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Abstract: In the present paper, by using new identity for fractionalegnals some new estimates on generalizations of
Hermite-Hadamard type inequalities for the class of gdizea(s,m, ¢)-preinvex functions via Riemann-Liouville fractional égral

are established. These results not only extend the reqaptsaged in the literature (se2]), but also provide new estimates on these
types. At the end, some applications to special means age.giv
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1 Introduction

The following notations are used throughout this paper. ¥ég to denote an interval on the real lifke= (—o, +c0) and

I° to denote the interior df. For any subset C R", K is used to denote the interior Kf R" is used to denote a generic
n-dimensional vector space. The nonnegative real numbermdemroted bR, = [0, +). The set of integrable functions
on the intervala, b] is denoted by ;[a, b].

The following inequality, named Hermite-Hadamard ineg@yals one of the most famous inequalities in the literature
for convex functions.

Theorem 1.Let f:1 CR — R be a convex function on an interval | of real numbers anlol@l with a < b. Then the

following inequality holds:
a+b 1 P f(a)+ f(b)
— < = < -7

f( 2 ) - b—a/a Fiqdx < 2 @
The following definition will be used in the sequel.

Definition 1. The hypergeometric functioifri (a, b; c; ) is defined by

1
oFi(a,b;c;z) = 2711 —1)c P11 — zt)Adt

Fbe 5 b
B(ba c— b) 0
forc>b > 0and|z < 1, wheref(x,y) is the Euler beta function for all,y > 0.

In recent years, various generalizations, extensions andnts of such inequalities have been obtained (28[R2]).
For other recent results concerning Hermite-Hadamard itypgualities through various classes of convex functions,
(see [L8]) and the references cited therein, also (s8e[17]) and the references cited therein.
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Fractional calculus (seel§]) and the references cited therein, was introduced at tdeoéthe nineteenth century by
Liouville and Riemann, the subject of which has become adilgmjrowing area and has found applications in diverse
fields ranging from physical sciences and engineering tlogical sciences and economics.

Definition 2. Let f € L1[a,b]. The Riemann-Liouville integralgJf and J f of ordera > 0 with a> 0 are defined by

30 F(x) = ﬁ/:(x—t)“*lf(t)dt, x>a

and L )
2 f(x :—/ t—x) 9 (t)dt, b>x
E 100 = gy [, EXH O
+o00
Wherel'(a):/ e 'u?1du. Here &, f(x) = 30 f(x) = f(x).
In the case ofr = 1, the fractional integral reduces to the classical integral.

Due to the wide application of fractional integrals, soméhats extended to study fractional Hermite-Hadamard type
inequalities for functions of different classes (sé]{ 25]) and the references cited therein.

Definition 3. (see B]) A nonnegative function fl C R — R, is said to be P-function or P-convex, if
ftx+(1-t)y) < f(X)+ f(y), Wxyel,te]0,1].
Definition 4. (see p]) A function f: R, — R is said to be s-convex in the second sense, if
FAX+ (L= A)y) < ASF() + (1—A)*H(y) @
forallx,y € R., A € [0,1] and se (0,1].

It is clear that a 1-convex function must be convextonas usual. The-convex functions in the second sense have been
investigated in (seeD]).

Definition 5. (see p]) A set KC R" is said to be invex with respect to the mappingK x K — R" if x+tn(y,x) € K
for every xy € Kandte [0,1].

Notice that every convex set is invex with respect to the mapp(y,x) = y — X, but the converse is not necessarily true.
For more details please (sed,[[7]) and the references therein.

Definition 6. (see B]) The function f defined on the invex setKR" is said to be preinvex with respegt if for every
X,y € Kandte [0,1], we have that

f(x+tn(y,x) < (1-t)F(x) +tf(y).

The concept of preinvexity is more general than convexitgaievery convex function is preinvex with respect to the
mappingn (y,X) =y — X, but the converse is not true.

Motivated by these results, the aim of this paper is to estatdome generalizations of Hermite-Hadamard type
inequalities using new identity given in Secti@nfor generalized's,m, ¢)-preinvex functions via Riemann-Liouville
fractional integral. In SectioB, some applications to special means are given. In Sedfisome conclusions and future
research are given. These results not only extend the sempitteared in the literature (s&)[ but also provide new
estimates on these types.
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2 Main results

Definition 7. (see B]) A set KC R" is said to be m-invex with respect to the mappingK x K x (0,1] — R" for some
fixed me (0, 1], if mx+tn(y,x,m) € K holds for each xy € K and any te [0, 1].

Remark.In Definition 7, under certain conditions, the mappingy,x,m) could reduce ta](y,x). For example when
m= 1, then them-invex set degenerates an invex setan

Definition 8. (see [L]) Let KC R" be an open m-invex set with respecttoK x K x (0,1] — R"and¢ : | — K a
continuous increasing function. For: i — R and any fixed sn € (0, 1], if

(Mg () +tn(9(y), ¢(x),m) <m(L-1)*(¢(x)) +t>F (o (y)), (3)

is valid for all x y € 1,t € [0,1], then we say that (k) is a generalizeds, m, ¢ )-preinvex function with respect tp.

Throughout this paper we denote tipeneralized cumulative to the leftgap with respect tq) by

La(X;n,9,ma) = 1[ <m¢( a)+ w>+f<m¢(a)+3n(¢(x);f¢(a),m)>]

Pl n(9(x).9 (@), m
(000, 0@.m [J( mg (a)-+ 18P ) F(me( ))+J<m¢< )+w),f (m¢(a)+f)
a ¢ a¢ a 3 ¢ 7¢ ,
+J<m¢(a) W) <m¢( a)+ %) + Jmg (2)+n (6 (x).0(a)m)— | <m¢(a)+ n( (X)4 (a) m))]

Remarklf we choosem= 1, ¢ (x) = x=bandn(b,a,1) = b— a, then we get the notion afumulative to the leftr-gap
given in (see?)).

In order to prove our main results regarding some Hermitdérzard type inequalities for generalizedm, ¢ )-preinvex
function via fractional integrals, we need the followingineemma:

Lemma 1.Let¢ : | — K be a continuous increasing function. Supposg R be an open m-invex subset with respect to
n:KxKx(0,1] — R for any fixed sme (0,1] and letn (¢ (b), ¢ (a),m) # 0. Assume that fK — R is a differentiable
function on K and f' € L1[m¢ (a),m¢ (a) + n (¢ (b), ¢ (a),m)]. Then fora > 0, the following identity holds:

Lot ¢.ma) — 1000 0(@.m)

. [ v (mo -+ gn@e.e@m)acs [ -0 (mpa+ () (000, p(a.m ) a
w e (mo@+ (52 n@.e@m) o [0 -1 (mo)+ () new.o@im) dt]. @

Proof. A simple proof of the equality4) can be done by performing an integration by parts in thegiiatle from the right
side and changing the variables. The details are left tontleeasted reader.

RemarkIf we choosem=1, ¢(x) = x=bandn(b,a, 1) = b— a, then we get (se€?], Lemma 1).

Now we turn our attention to establish new integral inedigaliof Hermite-Hadamard type for generalizegim, ¢ )-
preinvex functions via fractional integrals. Using Lemfyahe following results can be obtained for the correspogdin
version for power of the absolute value of the first deriativ
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Theorem 2.Let¢ : | — A be a continuous increasing function. SupposelA be an open m-invex subset with respect to
n:AxAx (0,1 — R for any fixed sme (0,1] and letn (¢ (b), ¢ (a),m) # 0. Assume that fA— R is a differentiable
function on A. If |f'|9is a generalizeds,m, ¢ )-preinvex function orim¢ (a),m¢ (a) + n (¢ (b), ¢ (a),m)], g> 1, p~1+

g~! = 1, then for anya > 0, the following inequality for fractional integrals holds:

N9 (x),$(a).m ;
La(n.9,ma) < 16(45(S+1))1/q 1+paé{{m4s+l FI1(9(@)+ |1 (8 00)1"]
; ; >
+[m(25“71>|f’( ¢(a))[+ (35 25| f'(¢ q}+<arp2il+" ) (5)

X{{m<35“25“>|f'< $()11+ 2 DIF (@I + [mIF ()T (443 /(4 (>>|“TH'

Proof. Suppose thag > 1. Using Lemmal, the fact thatf’|9 is a generalizeds,m, ¢ )-preinvex function, property of the
modulus and Holder’s inequality, we have

In(¢(x), ¢(a),m)|
16

t (mo(a + () n(000.0(@.m) ) e
t (mpta)+ (75 ) noco.g@nm ) fous [-1o)v (o) (57 ne(x.o@.m) M
< 100 0@, m] l( / 1tpadt>% (|1 (mbca+ gn@.(a.m)
(] l(l—t“)f’dt)%’ ([]r (mo@+ (52 now.o@.m) th)%
(] ltpadt)% (f | (mo@+ (%) oo, pcam) th)%
1 ;

e (m¢<a>+ (¥) n<¢<X>’¢<a>’m)) thﬂ

<1+1p")l/p</°l< (1-3) re@r+ () Ire <>>|“>dt>%

|L0(X;’77¢amaa)| S

t (mbte) + n(@.o6@.m) |t [ (1)

+ <aﬁp(z+)lf))> </01 <m(1¥’>s|f'<¢<a»|q+ (”3> (9(x >>|‘*>dt>q]
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1
(1+ pa)

_In(¢X.¢@),m|
16(45(s+ 1))/

{ [m(astt - 3544 1/(¢ (@) |7+ | /(9 (x))|]°

1
p

rp+or(3))?
al (p+1+1)

(= 1) @)+ @ =2 (9(9) ) } i (

{ [ M@= 224 1/(9 (a)) [ (25~ 1) /(9 ()] * o [mi /(9 () [+ (452~ 350 (6 () 9 H |

The proof of Theoren2 is completed.

Corollary 1. Under the conditions of Theore® if we choose l=s=1, ¢(x) = x=b andn(b,a,1) = b— a, then we
get (see P], Theorem 2).

Theorem 3.Let¢ : | — A be a continuous increasing function. SupposelR be an open m-invex subset with respect to
n:AxAx(0,1] — R for any fixed sme (0,1] and letn (¢ (b), ¢ (a),m) # 0. Assume that fA— R is a differentiable
function on A. If | f/|%is a generalizeds, m, ¢ )-preinvex function ofm¢ (a), m¢ (a) + n (¢ (b), ¢ (a),m)], g > 1, then for
anya > 0, the following inequality for fractional integrals holds:

(N9, ¢(a),m)
16

|LG(X;na¢7m7a)| <

moFy (—satLat 2 [F@@F  (reme ]}

a+1 4(a+s+1)

()

moF1(—sa+La+2;2)|f(9@)%  2Fi(-sa+la+2;-3)|F(¢(x) %
+ 25(a +1) + 25(a+1)

1-1
NN
a+1 48/

MR (-sa+1a+2;3) |f(9@) B(a,s)| f’(¢(x))lq1 a

2st1_1
s+1

(3S+l _ 2&%1

- JECRS

1

)it to@pe (

oa+1
! q s+l _ astl
+[m|fﬁ(f))| +<4 s+f )'f’<¢<X>>|‘*—mr(ﬁ?alfs(f;)”|f’<¢<a>>|q

35 oF (-sa+1a+2,-3) | (9(x)[
a+1

: (6)

J

Proof. Suppose thag > 1. Using Lemmal, the fact thatf’|% is a generalizeds, m, ¢ )-preinvex function, property of the
modulus and the well-known power mean inequality, we have

n($(x), ¢(a),m)|
16

where "
B(a,s):/ £ (14 )%,
JO

|La(x;r])¢7m7a)| S

X l./(;lt“

F (mo(a)+ n(@.0@.m) at+ [ (1-17)

t (mo(a) + (57 ) e .00@.m) e
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f/ <m¢(a)+ <¥> n(e( ) ‘dt+/ (1-t%) < <t423> r)(¢(x),¢(a),m)> 'dt]

“dt) ( t (mp(@) + Lni600.6@.m) [0’
)| (moca+ (52 neoo.6(a.m) qolt)é

(557 oo i) )
o (o0 ) thﬂ
N A R O )
S R S L B
() (e a2 o (52 o))
(58] (o152 s (53 o)) |

_In6x.6@m|
16

( t"dt) é/Olt
(o) ()

< [n(e(x), ¢(a),m)|
- 16

‘(e

(1-t%)

¢
e (o
<
(v

0

1
q

a+1 a+1 45(a+s+1)

J

(. )13Hm.2a(aa+1;a+z;%>|f'<¢<a>>|q+ F(6(9)°

m-oFi(—sa+1;a+2;3) [F(¢@)|9 | oFi(-sa+1La+2;—3)|f($(x)°
* 2(a+1) " 25(a +1)

1-1
N
ar+1 45/

- mF (-sa+la+2 )| (¢(a))[
a+1

S+1 _ oS+l s+1
m(Fr ) @ (LT Iremre

B(G,S)If’(fﬁ(x))lq]

1'(¢ ()"

m|f'(¢(a))|? 4stl_gstly Fs+1)r(a+1)
s+1 +< s+1 >|f(¢(x))|q_m r(a+s+2)

}

Corollary 2. Under the conditions of Theore®) if we choose m=s=1, ¢(x) = x=Db andn(b,a, 1) = b—a, then we
get (see 2], Theorem 3).

735'2F1(*S,0’+1;0’+2?*%) [T/ (¢ (x))[9
a-+1

The proof of Theoren3 is completed.

(© 2017 BISKA Bilisim Technology
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Remark.It is worthwhile to note that for different choices of valuesnd functionsp, we can get some interesting

Hermite-Hadamard type fractional integral inequalitigobir theorems mentioned in this paper.

RemarkBy considering thgeneralized cumulative to the rightgap with respect tq) defined as

RU(X;nvtpamaa):*

1 lf(md’(a)) + f(md(a) +n(¢(x), ¢(a),m)
2

49 (o +1 .
R TeN SR lJ<m¢<a>>+f (m¢<a>+

n(¢(X),¢(a)7m)>
4

5 +f<m¢

n(
+J(am¢<a>+w)+f (m¢(a)+

(a)+n<¢<x>,2¢<a>,m>>]

¢(X)7¢(a),m))
2

+J€m(a)+n(¢(x)~2¢(a)-m))+f <m¢(a) + 3n(¢(X);1¢(a),m)) JrJ?md:(a)+73”“”(X)A"’(e‘)""))+f (mé (a) + n(¢(x),¢(a),m))] ’

one can obtain similar results. The details are left to therasted reader.

3 Applications to special means

In the following we give certain generalizations of someomt for a positive valued function of a positive variable.

Definition 9. (see R6]) A function M: Ri — R, is called a Mean function if it has the following properties:

1.Homogeneity: Nax,ay) = aM(x,y), for all a > 0,
2.Symmetry: NX,y) = M(y,x),

3.Reflexivity: Mx,x) = X,

4.Monotonicity: If x< X and y< 'y, then Mx,y) < M(X,Y),
5.Internality: min{x,y} < M(x,y) < max{X,y}.

We consider some means for arbitrary positive real numbeBs(a # ).

1.The arithmetic mean:

a+
A=A(a,B) = ZB
2.The geometric mean:
G:=G(a,B)=vap
3.The harmonic mean: )
Hi=H(a,p)=
I

4.The power mean:

5.The identric mean:

Bk
[ ::I(a,B):{%@_")’a#B’
a, =p.
6.The logarithmic mean:
o __ B-a
L= HEB) = ) ()

(© 2017 BISKA Bilisim Technology
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7.The generalized log-mean:

1

pPTl—ap ] p; peR\{-1,0}.

(P+1)(B-a)

Lp:=Lp(a,B) =

8.The weighteg-power mean:
1
ai. 0. --- .0 n p
Mp 1, U2, > Un — Ziai uip
ul; u27 7Un i=
where 0< 0; <1,u >0(i=1,2,...,n) with 5 ; o = 1.

It is well known thatlL, is monotonic nondecreasing overe R with L_; := L andLo :=I. In particular, we have the
following inequalityH < G <L < < A Now, leta andb be positive real numbers such threat b. Consider the

functionM := M(¢(a),¢(b)) : [¢(a),¢(a) +n(d(b),d(a))] x [¢(a),¢(a) + n(¢(b),$(a))] — R, which is one of
the above mentioned means afd | — A be a continuous increasing function, therefore one canirolvious

inequalities using the results of Sectidfor these means as follows.

Replacen (¢ (y), ¢ (x),m) with n(¢(y),d(x)) and settingn (¢ (a),p(x)) = M(¢(a),d(x)), vx € I, for valuem=1 in
(??) and @), one can obtain the following interesting inequalitiegilving means:

1 (o M) . M) i
x lJ‘(’(p(an)f(¢(a))+J‘(’¢<a)+%M>f (¢(a)+ W)
+, g g ) (¢(a)+ M<¢(a;,¢<x>>) o (q, @ 3M(¢(T’¢(X))” ‘
- 1“&(‘;252%)% " (1+1pa)g { (49713570 1 (g )+ £ (8 0) 1]

1 IV\ P
+[<25+11)|f’<¢<a>>|%(35+125“>|f’<¢<x>>|‘*}‘*}+ <%>

ol

) o

{ (31— 257 /(9 (@) [+ (2572 = DI F (S (0)F) * + [I(9 @)+ (45— 35| (9 ()|

- M(#(@), () M($(2).009)\ | 4" (a+1)
zlf (o) + HEELEN) 1 (p(ay 4 MUEEL0NY | LTS
M Y
x lJ€¢(a)+M<¢(az=¢(X))>f(¢(a)) +J((J¢(a)+m(¢(a)v¢( ))) f (¢(a) + (¢(ai ¢(X))>
M ’ a 3M ,
' ((}¢<a>+3“”<¢<a>‘¢‘*”)ff (¢(a)+ (¢(a; ¢(X))) o @ mo@.o00)- 1 (¢(a)+ (4’(‘2) 4’(")))”

[N

q

_M9@,909)
- 16

a >1% Fi(-satla+2h) @@ PP
a+1 a+1 A(a+st+1)
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N 2F1(—s,a+1;a+2;%)|f’(¢(a))|q+2F1(—s,a+1;a+2;—%)|f’(¢(x))|q a
25(a +1) 25(a+1)

1-1
NEA
a+1 48/

_F2R(sarlior2d) @@ g oo f'(¢(x))|q] a

(%) F(@@)9+ (22‘11) (B[

1

a+1
' s+1__ as+l
[ HEE (g e - T g

35 F (—s,a+Lia+2,-3) /(X))
a+1

1

Letting M(¢(a),9(x)) = A,G,H,R.,I,L,Ly,Mp, Vx € | in (7) and @), we get the inequalities involving means for a
particular choices of a differentiable generalized., ¢ )-preinvex functionf. The details are left to the interested reader.
They also can obtain similar results consideringgbaeralized cumulative to the rightgap with respect t@).

4 Conclusions

We have considered and investigated the class of genetdfize, ¢ )-preinvex functions. Moreover, using new integral
identity, some Hermite-Hadamard type inequalities foragatized(s, m, ¢ )-preinvex functions that are differentiable via
Riemann-Liouville fractional integrals are establishatithe end, some applications to special means are giverserhe
general inequalities give us some new estimates for HeriHai@amard type fractional integral inequalities.

We conclude that our methods considered here may be a stitndda further investigations concerning
Hermite-Hadamard type integral inequalities for variousdk of preinvex functions involving classical integrals,
Riemann-Liouville fractional integrals, conformabledtianal integrals andé-fractional integrals.
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