing slowly
i.e,L(52) ~L(7X) asr — 1, for every positive constat in the following manner.

Definition 1. If f be analytic in U then the Nevanlinna L-ordest of f is defined as

L ()
(1-1)

u
p%:inf{u>O:Tf(r)<[ ] foraIIO<ro(u)<r<1}.

Similarly one may definéfL, the Nevanlinnd.-lower order off in the following way.

Af = IiminfM .
r—1 | L(:)
09{ T

The more generalised concept of the Nevanlibrader and the Nevanlinrialower order an analytic functiof in the
unit discU are the Nevanlinnh*-order and the Nevanlinris -lower order. Their definitions are as follows.

Definition 2. [2] The Nevanlinna T_—orderpr* and Nevanlinna t-lower orderAfL* of an analytic function f in the unit
disc U are defined as

ptr = limsup lng;-i((rl) 3 and
1 exp{L( 1
AF = liminf logT (r) respectively.

" tog (2lilpell)

Extending the notion of single variables to several vagapletf(z,2,- - -,z,) be a non-constant analytic function rof
complex variableg;, 2, - - -,z,_1 andz, in the unit polydisc.

U={(z1,2,-2):|z| <1,j=12--,nmr1>0r2>0,---,ry>0} .

Now in the line of Nevanlinnd.*-order and Nevanlinn&*-lower order, in this paper we introduce the Nevanliima
variables baseld*-order and the Nevanlinmavariables baseld*-lower order for functions af complex variables analytic

in a unit polydisc as follows.
lOng (r17 r27 ) rn)

wPE = limsup _ _
rl,rg,---,rnall exp{L(ﬁ,ﬁ,---,ﬁ)}
08 | ()=
and
VnA}_* — I|m|nf _lOng (rl7r2)" '7rn) _
r1,r2, —1 eXp{L(flrl’ﬁ""’ﬁ)}
log | —=rir) )

whereL = L(rﬁl,rﬁz,---,rln]) is a positive continuous function in the unit polydisc increasing slowly i.e.,

a _a a 1 1 1 i : i
L (rm T Tm) ~ L (rm T Tm) asr — 1, for every positive constang’. In this paper we study some

growth properties of Nevanlinna’s Characteristic funetielating to the composition of two analytic functions i tinit
polydisc on the basis of Nevanlinmavariables based*-order and Nevanlinna variables based *-lower order as
compared to the growth of their corresponding left and riglators.. We do not explain the standard definitions and
notations in the theory of entire functions as those ardablaiin [1], [3] and [B].
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2 Theorems

In this section we present the main results of the paper.

Theorem 1.Let f and g be any two non-constant analytic functions of nglervariables in the unit polydisc U such
that 0 < Vn/\fog Vnpfog <wand0 < yAF < ypF <o If L( — 11r2 ,rln]) = o{logT (ry,rz,---,rn)} as
ri,rz,---,rh — 1then

L*

A logT AL
Vi (0] rq,r ,r Y
n fog < liminf ) g Trog(r1,r2, ni A < n/\flj)*g
wPr T L2 log Ty (1,1, - anL(l ZER=CLEN rm) o
L*
. 09 Tfoq(r1,r2,--,r vn P
< limsup OTtog (Fa, 2, ni TN S nAfLOP :
rorzeim=1log T (1, ro, - - rn)+L(1 o T-rp 71——rn) o

Proof. From the definition of Nevanlinna variables basetl*-order and Nevanlinna variables basetl*-lower order
of analytic functions in the unit polydisd, we have for arbitrary positive and for all sufficiently large values of

(25)(2;) - and(£%; ) that

1 1 1
eXp{L(r&vr@a"'vm)}

> L
IOngog (rla o, arn) = (Vn)\fog S) |Og (1_ rl) (1_ r2) T (1_ rn) ) (1)
mLe ! ! o t 1 1
IOngog(r1;r27 a“'l)Z(Vn)\fog ) |:|Og< >+| g<1_r2)a"'7<1_rn>+L<l_rlal_r25 71_rn

and

IOng (I'l,rz,"' 7rn) < (Vnplf_*+€) |Og (1_rl) (1_r2 _rn

1 1 1
logTs (r1,r2,++,rn) < (Vnpf +£) [Iog< >+ g( > _rn> ( _rl "’1—r2""’1—rn)]'
logTs (ry,r2,---,rn) ( 1 > ( 1 ) < > < 1 )
<log{ —— | +log( —— ) ,---,lo e ) 2
(Vnpr*+g) =109 1-rq g 1-r15 g 1-rn 1-rq 17r2 1-rn (2)

Now from (1) and(2), it follows for all sufficiently large values o(rﬂl) , (L) and( ) that

1-rp

1
exp{ (1 rl’lrz "’lrn ]
1

L*
(Vn/\fog - S)
o) > ——=

logTrog (1,12, -+ - logTs (r1,r2,--+,rn)
(et )

that is,

109 Ttog (r1,r2,---,rn) (Vn)‘fog

> IOng (rl7r2) B '7rn)
logTs (r,ro,-- rn)+L(l rl’llrz , ’1Tln1) 2

(Vnpf +£) logT¢ (rlarZa"v )+L(l rl’llrz ’lTln1)

(© 2017 BISKA Bilisim Technology


www.ntmsci.com

=
88 BISKA S. K. Datta, T. Biswas, A. Hoque: Growth properties of conigoanalytic functions of several
that is,
VnA}_;gfg
DEEEY v L*
logTrog (1. r2; rni > ( lnpf 1+a o 3)
logTs (rq,ro,---,r +L( , ,,—) L= = Tom
g ( n) 1-rq -, rp? 1-rp 1+ |Og-]|:f(l’1,$2,---,l’n)
SlnceL(l rl,llrz : ,rln]) =o0{logTs (r1,rz,---,rn) } @sry,ra,---,rn — 1, it follows from (3) that
. 109 Tsog (r1,r2,---,r AE
liminf OTrog (11,12 n) : fg .
rl’rZﬁ"'*r”ﬁllong (ry.ro, - rn)+L(1 rl’llrz . ,ﬁ) vnPf +&
As g (> 0) is arbitrary, we get from above that
. logTtog (F1,r2,---,1 AE
liminf 9Trog (1,2 n) > I fg (4)
"z ogTe (1, o, - rn)+L(l rl’llrg ' ’1T1n1) WPt
Again for a sequence of values é%rl) , (rﬂz) and( ) tending to infinity,
et ()
l0gTioq (r1,r2,- -, g(n/\Lo +£)Io L2 ik
g g(l 2 n) Vn/tfog g (1_r1)(1_r2).“(1_rn)
that is,
L 1 1
l0gTtog (r1,r2,- -+ M) < (vnAfog+8) log +log ,---log
r2 1-rp
1 1 1
L 5
+ <1—r1’1—r2’ ’1—rn)] ®)
and for all sufficiently large values c(frﬁl) , (17—1@) - and (1 = )
o1 (ks )
logTs (r1,ra, - -1 z(n/\L fe)lo L2 k
OTe (r1,r2; -+ fn) = {wAs i) 1
that is,
1 1 1 1 1 1
logTs (ry,rp,---,r >( A ) lo ;o log| —— L , R
gTs (re,r2 n) = (wAf { g( )+ g( rz) g(lrn)+ (1r1 1-r1; 1rn)]
that is,
logTs (ri,r2,-+-,rn) 1 1 1 1 1 1
>lo lo - log| —— L . 6
(V /\}_*_ ) g +log r2 ) ,10g 17rn + 17r1517r25 717rn ()
n
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Combining(5) and(6) , we get for a sequence of values(oﬁ—rl) , (i) and( ) tending to infinity that

1-rp

(Wt +¢)

l0gTiog (1,72, -+ n) < . logTs (ry,r2,-++,rn)
(WAt —)

that is,

L*
logTtog (r1,r2,- -+, In) - <Vn)‘fog+€) . logTs (ry,ra,---,rn)
IOng (rlarZ; rn)+L(1 rlaj_lrz ' arln1) (Vn)\fL**g) IOng (rlarZ;" ) )+L(j_ rlaj_lrz arln1)

that is,
.
Vn)\}_ogng
l0gTtog (r1,r2, -+, rn) wAF —€
1 1 < L2 1 1 ’ (7)
logTs (ra,ra, - - rn)+L(l T ’le) 14 (m,m,...,“n)
logTt (r1,r2,,rn)
1 1
ASL(1 T ’le) =o0{logTs (ry,rz,-+-,rn)} asry,ra,---,rp — 1 we get from(7) that
logTrog (r1,r2,-*+,rn) wAf,
liminf L Ey
1102, -1 . 1.1 Af —¢€
1 n~logTs (rq,r2,- rn)+L(1 T ’1*fn) Vn/tf

Sincee (> 0) is arbitrary, it follows from above that

liminf l0gTog (re,r2,- -+ rn) Vn/\fog

. (8)
iz =L0g Ty (1, g, - - rn)+L( . L) At

T o 1o,
Also for a sequence of values éfk%l) , (1——1r2) and( ) tending to infinity,

11 1
eXp{L<1Tq’1TQ7""1Tm)}

(1-r)(1—r2)---(1—rpn)

|Ong (rla ra, -+ rn) S (VnA%_* + 8) |Og

that is,

* 1 1 1 1 1 1
IOng (rl,rz,.u’rn)g (Vn/\}_ +€) |:|Og< >+ g( r2> ,..~7|Og(1_rn) +L<1_r171_r2’“.’1_rn>:|

that is
logT 1 1 1 1 1 1
0g f(fl,*fz ’r)<log( )+ g( ),---Iog,(l )+L<1 1 T ) 9
(s +2) 72

Now from (1) and(9), we obtain for a sequence of values(qf}—r) , (#) and( ) tending to infinity that

1 1-r;

(kg —¢)

(9

109 Tfog (r1,r2, -, fn) > logTs (re,ra,---,rn)
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that is,

L*
logTtog (r1,r2,- -+, Tn) S ( nAfog ) . logTs (ry,r2,--+,rn)
lOng (r17r27 : rn)+L(1 r1711r2 : 7]_,_1”]) a (Vn/\%_ +£) lOng (r17r27" ) )+L<1 r1711r2 : 7]_,—1”])

that is,
vn)\}‘ogfa
|Ongog (r17r2)"' rn) Vn)‘}_ +e
1 TN (10)
logTs (ry,r2, - rn)+L(1 T 17”) 14 (s ths)

l0gTs(ry,r2,,rn)

In view of the CondItIOI’L( = ,llrz : ,ﬁ) =0{logT¢ (r1,r2,--~,rn) } @sra,ra,---,rn — 1, we obtain from(10) that
_ 109 Tfoq (r1,r2,---,F AL
limsup gTtog(r1,r2 ni l >Vn/\fg .
rurz-mm=1logTs (r1,rz,- - rn)+L(l Ty ’Tm) wAf T €

Sincee (> 0) is arbitrary, it follows from above that

log . A e
rir2in=1log Tt (ra,rz, - rn)""—(l 2R 1lr27""1—_lrn) wAf
Also for all sufficiently large valuesoq ) (11r ) -and(rln]),
oot (ke ) )
< L* 1 2 n
IOngog (r1;r27 arn) = (Vnpfog+£) Iog (1_r1) (1_r2).“(1_rn)
that is,
* 1 1 1
l0gTrog(r,r2,---,rn) < (vnprog+£) [Iog< >+ g( rz) 7...,|og<1 p )
—In
1 1 1
+L<1_r171_r27"'51_rn>:| (12)
So from(6) and(12), it follows for all sufficiently large values o(rﬂl) : (lTlrz) and( ) that
L*
Vnpfog+€
l0gTtog (11,12, -+ Mn) < g logT¢ (ra,r2,--+,rn)
(i -
that is,

L*
109 Tfog (r1,r2,---,rn) - (Vnpfog+5) logTs (r1,r2,--+,rn)
long (rl7r27 ) rn)+L(1 r1711r2 . 7]_,_1”]) a (VnA:‘_*_g) |Ong (rl7r27"'arn)+|—(1,—1”_71,_]}2)"'717_1['”)
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that is,
vnplf'og+5
109 Tfog(r1,r2,-+,rn) wAF —¢
logT ( )L : L) 5 () )
Og f rl)rZ) : rn + (j_ r1° 1—ro )F) I I Im
! 2’ " 1+ logT¢(ry,r2,+,rn)
1 1 ;
UsmgL(1 T --,rm) :o{long (rl,rg,---,rn)} asri,ra, -, — 1, we obtain from(13) that
L*
. l0gTioq(F1,r2,---,r VnPfog+ €
limsup gTrog (1,2, nz < n/\f&g
rirzo=1logTe (ry,ra, - rn)+L(1 011y "’17rn) nif e

As g (> 0) is arbitrary, it follows from above that

(14)

L*
limsup 109 Ttog (r1,r2,- -+, fn) wnPfog

> L=
1 1
rl’rz"-.-’rn*}llong (rl7 2, rn) + L (1 ry? 1T, ry’ 5 le) VnAf

Thus the theorem follows froit4), (8), (11) and(14).

Similarly in view of Theoreml , we may state the following theorem without its proof for ttight factor g of the
composite functiorf og:

Theorem 2.Let f and g be any two non-constant analytic functions of nglervariables in the unit polydisc U such

that 0 < v, Afg < vaPfog < © and 0 < y A5 < y,p§ <. If L (1 Ty ,ﬁ) = 0{logTy(r1,r2,---,rn)} as

ry,ro,---,rn— 1lthen

AL | WAL
v - 09 Tioq(r1,r ,r
A0 iming 1 9Trog (1,12, nz < )\f&g
vnPg [0, n—> Iong(rl,rg, r”)'H-(l T "7lfrn) vn/lg
L*
l0gTiog(ra,r ~~~r) vnP
; g\'1,"2, n n~fog
<
_rlrlm...SrUp“ T L 1 1) = y AL
1.r2,f'n—=1l0g g(rl,rz, I'n)Jr e rl’l B Tom n’'g

Theorem 3.Let f and g be any two non-constant analytic functions of npervariables in the unit polydisc U such

that0<\,npfog<ooand0<\,npf < 00, IfL(l rl,llrz ’lTln1) =0{logTs (ry,r,---,rn)} @sr,ra,---,rp— Lthen

L*
M IO T r1,rp,---r vP
liminf ) 9Trog(ra,r2, ni < n fLO*g
furz = togTe (1, ro, - - rn)+L(l e ,Hn) bk
i logT r1,rp,---r
< limsup 9Ttog (1,72, -+, fn)

1 1)
rurzrm=1logTs (r1,rz,- - rn)+L(l ) I-rp " ’rm)

Proof. From the definition of,npr*, the Nevanlinna variables basetl*-order of analytic functiorf in the unit disdJ,
we get for a sequence of vaIues@}—rl) , (rﬂz) and( ) tending to infinity that

1 1 1
exp{L(E,E,---,m)}

(1-r1)(I=r2)---(L—rp)

logTs (re,r2,-+,rn) > (Vnpf *5) log
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that is,

1 1 1 1 1 1
lOng(rler; Bl )—(Vnpf - )|:|Og< >+ g( )7"'5|Og<1_rn>+L<1_r151_r25"'71_rn):|

that is,

logTs (r1,r2,-+,In) < 1 > ( 1 ) ( 1 > ( 1 1 1 >
>lo Tl --lo L , . 15
(vnPfL**S) g 9 -1y 9 1—rp 1—r1’1—=r19 1—rp (15)

Now from (12) and(15), it follows for a sequence of values éfﬁ) , (L) and( ) tending to infinity that

1-rp

(Vnplf_Zg + 8)

109 Tfog(r1,r2,---,rn) < logTs (r1,r2,--+,rn)
L*
(\,npf fs)

that is,

L*
logTrog (1,2, -,n) - (Vnpfog+8) logTs (r1,rz,---,rn)
logTs (ry,ro, - rn)+L(l rl,llrz . ,ﬁ) N (Vnpr*—e) logT¢ (re,ra,---,r )+|_<l rlvllrzv"'aﬁ)

Thus,
vnPIf‘:ngE
logTtog (re,r2,---,rn) < wnPf —€ (16)
logTs (r1,r2,---,r )+L( R ,L) - L(ﬁ*ﬁ""’l—lr )
( n 1-rq -, rp’? 1-rp 1+ |Og-]|:f(r1,$2,---,rn)n
UsingL (1 o 1lr2 “ey ﬁ) =0{logTs (ry,rz,--,rn) } @sry,ra,---,rn — 1, we obtain from(16) that
. l0gTioq (F1,r2, -+, PL; +&
liminf OTtog (11,2 n) < fL*g .
I’l,l’zl’...,rn*}llong (rl, ro,-- rn) + L (j_ T lrz e lTlh1) Vnpf —&
As g (> 0) is arbitrary, it follows from above that
o logTog (F1,ro, - ,F pk
liminf 9Treg (11,12 n) < fo’ . (17)
I’l,l’z,---,l’n%llong (rla ra,-- rn) +L (l ri’1 lfz ' ’1*_lfn) Vnpf

Again for a sequence of values éfﬁ) , (1%) - and ( ) tending to infinity,

2
exp{L(ﬁvﬁ""’ﬁ)}
(I—-r)(1—r2) - (1—rp)

IOngOg (rla o, rn) > (Vnpr:g - 8) |Og
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that is,

. 1 1 1
|Ongog (rl,r27' : ',rn) > (vnP]LT]gL *8) POQ( ) +1 g< I’2> ,--+,log (1_ rn>

1 1 1
18
JrL(l—rl’l—rg’ ’1—rn)] (18)

So combining2) and(18), we get for a sequence of values@}—rl) , (L) and( ) tending to infinity that

1-rp
L*
(Vnpfog B S)

109 Ttog (r1,r2, -, n) > logTs (re,ra,---,rn)

(Vnplf_* +8)
thatis,
L*
l0gTfog(re,r2,- -+ rn) o (VnPfog—f) . logTs (ra,r2,--+,rn)
09Ty (1t ) +L (e 2 pd) (b +g) logTr(rare, ) L (e i )
Thus,
Vnplf_597£
IOngOg (r15r27' o rn) > Vnplf_*+£ (19)
- R N N
|Ong (rl;rZ; - rn)+L(1 ri’ j_lrz )j_f—lrn) 1+ L(I:::';gr_lll._’(:l';r$7 717;n>
firL,r2,5n

SlnceL(1 = 11r2 : ,ﬁ) =o0{logTs (r1,r2,---,rn)} @sry,ra,---,rp — 1, it follows from (19) that

L*
. logTog(ri,ro, -+, rn vnPfog — €
limsup 9Trog (1.2, z — > nTrog

- L* .
L e RN €= S = = ) A

As g (> 0) is arbitrary, we get from above that

L*
. logTiog(F1,r2,- -+, vn Pt
limsup 9Trog (11,12, i — 2 nTlog

> i (20)
rur2im=1logTs (ro,ro,- - rn)+L(1 T ’Tm) v Pf

Thus the theorem follows frorfl7) and(20).

Theorem 4.Let f and g be any two non-constant analytic functions of npervariables in the unit polydisc U such

that0<vnpfog<ooando<vnpg < 0. IfL(l I’l’lll’z )l,—lrn) :O{IOQTg(rlarL;rn)} as rl)r2)7rn_>lthen

L*
i logT r1,rp,- I o)
liminf 1 g ng( 1,12, nz - S n fo*g
fr2 = 2og Ty (re, o, - - rn)+L(l — T ,,,14”) e
H |0 T r1,rp,---r
< limsup 9Tiog(r1,r2,-+rn)

1 1)\
iz =110 Tg (11, r2, - fn)+'-(1 T F)

The proof is omitted . The following theorem is a natural eansence of Theorethand Theoren3.
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Theorem 5.Let f and g be any two non-constant analytic functions of nplervariables in the unit polydisc U such

that 0 < \,n/\fLog < vntofLog <wand0< yAF < ypF <o If L (1 -, 1lr2 ,ﬁ) = o{logT; (r1,rz,---,rn)} as

ri,rp,---,r — 1then

* L*
. lo Tt r1,rp,---,r wn/\f vn Mt
liminf OTrog (11,12, nz T, = min n)\LOPv e
2 LogTy (1,1, mo) +L (g o) A b
AL* pL* loaT
VA fog VnPF . 0Qg lfog(ra,r2,---,rn
<maxq =2, =98 < limsup QTrog (1,12, ) .
wAf 0P rir2,-in=1log Tt (ry,ra, - rn)jLL(l r1’11r2 ' vlTln,)

The proof is omitted. Combining Theorerand Theorem, we may state the following theorem:

Theorem 6.Let f and g be any two non- constant analytic functions of nglervariables in the unit polydisc U such

that 0 < Vn/\fog < Vnpfog <ewand0< yA < \,pf <o IfL (1 = 11r2 : ,rﬁn) = 0{logTy(r1,rz,---,rn)} as

ry,ro,-+-,rm — 1then

* L*
liminf 109 Trog (11,12, Tn) < min{ N7 feg "lTog
r1,f2,,Mm—1 1 1 - ALY L
1,r2,In |Ong(rl7r2, rn)+L(1 T . ’le) vn/lg Vnpg
v v .
gmax{ n/\ff*g, n fLo*g < Ilmsup g fog( 1,12, ni - -
wAg  wnPg rura,in=1log Ty (rq,r2, - - rn)+L(1 FRE=CEA vle)

Theorem 7.Let f be a non-constant analytic function of n complex vddalin the unit polydisc U Witmp%* < o0, Also
let g be a non-constant analytic function of n complex vddalin the unit polydisc U. I, )\fog = oo then

IOngOg (rl7 2, rn)
rlarza“‘,rnﬂl Iong (r17 r2) Y rn)

= 00,

Proof. Let us suppose that the conclusion of the theorem do notTwéddh. we can find a constafit> 0 such that for a
sequence of values ‘(frlrl) : (1 L ) ,---and (1T1n1) tending to infinity that

i,
l0gTfog (1,2, rn) < BlogTs (re,r2,--,rn) - (21)

Again from the definition of,npf“, it follows that for all sufficiently large values ((frﬁl) , (rﬂz) and( ) that

1 1
exp{l‘(l ri0I-rp0 " I-r, rn
(I—=r1)(1—ry)-

logTs (r1,r2,---,rn) < (vnpr* + e) log

Thus from(21) and above, we have for a sequence of value<slé¢—l) , ( L ) and(

1-rp

1 1 1
eXP{L(mar@a"'vm)}

(1—r1)(L=r)---(L—rp)

) tending to infinity that

10gTrog (11,72, 1) < B (wPt +¢) log

(© 2017 BISKA Bilisim Technology
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that is,
o )]
log [exﬁi(mﬁ?(lﬁﬂ] - 0g lexp%(rl)ll_r(lllr:_rf(l f;‘ )}]
Therefore,

o l0gTroq(re,ro, -1
liminf g fog(17 25 ;n)

rl’rz""’r”%llog lexp{L<1h’12""’ 11rn>}1

L*
= VnAfog <00,

(I-r)(A-r2)(1-rn)
This is a contradiction. This proves the theorem.

Remark Theorem? is also valid with “limit superior” instead of “limit” ianAfLZg = oo is replaced b)onprZg = o and the
other conditions remaining the same.

Corollary 1. Under the assumptions of Theor@mr Remark2,

lim Tfog (I’l,rz,'",rn) w
rirz, =1 Tg (F1,12, )

Proof. From TheorenY or Remark2, we obtain for all sufficiently large values ¢t1-) and forK > 1 that
109 Ttog (r1,r2,- -, fn) > KT¢ (r1,r2,---,rn),
K
Tfog (rlera o '7rn) > {Tf (rl; 2, rn)} )

from which the corollary follows.

Theorem 8.Let f and g be any two non-constant analytic functions of nglervariables in the unit polydisc U such
thaty,p§ < o andy,Af,q = . Then

i IOngog (r1;r27' "arn)
rirzom—1 10gTg(re,r2,--+,rn)

=00,

We omit the proof of Theorer® because it can be carried out in the line of Theolem

RemarkTheorem8 is also valid with “limit superior” instead of “limit” ify, A L*

f.q = @ is replaced by, pf,, = « and the
other conditions remaining the same.
In the line of Corollaryl, we may easily verify the following:

Corollary 2. Under the assumptions of Theor&uor Remark2,

l0gTtog(ra,ra,---,rn)
rfg,—1 09Ty (re,ro,- -+ rn)

The proof is omitted because it may be carried out in the lif@avollary 1.
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