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Abstract: In this paper, we obtain new extremal functions for starlikefunctions and convex functions on the range

0≤ α ≤
1

2r+1

defined on the unit disk using analytic and univalent functions.
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1 Introduction

Definition 1. Let U = {z∈ C : |z|< 1} . A function analytic f(z) = z+∑∞
2 anzn ∈ A is said to be starlike of orderα if it

satisfies

Re(
z. f ′(z)

f (z)
)> α,(z∈U)

for some realα(0≤ α < 1). The class of starlike functions f(z) ∈ A of orderα is denoted by S∗(α).

Also, a function f(z) ∈ A is said to be convex of orderα if it satisfies

Re(1+
z. f

′′

(z)

f ′(z)
)> α, (z∈U)

for some realα(0≤ α < 1).The class of convex functions f(z) ∈ A of orderα is denoted by K(α). Where f(0) = 0 and

f
′
(0) = 1. [1],[ 4],[ 5].

Remark.

f (z) ∈ K(α)⇔ z. f
′
(z) ∈ S∗(α),

f (z) ∈ S∗(α)⇔
∫ z

0

f (t)
t

dt ∈ K(α).

Definition 2. Let p(z) be analytic in U with p(0) = 1. If p(z) satisfies

Rep(z)> 0 (z∈U)
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then p(z) is said to be the Caratheodory function. We denote by P all Caratheodory functions.

Example 1.Let us define a functionp(z) by

p(z) =
1+ z
1− z

(z∈U)

Thenp(z) analytic inU with p(0) = 1. Furthermore, forz= reiθ (0≤ r < 1,0≤ θ ≤ 2π), we know that

Rep(z) = Re

(

1+ reiθ

1− reiθ

)

≥
1− r
1+ r

> 0.

Thus

p(z) =
1+ z
1− z

∈ P.

Lemma 1. [2] If p(z) = 1+
∞
∑

n=1
pnzn ∈ P then

|pn| ≤ 2 (n= 1,2,3, ...).

Equality is attended for

p(z) =
1+ z
1− z

= 1+
∞

∑
n=2

2.zn
.

Proof.We use the following fact that ifp(z) is analytic inU andRe(z)> 0 (z∈U), thenp(z) can be written by

p(z) =
∫ 2π

0

eit + z
eit − z

dµ(t)+ iγ,

whereµ(t) is the probability measure such that

dµ(t) > 0 and
∫ 2π

0
dµ(t) = 1

With above fact, ifp(0) = 1, thenγ = 0. Therefore, we can write the function

p(z) =
∫ 2π

0

eit + z
eit − z

dµ(t)

we see that
eit + z
eit − z

=
1+eit z
1−eit z

= 1+2∑∞
n=1e−intzn

.

This show that

p(z) =
∫ 2π

0

(

1+2∑∞
n=1e−intzn)dµ(t)

= 1+2∑∞
n=1

(

∫ 2π

0
e−intdµ(t)

)

zn

= 1+∑∞
n=1 pnzn

where

pn = 2
∫ 2π

0
e−intdµ(t).
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It follows that

|pn|=

∣

∣

∣

∣

2
∫ 2π

0
e−intdµ(t)

∣

∣

∣

∣

≤ 2
∫ 2π

0
dµ(t) = 2

Furthermore, if|pn|= 2 thent = 0. Thus we have

pn =

∫ 2π

0

1+ z
1− z

dµ(t) =
1+ z
1− z

= 1+∑∞
n=12zn

.

Theorem 1. A function f(z) = z
1−z = z+∑∞

n=2zn is an extremal function for the class K. A function f(z) = z
(1−z)2

=

z+∑∞
n=2n.zn is an extremal function for the class S∗.

Proof.Let f (z) ∈ S∗. Then a functionp(z) given byp(z) = z f′(z)
f (z) is a Caratheodory function, so thatp(z) ∈ P. Applying

Lemma1, we have that

p(z) =
z f′(z)
f (z)

=
1+ z
1− z

is the an extremal function for the classP. This gives us that

f ′(z)
f (z)

=
1+ z

z(1− z)
=

1
z
+

2
1− z

which show that

log f (z) = logz−2log(1− z) = log
z

(1− z)2 .

Thus we obtain that

f (z) =
z

(1− z)2 .

Next, we note thatf ∈ K if and only if z. f ′(z) ∈ S∗. Thus, we consider

z. f ′(z) =
z

(1− z)2

for an extremal functionf (z) for the classK. It is easy to get

f (z) =
z

1− z

Theorem 2.[3] Let f be analytic in U, with f(0) = 0 and f′(0) = 1. Then f∈C if and only if z. f ′(z) ∈ S∗.

Corollary 1. k(z) is Koebe Function , for which

z.k
′
(z)

k(z)
=

1+ z
1− z

clearly offers equality.

Proof.The leading example of a function of classS is the Koebe function indeed;

k(z) = z+
∞

∑
2

m.zm = z+2z2+3z3+4.z4+ ...

k
′
(z) = 1+4z+9z2+16z3+ ...

z.k
′
(z) = z+4z2+9z3+16z4+ ...
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z.k
′
(z)

k(z)
= 1+2z+2z2+2z3+ ...=

1+ z
1− z

2 Main theorem

Theorem 3.Let 0≤ α ≤ 1
2r+1 and z∈U. Then, an extremal function for S∗(α) is

f (z) =
z

(1− z)2(1−α2r)
.

an extremal function for K(α) is

f (z) =
1− (1− z)α2r+1

α2r+1−1
,α 6=

1
2r+1 log(

1
1− z

),α =
1

2r+1 .

Proof.Let us consider

F(z) =

z f
′
(z)

f (z) −α2r

1−α2r , f (z) ∈ S∗(α)

Then F(z) = 1+∑∞
1 bmzm is analytic inU andReF(z) > 0,(z∈ U).Using Lemma1,If F(z) is an extremal function for

Lemma1, then

F(z) =

z f
′
(z)

f (z) −α2r

1−α2r =
1+ z
1− z

which is equivalent to
z f

′
(z)

f (z)
−α2r = (1−α2r)

[

1+ z
1− z

]

f
′
(z)

f (z)
−

α2r

z
=

(1−α2r)(1+ z)
z(1− z)

thus we have
f ′(z)
f (z)

=
α2r

z
+(1−α2r)

[

1
z
+

2
1− z

]

integrating both sides, we have that

∫ z

0

f
′
(t)

f (t)
dt = α2r

∫ z

0

1
t

dt+(1−α2r)
∫ z

0
[
1
t
+

2
1− t

]dt

this show that

[log f (t)]z0 = α2r [logt]z0+(1−α2r)[logt]z0−2(1−α2r)[log(1− t)]z0

that is, that

log f (z) = log
z

(1− z)2(1−α2r)

f (z) =
z

(1− z)2(1−α2r)
.

For f (z) ∈ K(α), we usez. f
′
(z) ∈ S∗(α). This means that

z. f
′
(z) =

z

(1− z)2(1−α2r)
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since,

f
′
(z) =

1

(1− z)2(1−α2r)
.

If α = 1
2r+1 ,then

f (z) =
∫ t

0

1
1− t

dt =− log(1− t)]z0 = log
1

1− z

If α 6= 1
2r+1 ,then

f (z) =
∫ z

0

1

(1− t)2(1−α2r)
dt =

∫ z

0
(1− t)2(α2r−1)dt

=

[

−(1− t)2α2r

2r+1

]z

0

=
1− (1− z)α2r+1−1

α2r+1−1
.

This completes the proof.

3 Conclusion

In this study we obtained extremal functions for starlike and convex functions according toα = 1
2r+1 values changing to

between 0≤ α < 1 for r = 0,1,2, ....
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