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Abstract: Using the fiber bundle M over a manifold B, we define a semi-tensor (pull-back) bundle tB of type (p,q). The complete and
horizontal lift of projectable geometric objects on M to thesemi-tensor (pull-back) bundle tB of type (p,q) are presented. The main
purpose of this paper is to study the behaviour of complete lift of vector and affinor (tensor of type (1,1)) fields on cross-sections for
pull-back (semi-tensor) bundle tB of type (p,q).
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1 Introduction

Let Mn be ann-dimensional differentiable manifold of classC
∞

andπ1 : Mn →Bm the differentiable bundle determined by

a submersionπ1. Suppose that(xi) = (xa
,xα), a,b, ...= 1, ...,n−m;α,β , ...= n−m+1, ...,n;i, j, ...= 1,2, ...,n is a system

of local coordinates adapted to the bundleπ1 : Mn → Bm, wherexα are coordinates inBm, andxa are fiber coordinates of

the bundleπ1 : Mn → Bm. If (xi′) = (xa′
,xα ′

) is another system of local adapted coordinates in the bundle, then we have

{
xa′ = xa′

(
xb
,xβ )

,

xα ′
= xα ′ (

xβ )
.

(1)

The Jacobian of (1) has components
(

Ai′
j

)
=

(
∂xi′

∂x j

)
=

(
Aa′

b Aa′
β

0 Aα ′

β

)
,

where

Aα ′

β =
∂xα ′

∂xβ .

Let
(
T p

q
)

x (Bm)(x= π1(x̃), x̃= (xa
,xα) ∈ Mn) be the tensor space at a pointx∈ Bm with local coordinates(x1

, ...,xm), we

have the holonomous frame field

∂xi1 ⊗ ∂xi2 ⊗ ...⊗ ∂xi p ⊗dxj1 ⊗dxj2 ⊗ ...⊗dxjq
,

for i ∈ {1, ...,m}p, j ∈ {1, ...,m}q, overU ⊂Bm of this tensor bundle, and for any(p,q)-tensor fieldt we have [[6], p.163]:

t|U = t
i1...ip
j1... jq

∂xi1 ⊗ ∂xi2 ⊗ ...⊗ ∂xi p ⊗dxj1 ⊗dxj2 ⊗ ...⊗dxjq
,

then by definition the set of all points(xI ) = (xa
,xα

,xα), xα= t
i1...ip
j1... jq

,α=α +mp+q,I ,J, ...=1, ...,n+mp+q is a semi-tensor

bundlet p
q (Bm) over the manifoldMn.
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The semi-tensor bundlet p
q (Bm) has the natural bundle structure overBm, its bundle projectionπ : t p

q (Bm) → Bm being

defined byπ : (xa
,xα

,xα) → (xα). If we introduce a mappingπ2 : t p
q (Bm) → Mn by π2 : (xa

,xα
,xα) → (xa

,xα), then

t p
q (Bm) has a bundle structure overMn. It is easily verified thatπ = π1◦π2.

On the other hand, letε = π : E → B denote a fiber bundle with fiberF . Given a manifoldB′ and a mapf : B′ → B, one

can construct in a natural way a bundle overB′ with the same fiber: Consider the subset

f ∗E =
{(

b′,e
)
∈ B′×E

∣∣ f
(
b′
)
= π (e)

}

together with the subspace topology fromB′ × E, and denote byπ1 : f ∗E → B′, π2 : f ∗E → E the projections.

f ∗ε = π1 : f ∗E → B′ is a fiber bundle with fiberF , called the pull-back bundle ofε via f [[5],[7],[11],[13]].

From the above definition it follows that the semi-tensor bundle (t p
q (Bm),π2) is a pull-back bundle of the tensor bundle

overBm by π1.

In other words, the semi-tensor bundle (induced or pull-back bundle) of the tensor bundle
(
T p

q (Bm), π̃,Bm
)

is the bundle(
t p
q (Bm),π2,Mn

)
overMn with a total space

t p
q (Bm) =

{
((xa

,xα) ,xα) ∈ Mn×
(
T p

q

)
x
(Bm) : π1(x

a
,xα) = π̃

(
xα

,xα
)
= (xα)

}
⊂ Mn×

(
T p

q

)
x
(Bm).

To a transformation (1) of local coordinates ofMn, there corresponds ont p
q (Bm) the coordinate transformation





xa′ = xa′
(
xb
,xβ)

,

xα ′
= xα ′ (

xβ )
,

xα ′
= t

β ′
1...β

′
p

α ′
1...α ′

q
= A

β ′
1...β

′
p

α1...αpA
β1...βq

α ′
1...α ′

q
t
α1...αp

β1...βq
= A(β ′)

(α)
A(β )
(α ′)

xβ
.

(2)

The Jacobian of (2) is given by

Ā=
(

AI ′
J

)
=




Aa′
b 0 0

0 Aα ′

β 0

0 t(α)
(σ)

∂β A(β ′)
(α)

A(σ)
(α ′)

A(β ′)
(α)

A(β )
(α ′)


 , (3)

whereI = (a,α,α), J = (b,β ,β ), I ,J...=1, ...,n+mp+q, t(α)
(σ)

= t
α1...αp
σ1...σq , Aα ′

β = ∂xα′

∂xβ .

It is easily verified that the conditionDetĀ 6= 0 is equivalent to the condition:

Det(Aa′
b ) 6= 0,Det(Aα ′

β ) 6= 0,Det(A(β ′)
(α)

A(β )
(α ′)

) 6= 0.

Also, dimt p
q (Bm)=n+mp+q. In the special casen=m, t p

q (Bm) is a tensor bundleT p
q (Bm) [[9], p.118]. In the special case,

the semi-tensor bundlest1
0(Bm) (p= 1, q= 0) andt0

1(Bm) (p= 0, q= 1) are semi-tangent and semi-cotangent bundles,

respectively.

We note that semi-tangent and semi-cotangent bundle were examined in [[1],[10],[12]] and [[14],[15]], respectively.

Also, Fattaev studied the special class of semi-tensor bundle [3]. We denote byℑp
q(t

p
q (Bm)) andℑp

q(Bm) the modules
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over F
(
t p
q (Bm)

)
and F (Bm) of all tensor fields of type(p,q) on t p

q (Bm) and Bm respectively, whereF
(
t p
q (Bm)

)
and

F (Bm) denote the rings of real-valuedC
∞
−functions ont p

q (Bm) andBm, respectively.

2 Vertical lifts of tensor fields and γ−operator

If ψ ∈ t p
q (Bm), it is regarded, in a natural way, by contraction ont p

q (Bm), which we denote byıψ . If ψ has the local

expression

ψ = ψ j1... jq
i1...ip

∂ j1 ⊗ ...⊗ ∂ jq ⊗dxi1 ⊗ ...⊗dxip

in a coordinate neighborhoodU(xα)⊂ Bm, thenıψ = ψ(t) has the local expression

ıψ = ψ j1... jq
i1...ip

t
i1...ip
j1... jq

with respect to the coordinates(xa
,xα

,xα) in π−1(U) [4].

Suppose thatA∈ ℑp
q(Bm). Then there is a unique vector fieldsvvA∈ ℑ1

0(t
p
q (Bm)) such that forψ ∈ t p

q (Bm) [8]:

vvA(ıψ) = vA◦π2 = ψ(A)◦π1◦π2 = ψ(A)◦π =vv (ψ(A)), (4)

wherevv(ψ(A)) is the vertical lift of the functionψ(A) ∈ F(Bm). We note that the vertical liftvv f = f ◦π of the arbitrary

function f ∈ F(Bm) is constant along each fiber ofπ : t p
q (Bm) → Bm. If vvA=vv Aa∂a+

vvAα ∂α +vvAα∂α , then we have

from (4)
vvA=vv Aat

α1...αp

β1...βq
∂aψβ1...βq

α1...αp +
vvAα t

α1...αp

β1...βq
∂α ψβ1...βq

α1...αp +
vvAαψθ1...θq

σ1...σp = ψθ1...θq
σ1...σpA

σ1...σp
θ1...θq

.

But ψθ1...θq
σ1...σp, ∂aψβ1...βq

α1...αp and∂α ψβ1...βq
α1...αp can take any preassigned valued at each point. Thus we have

vvAat
α1...αp

β1...βq
= 0,vvAα t

α1...αp

β1...βq
= 0,vvAα = A

σ1...σp
θ1...θq

.

HencevvAα = 0 at all points oft p
q (Bm) except possibly those at which all the componentsxα = t

α1...αp

β1...βq
are zero: that is, at

points of the base space. Thus we see that the componentsvvAα are zero a point such thatxα 6= 0, that is, ont p
q (Bm)−Bm.

However,t p
q (Bm)−Bm is dense int p

q (Bm) and the components ofvvA are continuous at every point oft p
q (Bm). Hence, we

havevvAα = 0 at all points oft p
q (Bm). Consequently, the vertical liftvvA of A to t p

q (Bm) has components

vvA=




vvAa

vvAα

vvAα


=




0

0

A
α1...αp

β1...βq


 , (5)

with respect to the coordinates(xa
,xα

,xα) on t p
q (Bm).

Let ϕ ∈ ℑ1
1(Bm). We define a vector fieldγϕ in π−1(U) by





γϕ =
(

∑p
λ=1t

α1...ε...αp

β1...βq
ϕαλ

ε

)
∂

∂xβ , (p≥ 1,q≥ 0)

γ̃ϕ =
(

∑q
µ=1 t

α1...αp

β1...ε...βq
ϕε

βµ

)
∂

∂xβ , (p≥ 0,q≥ 1)
(6)

with respect to the coordinates(xb
,xβ

,xβ ) on t p
q (Bm). From (3) we easily see that the vector fieldsγϕ and γ̃ϕ defined

in eachπ−1(U)⊂ t p
q (Bm) determine respectively global vertical vector fields ont p

q (Bm). We callγϕ (or γ̃ϕ) the vertical-

vector lift of the tensor fieldϕ ∈ ℑ1
1(Bm) to t p

q (Bm). For anyϕ ∈ ℑ1
1(Bm), if we take account of (3) and (6), we can prove
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that(γϕ)′ = Ā(γϕ) whereγϕ is a vector field defined by

γϕ = (γϕ)I =




0

0

∑p
λ=1t

α1...ε...αp

β1...βq
ϕαλ

ε


 . (7)

Let ϕ ∈ ℑ1
1(Bm). On putting

γ̃ϕ = (γ̃ϕ)I
=




0

0

∑q
µ=1 t

α1...αp

β1...ε...βq
ϕε

βµ


 , (8)

we easily see that(γ̃ϕ)′ = Ā(γ̃ϕ).

3 Complete lifts of vector fields

We now denote byℑp
q(Mn) the module overF(Mn) of all tensor fields of type(p,q) onMn, whereF(Mn) denotes the ring

of real-valuedC
∞
−functions onMn. Let X̃ ∈ ℑ1

0(Mn) be a projectable vector field [9] with projectionX = Xα(xα)∂α i.e.

X̃ = X̃a(xa
,xα )∂a+Xα(xα)∂α . On putting

ccX̃ =




ccX̃b

ccX̃β

ccX̃β


=




X̃b

X̃β

∑p
λ=1t

α1...ε...αp

β1...βq
∂εXαλ −∑q

µ=1 t
α1...αp

β1...ε...βq
∂βµ Xε


 , (9)

we easily see thatccX̃′ = Ā
(

ccX̃
)

. The vector fieldccX̃ is called the complete lift of̃X to the semi-tensor bundlet p
q (Bm).

4 Horizontal lifts of vector fields

Let X̃ ∈ ℑ1
0(Mn) be a projectable vector field [9] with projectionX = Xα(xα )∂α i.e. X̃ = X̃a(xa

,xα)∂a+Xα(xα)∂α . If we

take account of (3), we can prove thatHH X̃′ = Ā
(

HH X̃
)

, whereHH X̃ is a vector field defined by

HH X̃ =




X̃b

X̃β

Xl (∑q
µ=1Γ ε

lβµ
t
α1...αp

β1...ε...βq
−∑p

λ=1Γ αλ
lε t

α1...ε...αp

β1...βq
)


 , (10)

with respect to the coordinates(xb
,xβ

,xβ ) on t p
q (Bm). We callHH X̃ the horizontal lift of the vector field̃X to t p

q (Bm).

Theorem 1.If X̃ ∈ ℑ1
0(Mn) then

ccX̃−HH X̃ = γ(∇̂X̃)− γ̃(∇̂X̃),

where the symmetric affine connection∇̂ is the given bŷΓ α
β θ = Γ α

θβ .
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Proof.From (7), (8), (9) and (10), we have

ccX̃−HH X̃ =




X̃b

X̃β

∑p
λ=1t

α1...ε...αp

β1...βq
∂εXαλ −∑q

µ=1 t
α1...αp

β1...ε...βq
∂βµ Xε


−




X̃b

X̃β

Xl (∑q
µ=1Γ ε

lβµ
t
α1...αp

β1...ε...βq
−∑p

λ=1Γ αλ
lε t

α1...ε...αp

β1...βq
)




=




0

0

∑p
λ=1t

α1...ε...αp

β1...βq
(∂εXαλ +Γ αλ

lε Xl )−∑q
µ=1 t

α1...αp

β1...ε...βq
(∂βµ Xε +Γ ε

lβµ
Xl )




=




0

0

∑p
λ=1t

α1...ε...αp

β1...βq

(
∂εXαλ +Γ αλ

lε Xl
)


−




0

0

∑q
µ=1 t

α1...αp

β1...ε...βq

(
∂βµ Xε +Γ ε

lβµ
Xl
)




=




0

0

∑p
λ=1t

α1...ε...αp

β1...βq
(∂εXαλ + Γ̂ αλ

ε l Xl

︸ ︷︷ ︸
∇̂ε X̃αλ

)


−




0

0

∑q
µ=1 t

α1...αp

β1...ε...βq
(∂βµ Xε + Γ̂ ε

βµ l X
l

︸ ︷︷ ︸
∇̂βµ X̃ε

)




=




0

0

∑p
λ=1t

α1...ε...αp

β1...βq

(
∇̂ε X̃αλ

)


−




0

0

∑q
µ=1t

α1...αp

β1...ε...βq

(
∇̂βµ X̃ε

)




= γ(∇̂ε X̃αλ )− γ̃
(

∇̂βµ X̃ε
)
= γ(∇̂X̃)− γ̃(∇̂X̃).

Thus, we have Theorem1.

5 Cross-sections in the semi-tensor bundle

Let ξ ∈ ℑp
q(Bm) be a tensor field onBm. Then the correspondencex→ ξx, ξx being the value ofξ at x∈ Mn, determines

a cross-sectionβξ of semi-tensor bundle. Thus ifσξ : Bm → T p
q (Bm) is a cross-section of

(
T p

q (Bm), π̃ ,Bm
)
, such that

π̃ ◦σξ = I(Bm), an associated cross-sectionβξ : Mn → t p
q (Bm) of semi-tensor bundle

(
t p
q (Bm),π2,Mn

)
defined by [[2], p.

217-218], [[9], p. 126-127]:

βξ (x
a
,xα ) =

(
xa
,xα

,σξ ◦π1(x
a
,xα)

)
=
(
xa
,xα

,σξ (x
α)
)
=
(

xa
,xα

,ξ α1...αp

β1...βq

(
xβ
))

.

If the tensor fieldξ has the local componentsξ α1...αp

β1...βq

(
xβ), the cross-sectionβξ (Mn) of t p

q (Bm) is locally expressed by





xb = xb
,

xβ = xβ
,

xβ = ξ α1...αp

β1...βq

(
xβ)

,

(11)

with respect to the coordinatesxB = (xb
,xβ

,xβ ) in t p
q (Bm). Differentiating (11) by xc, we see thatn−m tangent vector

fieldsB(c) (c= 1, ...,n−m) to βξ (Mn) have components

B(c) =
∂xB

∂xc = ∂cx
B =




∂cxb

∂cxβ

∂cξ α1...αp

β1...βq


 ,
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which are tangent to the cross-sectionβξ (Mn) .

ThusB(c) have components

B(c) :
(

BB
(c)

)
=




δ b
c

0

0


 ,

with respect to the coordinates(xb
,xβ

,xβ ) in t p
q (Bm). Where

δ b
c = Ab

c =
∂xb

∂xc .

Let X̃ ∈ ℑ1
0(Mn) be a projectable vector field [9] with projectionX = Xα(xα)∂α i.e. X̃ = X̃a(xa

,xα)∂a+Xα(xα)∂α . We

denote byBX the vector field with local components

BX :
(

BB
(c)X̃

c
)
=




δ b
c X̃c

0

0


=




Ab
cX̃c

0

0


=




X̃b

0

0


 , (12)

with respect to the coordinates(xb
,xβ

,xβ ) in t p
q (Bm), which is defined globally alongβξ (Mn) .

Differentiating (11) by xθ , we have vector fieldsC(θ) (θ = n−m+1, ...,n) with components

C(θ) =
∂xB

∂xθ = ∂θ xB =




∂θ xb

∂θ xβ

∂θ ξ α1...αp

β1...βq


 ,

which are tangent to the cross-sectionβξ (Mn) .

ThusC(θ) have components

C(θ) :
(
CB
(θ)

)
=




Ab
θ

δ β
θ

∂θ ξ α1...αp

β1...βq


 ,

with respect to the coordinates(xb
,xβ

,xβ ) in t p
q (Bm). Where

Ab
θ =

∂xb

∂xθ ,δ
β
θ = Aβ

θ =
∂xβ

∂xθ .

Let X̃ ∈ ℑ1
0(Mn) be a projectable vector field [9] with projectionX = Xα(xα)∂α i.e. X̃ = X̃a(xa

,xα)∂a+Xα(xα)∂α . We

denote byCX the vector field with local components

CX :
(
CB
(θ)X

θ
)
=




Ab
θ Xθ

Xβ

Xθ ∂θ ξ α1...αp

β1...βq


 , (13)

with respect to the coordinates(xb
,xβ

,xβ ) in t p
q (Bm), which is defined globally alongβξ (Mn).
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On the other hand, the fibre is locally expressed by





xb = const.,

xβ = const.,

xβ = t
α1...αp

β1...βq
= t

α1...αp

β1...βq
,

t
α1...αp

β1...βq
being considered as parameters. Thus, on differentiating with respect toxβ = t

α1...αp

β1...βq
, we easily see that the vector

fieldsE(θ) (θ = n+1, ...,n+mp+q) with components

E(θ) :
(

EB
(θ)

)
= ∂θ xB =




∂θ xb

∂θ xβ

∂θ t
α1...αp

β1...βq


=




0

0

δ θ1
β1
...δ θq

βq
δ α1

γ1 ...δ αp
γp




is tangent to the fibre, whereδ is the Kronecker symbol.

Let ξ be a tensor field of type(p,q) with local components

ξ = ξ γ1...γp
θ1...θq

dxθ1 ⊗ ...⊗dxθq ⊗ ∂γ1 ⊗ ...⊗ ∂γp

onBm.

We denote byEξ the vector field with local components

Eξ :
(

EB
(θ)ξ γ1...γp

θ1...θq

)
=




0

0

ξ α1...αp

β1...βq


 , (14)

which is tangent to the fibre.

According to (12) and (13), we define new projectable vector fieldHX̃ by

BX+CX= HX̃

with respect to the coordinates(xb
,xβ

,xβ ) in t p
q (Bm), where

HX̃ =




Ab
cX̃c

0

0


+




Ab
θ Xθ

Xβ

Xθ ∂θ ξ α1...αp

β1...βq


=




X̃b

Xβ

Xθ ∂θ ξ α1...αp

β1...βq


 . (15)

We consider inπ−1(U) ⊂ t p
q (Bm), n+mp+q local vector fieldsB(c), C(θ) andE(θ) alongβξ (Mn). They form a local

family of frames
{

B(c),C(θ),E(θ)

}
alongβξ (Mn), which is called the adapted(B,C,E)-frame ofβξ (Mn) in π−1(U).

We can state following theorem:

Theorem 2.Let X̃ be a vector field on Mn with projection X on Bm. We have alongβξ (Mn) the formulas

(i) ccX̃ = HX̃+E(−LXξ ) , (16)

(ii) vvξ = Eξ
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for any t∈ ℑp
q(Bm), where LXξ denotes the Lie derivative ofξ with respect to X.

Proof. (i) Using (9), (14) and (15), we have

HX̃+E(−LXξ ) =




X̃b

Xβ

Xθ ∂θ ξ α1...αp

β1...βq


+




0

0

−Xθ ∂θ ξ α1...αp

β1...βq
−∑q

µ=1∂βµ Xβ ξ α1...αp

β1...β ...βq
+∑p

λ=1∂β Xαλ ξ α1...ε...αp

β1...βq




=




X̃b

Xβ

∑p
λ=1∂β Xαλ ξ α1...ε...αp

β1...βq
−∑q

µ=1 ∂βµ Xβ ξ α1...αp

β1...β ...βq


=cc X̃.

Thus, we have (16).

(ii) This immediately follows from (5).

On the other hand, on puttingC(β) = E(β), we write the adapted frame ofβξ (Mn) as
{

B(b),C(β ),C(β)

}
. The adapted

frame
{

B(b),C(β ),C(β)

}
of βξ (Mn) is given by the matrix

Ã=
(

ÃA
B

)
=




δ a
b ∂β xa 0

0 δ α
β 0

0 ∂β ξ σ1...σp
α1...αq δ β1

α1 ...δ
βq
αq δ σ1

γ1 ...δ
σp
γp


 . (16)

Since the matrix̃A in (16) is non-singular, it has the inverse. Denoting this inverseby
(

Ã
)−1

, we have

(
Ã
)−1

=
(

ÃB
C

)−1
=




δ b
c −∂θ xb 0

0 δ β
θ 0

0 −∂θ ξ σ1...σp

β1...βq
δ θ1

β1
...δ θq

βq
δ σ1

γ1 ...δ σp
γq


 , (17)

whereÃ
(

Ã
)−1

= (ÃA
B)
(

ÃB
C

)−1
= δ A

C = Ĩ , whereA= (a,α,α), B=
(

b,β ,β
)

, C=
(
c,θ ,θ

)
.

Proof. In fact, from (16) and (17), we easily see that

Ã
(

Ã
)−1

= (ÃA
B)
(

ÃB
C

)−1
=




δ a
b ∂β xa 0

0 δ α
β 0

0 ∂β ξ σ1...σp
α1...αq δ β1

α1 ...δ
βq
αq δ σ1

γ1 ...δ σp
γp







δ b
c −∂θ xb 0

0 δ β
θ 0

0 −∂θ ξ σ1...σp

β1...βq
δ θ1

β1
...δ θq

βq
δ σ1

γ1 ...δ
σp
γq




=




δ a
c −∂θ xa+ ∂θ xa 0

0 δ α
θ 0

0 ∂θ ξ σ1...σp
α1...αq − ∂θ ξ σ1...σp

α1...αq δ θ1
α1 ...δ

θq
αq


=




δ a
c 0 0

0 δ α
θ 0

0 0 δ θ
α


 = δ A

C = Ĩ .

Let A∈ ℑp
q(Bm). If we take account of (5) and (16), we can easily prove thatvvA′ = Ã(vvA), wherevvA∈ ℑ1

0(t
p
q (Bm)) is a

vector field defined by

vvA=




vvAa

vvAα

vvAα


=




0

0

A
α1...αp

β1...βq


 ,

with respect to the adapted frame
{

B(b),C(β ),C(β)

}
of βξ (Mn).

Taking account of (9), (10) and (16), we see that the complete liftccX and horizontal liftHHX have respectively
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components

ccX̃ :




X̃b

Xβ

−LXξ α1...αp

β1...βq


 ,

HH X̃ :




X̃b

Xβ

(∇Xξ )α1...αp

β1...βq




with respect to the adapted frame
{

B(b),C(β ),C(β)

}
of βξ (Mn), whereccX̃′ = Ã

(
ccX̃
)

andHH X̃′ = Ã
(

HH X̃
)

.

We now, from equations (7), (8) and (16) see thatγϕ andγ̃ϕ have respectively components

γϕ = (γϕ)I =




0

0

∑p
λ=1ξ α1...ε...αp

β1...βq
ϕαλ

ε


 , γ̃ϕ = (γ̃ϕ)I

=




0

0

∑q
µ=1 ξ α1...αp

β1...ε...βq
ϕε

βµ




with respect to the adapted frame
{

B(b),C(β ),C(β)

}
of βξ (Mn).

Let S∈ ℑ1
2(Mn) now. If we take account of (16), we see that(γS)′ = Ã(γS) . γS is given by

γS= (γS)I
J =




0 0 0

0 0 0

0 ∑p
λ=1Sβλ

βε
ξ β1...ε...βp

α1...αq 0


 ,

with respect to the adapted frame
{

B(b),C(β ),C(β)

}
, whereSβλ

βε
are local componenets ofSonBm.

BX, CX andEξ also have components:

BX =




Xα

0

0


 ,CX =




0

Xα

0


 ,Eξ =




0

0

ξ α1...αp

β1...βq




respectively, with respect to the adapted frame
{

B(b),C(β ),C(β)

}
of the cross-sectionβξ (Mn) determined by a tensor

field ξ of type(p,q) in Mn.
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