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1 Introduction

Letne N andT > 0 be fixed numbersQ C R" be a bounded domain with the bound@@, Qo1 := Q x (0,T),
So1:=0Q2 % (0,T), Qr:={(xt) | x€ Q,t =1}, T € R. We seek a weak solutian: Qo — R* of the problem

U2y — adu-+ g(x |2+ g(EU) = F(x1), (x1) € Qor, @

Uspr =0, Ul—o=Uo(X), X€EQ, (2)

wherea > 0 andr > 1 are some number4, .= aixz{ + ;7222 +...+ % is the Laplacian,
(Eu)(xt) == /3(x,t,z) (Wx+2t) —Tx1) dz (xt) € Qor. 3)
Q

9.0, 9, 3, f,ug are some functions, antlis zero extension af from Qg 1 into (R"\ Q) x (0, T).

The equations of typelf have been widely used in many applications. For exampke [@g let us consider a circuit,
which consists of a resistance, a condenser, and a genefaba jump impulses. It is well known that the supflyt)
satisfies the stochastic differential equation

du(t) =— R_1CU (t) dt+ o dW(t) +dQ(t), t<[0,T], U(0)= Uy, (4)
whereR is a value of the resistancg,is a capacitance of the condenseiis a intensity of the loss of the signalg is
a start supplyT = RC, {W(t) }1cjo,7 is the standard Brownian motion, a@t) is the compound Poisson process. Let
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u(x,t), x € R, be a density of the stochastic procels), t € [0, T]. If some additional conditions are satisfied, then (see
[4, p. 4]) uis a solution to the Cauchy problem for the Kolmogorov-Hedlguation

2

U — %uxxf Ric(xu)xf)\ /L,U(E,t)(u(x+ &) —u(xt)dé =0, (xt)eRx(0,T), u(x,0)=uo(x), xeR, (5)
R

whereug is a density otJg, A is a intensity of the jump creatiol is a density of the jump size.

If n=1, then equationl) is a nonlinear modification of5] in bounded domaiQo 1 instead of the unbounded strip
x (0,T). Equation B) also arises in the Merton and Kou models of the option pgi¢see L5], [31], and [34]). The
Cauchy problem for the equations of tyf® {s considered ing], [16], [21], and [41].

The number and the functiom (see (1)) are called exponents of the nonlinearity of double nadirparabolic equation
(1. Sinceq is a function, here we have a variable exponent of the naalitye The double nonlinear parabolic equations
with variable exponents of the nonlinearity without thesiwal terms are considered i8] [[7]. In [6], [17], [18], [19],
[39], and (0], the authors investigate the problems for nonlinear paralequations with constant exponents of the
nonlinearity and with the integral terms which differ froerin ).

In [38], J.P. Pinasco proved the existence of the local solutiath tae nonexistence of the global solution to the
initial-boundary value problem for the equation

b= Bu— U = [uz )P dz (6)
Q

wherea (x) > 1 andB(y) > 1.
In this paper we extend our investigations which is stamed 8] for the double nonlinear equation
U —aA(|ul"~2u) +g(x,t)|u| % 2u+ (Eu) = f(xt), (xt) € Qor. (7)

We recall that ify € [2,3), then the existence of the weak solution to probléhn (2) is proved in [L3]. The Cauchy
problem for the equations of typ&)(is considered inZQ] if q(x) =2, ¢(s) =s, andy = 3.

2 Notation and statement of main result

Let (-,-)y be a scalar product of some Hilbert spat€| - || = || -; B|| @ norm of some Banach spaBeB* a dual space,
and(-,-)s a scalar product betwedt andB. For the Banach spacésandY the notationX (Y means the continuous
embedding; the notatioX Y means the continuous and densely embedding; the notXtirf)rY means the compact
embedding.

Suppose than,N € N, pe [1,»], Q= Q or Q = Qo 1, #(Q) is a set of all measurable functionsQ — R (see R4,
p. 120]), Lip(Q) is a set of all Lipschitz-continuous functions. Q — R (see B2, p. 29]),C™(Q) andC3'(Q) are
determined from1, p. 9], LP(Q) is the Lebesgue space (sdep. 22, 24]), W™P(Q) andW(;“’p(Q) are Sobolev spaces
(see L, p. 45]), HM(Q) := W™2(Q), H(Q) := Wi™*(Q), C([0,T];X) and C™([0,T];X) are determined from2}7,
p. 147], LP(0,T;X) is determined from 47, p. 155], W™P(0,T;X) is determined from 35 p. 286],
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H™(0,T;X) :=W™2(0,T;X), and

P+ (Q):={06€L”(Q) | e;esQinfc‘S(y) > 0}.

For everyd € #.,(Q), by definition, put

& = e;;:sQinfé(y), 5%:=esssup(y), Ss(s):=max{s®, ), s>0, (8)
< yeQ
gy OW) L, /
(y):= 3y -1 fora.e. yeQ (note that 59) + 5 1 and o e%ﬁ(Q)), (9)
po(viQ) = [ VY)Y dy. ve.#(Q). (10
Q

For every functioru € L1(Qo 1) = L1(0,T;L(Q)) we haveu(-,t) € L1(Q), t € (0,T). For the sake of convenience we
shall writeu(t) instead ofu(-,t).

Assume thad € £, (Q) anddy > 1. The set
LoW(Q) = {ve .#(Q) | ps(v:Q) < +oo}

with the Luxemburg norm
V;L2(Q)[| :=inf{A >0 | ps(v/A;Q) < 1}

is called a generalized Lebesgue space. It is well known ltA&t(Q) is the Banach space which is reflexive and
separable (se80, p. 599, 600, 604]). The generalized Lebesgue space waslirded in B]. Its properties were widely
studied in P], [10], [22], [26], and [30].

We shall need the following assumptions:
(A:a>0,3<r<2;
(Q):de#:(Q),1<qp <’ <2;
(G): g€ Z+(Qor);
(E): 3€L”(Qot x Q);
(@): @ Lip(R), |@(§)| < @< | for every§ € R, whereg” € [0, +);
(F): f €L7(Qor), wherel + 1 =1;
(U): up € H3(Q)nHA(Q).
By definition, put

4 8 . 3

Y= s (note that y e (5,2} iff re (5,2}), (17
(GU)(X,t) = g(X,t)|U(X,t)|q(x)72U(X,t), (Xat) € QO,T; uec *%(QO,T)a (12)

1
(%U)(X,t) = m |U(X,t)|r72U(X,t), (th) € QO,T; uc %(QO,T)' (13)

Notice that ifu € C*(Qq.1) andu # 0, then
(Zu) = U . (14)

Then we formally rewrite equatiori) as

(Zu)y —alAu+Gu+ @(Eu) = f(x,t), (Xt)€QorT. (1)
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Definition 1. A real-valued function & L?(0,T;H3(Q))NC([0,T];LY(Q)) is called a weak solution of probleri)¢(2)
if Zu,Gu,Euc L?(QoT), u satisfies?), and for every v H}(Qo 1) we have

/ [f%u vt +a(0u, Ov) 4+ Gu v+ @(Eu) v} dxdt= / fv dxdt (15)
Qo Qo

HereOv := (Vx,,...,Vx,), (-,-) IS @ scalar product iiR".

Note that the integral operatér: L2(Qo1) — L2(Qo1) (See 8) ) is a linear bounded operator and for every
uc L?(Qo1) we have

[IEGL2(Qor)l| < E*|juL2(Qor)ll, 0

whereE* > 0 is independent ofi. Indeed, using the Cauchy-Bunyakowski-Schwarz inequéiee Lemma 6.12[7,
Chapter 1§6]), we get

/ |(Eu)(x,t)]2 dxdt= /‘/3(x,t,z)(u(x+z,t)—u(x,t)) dz‘zdxdt

Qo Qor Q
< / (/|3(x,t,z)|2 dz) (/|u(x+z,t) ~u(x.t)? dz) dxat
Q1 @ Q
gclf/(|u(x+z,t)|2+|u(x,t)|2)dzdxdtgcz/|u(x,t)|2dxdt
Qo1 Q Qo1

and so 16) holds.
Assume that the following condition is satisfied:

(2): a> @*E*Mq, wherea is defined by {), ¢* is determined fron{®), E* is defined by {6), Mq is determined from
the Friedrichs inequality (see Lemma 1.2G,[Chapter 2§1])

n
/|w|2dx§ MQ/Z|WXi|2dx we HE(Q). (17)
Q o=

Notice thatMo depends om and does not depend on

Theorem 1.Suppose thad Q < C*, conditions(A)-(U) hold, and(Z) isrsatisfied. Ifge L*(Qo1) and if @ € L*(R), then
problem ()-(2) has a weak solution u such thatdW™Y(Qo 1) and|u|2’lu € HY(0,T;L%(Q)).

3 Auxiliary facts

3.1 Functional spaces and some operators

First we recall some properties of the generalized Lebespases.

Proposition 1. ([37, p. 31]). If 6 € £, (Q) and & > 1, then for every) > 0 there exists a numbeg¥n) > 0 such that
for every ab > 0 and for a.e. y& Q the generalized Young inequality (the Young inequalityzf const)

ab< na’ +Yy(n)b?Y (18)

(© 2017 BISKA Bilisim Technology



NTMSCI 5, No. 3, 128-153 (2017)www.ntmsci.com BISKA 132

holds. In addition, ¥(n) depends ory,3° and it is independent of y,ih) = & Yz(%) = % Y5(+0) = +o0, and
Y5(Jr°°) =0.

Proposition 2. Assume thad € %, (Q) andd, > 1. Then the following statements are fulfilled:

(i) ([30, p. 600))if&(y) >r(y) > 1fora.e. ye Q, then °¥(Q) © L'™(Q) and
IV, L'Y(Q)]] < (1+meR)||v;L°Y(Q)]], veL’M(Q);

(i) ([26, p. 431]) for every te LO¥)(Q) and ve L¥¥)(Q) we get uve L1(Q) and the following generalized dtder
inequality is true ‘
[ 1wyl dy < 2] L2 (@) LTV Q. (19)
Q
Proposition 3. ([11, p. 168]) Suppose thad € £.(Q), & > 1, S5 is defined by&), andp; is defined by X0). Then for
every ve . (Q) the following statements are fulfilled:

() [[v;L°Y(Q)I < Sy/s(ps(viQ)) if P5(V;Q) < +o0;
(i) ps(v:Q) < Ss(Iv: LY (Q)I]) i [[v; LPVI(Q)]| < +oo.

Proposition 4.(Lemma 1 [, p. 714]) Suppose thad € %, (Q), & > 1, and{u™} men € LOY(Q). If umm? u weakly in

LOY)(Q) and if u" — v almost everywhere i@, then u=v.
LetA%v:=v, Alv:=Av,A'v:=A(A""1v), and
ng(Q) = {VE Hzr(Q) | V|,9_Q :AV|,9_Q =... :Ar71V|‘;Q = O}, reN. (20)

Take a number € N. It is easy to verify thang(Q) is the reflexive Hilbert space with respect to the scalar pcbd

(U V)2 (@) = /Aru(x)Arv(x) dx, uveH3(Q).
Q

If Q c Ct, then the following integration by parts formulae is true

/vA’u dx= /uArv dx uveHZ(Q). (22)
Q Q

Proposition 5.(Lemma 3 B5, p. 229]) If 9Q ¢ C?%, then there exists a constarg S 0 such that
I, H¥(Q)]] < ClA"v; L2(Q)| (22)
holds for all ve H2"(Q).
Propositiorb and definition 20) imply that
HA'(Q) OHZ(Q), HF(Q) OL%(Q) O [HF Q)] (23)
Let {w!}jc is an orthonormal basis for the spdcé Q) that consists of all eigenfunctions of the problem

—Aw=Aw in Q, Wjgo=0 weH}Q), (24)
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and{Aj};en C R, is the set of the corresponding eigenvalues. It is easy ffyvbat the functions{wj}jeN satisfy the
equalities
(—D'AW =AW in Q, Wy =AW o =...=A"W |50 =0. (25)

The following statements are needed for the sequel.
Proposition 6.(Theorem 8 85, p. 230]) If 9Q C C?, then the sefw! }jcy is a basis for the space 4 Q).

Remark 1 Let us consider the eigenvalue problem
—Vit = Vigxg — Vigx, — - — Voxa = CV IN Qo1 VigaxoT) =0, Vi=0o=0, W|i=T =0. (26)
Separating of variables(x,t) = w(x)8(t) yields
—W(X) 0" () — Wiy, (X)B(t) — Wi, (X) B (1) — ... — Wi, (X) B (1) = W(X)B(1),

') Aw(x)

6(t)  wx
andsol{ =0+A, 0"(t)+06(t)=0fort € (0,T), andAw(x) + Aw(x) = 0 for x € Q. Hence, instead o26) we obtain
the uncouple system of the following problem:

(i) problem @4);
(ii) the problem

=,

0"(t)+06(t)=0 for te (0,T), 6(0)=06'(T)=0. (27)
The eigenvalues and the corresponding eigenfunctionsobigam @7) have the following form:
Kk (T(2k—1)\2 Ko oo (TI(2k—1)
ok = (72T ) , keN, 6%t = sm(iz_l_ t), te(0,T), keN.
Whence, the eigenvalues and the corresponding eigenfumsaiif problemZ6) have the following form:

m(2k—1)

{=A140%  vixt) =wl(xsin(

t), (xt)eQor, jkeN.

If we renumber it, then we get the sfi™}on Of the eigenfunctions and the s@fm}men Of the corresponding
eigenvalue€m = Am+ 0m (M € N) of problem @6). Similarly to [42, Section 11.1] we prove thgv™} .y is a complete
setin 12(QoT).

For problem @4) we have Propositior6. In particular, if r € N and if the conditiondQ € C¥ holds, we obtain
{(W}jen € HZ'(Q) € HZ(Q) and S0 {V"}meny C C([0, T|;H¥(Q)) € H¥(Qo1). Moreover, the positive numbers
{Am}men and{om}men satisfy the equalities

AmV™ = —AV" in Qor, OmV™=—VI in Qur, meN. (28)

Lemma 1.1f p € [1,4+) and if zz € LP(Qo 1), then the following inequalities are true:

/|z(x,r)|pdx§C4(/|z(x,O)|pdx+/|zt(x,t)|pdxdt), T[0T, (29)
Q Q

QO‘T
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/|zxr )P dx < Ca /|sz )P dx+ / 2 (xv]P dxdt), T[0T, (30)
QTT
/|zxr |pdx<c4/[|z(x,t)|p+|zt(x,t)|r’} dxdt 1€ [0,T], (31)
Qo

where G > 0is independent of z,.
Proof. The proof of estimate3?) is found in Lemma 613]. In the same way we prove9) and 30). O]

Lemma 2. Suppose that the Nemytskij operators G @ddare defined by](2) and (13) respectively Ifog e ﬁ+(Q),
do > 1, ro > 1, and g€ L®(Qo 1), then the operators GLI® (Qq ) — L )(Qor) andZ : L'™(Qo1) — L (x )(QoT)
are bounded and continuous.

We shall omit the proof because it is analogous to the prodadlmvas given in 80, p. 613].

Proposition 7.(the Aubin theorem, se&]land [5, p. 393]). If sh> 1 are fixed numbers# , ., % are the Banach spaces,
and? C .2 A, then{uc LS(O,T;#) | weL"0,T; %)} & [L5(0,T;.Z)NC([0,T]; AB)].

Proposition 8. (the Vishyk lemma, see Lemma 433,[p. 66] and P3, p. 60]). Suppose that m N, the vector valued
function P:= (Py,...,Pyn) : R™ — R™Mis continuous, and there exists a numjper 0 such that(P( z),z)gm > 0 holds for
all ze R™ such thatz] = p. Then there exists a vectdF 2 R™ such thaiz"| < p and RZ") =

3.2 Differentiability of nonlinear expressions

The following statements are needed for the sequel.

Theorem 2.Suppose that € Z.(Q). Then the following statements are fulfilled:
(1) Ifrg> 1, then the equality
(Ju"®), =r()|ul"™~2uy (32)

is true if one of the following alternatives hold:
(i) ueC*(Qor) (here we haveu"™ (Ju"¥) € L™(Qor));
P

(i) u,u € LP¥(Qor) and p(x) > r(x) for a.e. xe Q (here we havéu|"™, (|u"™)) € LT (Qgr)).

X

(2) Ifro > 2, then the equality
(Jul"™~2u), = (r() — 1)]ul" ™ u, (33

is true if one of the following alternatives hold:

(i) ueC(Qor) (here we haveu|"™~2u, (Ju"®~2u), € L(Qor));

(i) u,u €LPY(Qor) and p(x) > r(x) — 1for a.e. xe Q (here|u|" ™2y, (ju]"®-2u), eL'p(X 1(Qor))-
This Theoren?® coincides with Theorem 3LF] (see also Remark 1B]). Then the proof is omitted.

Proposition 9. (Theorem 2 25, p. 286]) If X is the Banach space and ifgp[1, co], then W-P(0, T; X) ¢ C([0, T]; X) and
the following integration by parts formulae is true

/ut(t)dt:u(r)—u(s), 0<s<1<T, ueWHP(O,T;X). (34
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Lemma 3.Suppose tha® c R" is a bounded &'-domain (seeZ7, p. 48]). Then the integration by parts formulae
. t=t1 .
/Wtzdxdt/wzd% — /WZdth, 0<s<1<T, (35
o t=s o
Q s, T

holds if one of the following alternatives hold:

(i) we L9¥(Qor), where ge 2,(Q), go> 1, w € L}(Qo1), 2€ L*(Qor), and z € LY™¥(Qor);
(i) ww € LY(Qo1) and zz € L (Qor).

Proof. (i). TakeW := {w e L9X (QOT |w € LY(Qor)} andZ:= {ze L*(Qo7) | 2 € LYY (Qo1)}. If ¢ € CL(]0,T]) and
f 26 7, thengze WHL(0.T: L33 (Q). By (34) with u— $(1)20x.1), we get
[ ittt = o) - 0929 - [oax at xe (36)
Take a functior € C1(Q). By (36), we obtain
/ oV z dxdt= / ovz d% ir - / ovz dxdt (37)
Qsr =5 Qi

Clearly,C}([0,T];C}(Q)) OW OWL(0, T;LY(Q)). Then the set
{id)i(t)vi(x) ’ MEN, ¢1,....¢meCHOT]), Vi, Vm€CH@)}

is dense i'W and @7) yields (35).

We shall omit the proof ofii) because it is analogous to the previous ane.

Lemma 4. Suppose thatr € %, (Q),

[ "Wif s> 0,
"U"‘”(S)'_{ 0 ifs<o, Y (38)

p,0 € B+(Q), Po, % > 1, p(y) > a(y) fora.e.ye Q, andd(y) < af >) for a.e. yc Q. Then for every & LPY) (Q) we have

by)
that Yy y) (U) € LAV (Q),

pp/or(’#a(y)(u); Q) < pp(U; Q)a (39)
[|Way) (W LY Q)] < CsSuyp(0p(U: Q) (40)
where G > 0is independent of u.
M
Proof. Clearly, > 1fora.eye Q, [Wagy) (u)|*Y < |u[P¥ € LX(Q). Then by R9, p. 297], we obtain

p(y)

Way)(U) € LIV (Q). Moreover, 89) and

8y (60320 Q)] < el [y (1 LY ¥ (Q) | < CoShy Py (W) (1 Q)
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hold. This inequality and39) imply (40). O

Lemma 5. Suppose thgB € %, (Q), Yy is determined from3g) if we replacea (y) by 3(x), and

1lif s> %,
Xk(8) == 1 keN. (41)
0if s< P
If ue CYQo7) and if yv € LY(Qo7), then
kL'Tm / Xk(u _1(Wwv dxdt_/wﬁ ><4 /4’3 u) v dxdt (42
Qo Qo1

Proof. By definition, put

KBO if s>k,
. ) B()PN-1 if %<s< K,
Wpx k() = P if K <S<k  &pk(s) = 1 keN, k>2, xeQ.
1 0 if s<~— ands>Kk,
if s<= k
kB () — Kk’

Clearly, Yz (x) k(S) - W (s) if s€ Randx € Q. In addition, fork € N (k> 2) andx € Q the functionsi— (g, k(s) has

the Lipschitz property ifR and it is not differentiable only in the poist= % ands=k. Moreover,‘;iS Wp(x)k(S) = EMX)’k(s)
if sS#£ % ands # k. Whence, by Lemma 41[3], we obtain

(W k(W) = EB(X),k(u)ut almost everywhere inQo 7. (43)

Thus, P k(U), (Wax k(U)), € L*(Qo,r). Using casdii) of Lemma3 with z= g x(u) andw = v, we get (seeJ5))

/ (W k(W) v dxdlt= / W k(U)V X‘ / Wp 0 4(U) vt dxdt (44)
Q

Qo1

LetM :=max{|u(x,t)| : (x,t) € QoT}, ko € N, ko > max{2,M}. Sinceju| <M < kp < k, from (43) we have

(Wp k(W)= EB(X),k(u)ut = Xk(U) B(X) Y —1(U)Ut

wherek > ko. By the inequality|jx) k(U(X,1))] < MEX v (x,t) € Qo1 and the Lebesgue Dominate Convergence
Theorem, we obtain
lim /L[JB u)vdx= /l,uB uvdx if t=0 andt=T

k—r+00

kLIToo/ Wp(x) u) v dxdt= / Wp(x) u) v dxdt
Qo

Therefore, 42) follows from (44). O

Theorem 3.Suppose thatr € %, (Q), % <ap<a(x) <alforae. xe Q, and Wa(x) is defined by 38) if we replace
a(y) by a(x). Then the following statements are fulfilled:
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(1) ifueC*Qor), theny((u) € L(Qo1), (Wa(x (W), € L3(Qor), and

(‘-I-’a(x) (u))t = U(X) ‘-I-’a(x)—l(u) U, (45)

(2) if u,u,ug € LPY(Qor), p€ L7 (Q), and [x) > 2a(x) for a.e. xe Q, thenyyx (u) € WH2(0,T;L2(Q)), formulae
(45) holds, and

1 Wa (W);L2(Qor)|] < CrSu/p(op(u; Qo)) (46)

(W (W), L%(Qo)|| < CeSu/p(Pp(U; Qor) + Pp(th; Qo) + Pp(Utt; Qo)) (47)

where G,Cg > 0 are independent of u.

Proof. First let us prove Case 1. Take a functiog C?(Qo1). Sinceu, Ut € LY(Qo1), using ¢2) with 3 =2a —1>0
andv = u, we obtain

Jim [ fidxdt= / Wt utdx / Waar 1 (U) e dxdl (48)
S
Qo "7 Qor

whereyy is defined by 42), fx = xk(u)(2a(x) — 1)4120,<X),2(u)|m|2, k € N. Clearly,

fk(x’t);H_oZ f(xt) if (xt)eQorT, (49)

wheref = (2a(x) — 1)w20(x),2(u)|ut|2 = (2a(x) — 1)|Lpa(x),l(u)ut|2. The existence of the limit in4@) implies that there
exists a constartly > 0 such that for everit € N we have the estimate

/ fi dxdt < Co.
Qo
Clearly, f, < fy, if ki < ko. Then the Levi Monotone Convergence Theorem (see Theork(g,4. 90]) and 49) yield
thatf € L(Qo.1) and sofyx—1(U)tk € L?(Qo:7). In addition,
/ fidxdlt — £ dxdt (50)
Qo1 Q.OT

Hence, by 48), we get

[ (2000 = 1)lWagq-2(uu? dxclt= / Waato (U dx / Waa(-2(Wur dxdt (51
Qo " Qor
By (50), we obtain
[ Xi(U) V20 — 1)1 (U)ue; L3(QoT) ||—>||V20’ T x)—1(U) s L%(Qo.r) . (52)
Whence, using49), we prove the following convergence
Xk(u)‘-I-’a(x)fl(u)utIH—OZ‘-I-’a(x)fl(u)ut strongly in L*(Qo1). (53)
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Takev € L?(Qo 1) such thatt € LY(Qo1). Using 63) and @2) with 8 = a, we obtain
/ a (X) Yo x-1(U)u v dxdt= /llla(x)(u) { / Wa () (U) vt dxdt (54)
Qo & Qo1

Taking in 64) functionv € C7'(Qo 1), we get

/o{(X)l,UO,( (Wt dxdt= — /wa u) v dxdt
Qor Qor

Therefore, 45) holds. Thus( gy (U))r € L?(Qo.1). Moreover,fiy x (U) € L™(Qor).

Further let us prove Case 2. We start from proof48)@nd @7) if ue CZ(QO,T). Sincep > 2a (and so X g), estimate
(40) with Q = Qor andqg = 2 yields that 46) holds. Using 45) (we already proved it), by5(1), we obtain

[ [ Waww) [ dxat< L2 ( /w2a )l / g2 Bt [ o)l dxcl). (59

— 200 —
Qor Qo

On the other hand, for everye Z.(Q) (ro > 1) the estimate

Jy = /wza (u)|ue] X< | @a - 1(U(0));L" M (Q)]] - | (0); L' (Q))]

hoIds Sincep > 2a > 1, forr = 2a the following inequalities are true:dr < p,2a —1< p,and 1< r' = r-<

r-1 2a-1
20 7- Then estimate40) with Q = Q andq=r’ implies that

[ W20 (-2(U(0));L" ()] < Cr0S20-1)/p(Pp(uI(0); 2))

holds. In addition, by Propositiody we obtain

U (0); L™ (Q)]] < Caa |t (0);LPY(Q)]] < CraSy/pl(Pp(w (0); Q).

Therefore, by 81) with p = p(x) and by the equalit.(2)S(2) = Sayn(2) (a,b,z> 0), we get
I < 0125(2a71)/p(./|u(0)|P(X) dx) Sl/p(/ |uy ()P dx)
Q Q

< CasSoayp( [ [JOOIP -+ [t () + e (x.)] P ),
Qo1

whereC;3 > 0 is independent ai. Continuing in the same way, b$%), we obtain 47).

Finally let us takeu, i, Ut € LP® (Qo1), p> 2a, and{u}sen € C3(QoT), Where

v —su, U14>Ut, unﬂutt strongly in LP®(Qo1).

{—00

(© 2017 BISKA Bilisim Technology


www.ntmsci.com

(_/
139 BISKA O. Buhrii and N. Buhrii: On initial-boundary value problemrfnonlinear integro-differential ...

Estimates 46) and @7) imply that the sequencgy(x (u‘)}sen is bounded inW2(0,T;L?(Q)). Then there exists a
subsequencfu’k ey C {u‘}sey such that

W (U%) X weakly in W12(0,T;L2(Q))
—y00

and soa wa(x),l(ufk)ufk = (Yo (U%)), — { weakly in L?(Qqr). By choosing the sequende’} .y, there exists a

subsequence (we callft‘} <y again) such that

uk—su, ufk — 1 almost everywhere inQq T,
k—s00 k—s00 ’

a(x)wa(x),l(ufk)ufk |H—o>o a(x)wa(x),l(u)ut almost everywhere inQo 7.

Thereforex = Yy x) (U) andd = o Yq(x)—1(U)U. Thus, 64) with ve WH2(0,T;L2(Q)) holds and so045) is true.
Since{u’},eny € C?(Qo 1) inequality @6) and @7) with u = u’ are true, i.e.

Wa (U );L2(Qor)I| < CrSa/p(Pp(u; Qo))

[ (Wax (U%)) i L2(Qor)l| < CoSyp(Pp(u; Qor) + Po(U*; Qor) + Pp(Uek; Qo))
whereCy,Cs > 0 are independent afk, /. Thus, using Lemma 5.2, p. 20], we obtain46) and @7). O
Notice that the case (x) € (0,3] (see TheorerB) is considered in12.

Theorem 4.Assume that £ %, (Q). Then the following statements are fulfilled:
Q) If % < 1o <r%< 1, then the equalityd2) is true if one of the following alternatives hold:

(i) ueC*Qor) (here we haveu|"™ € L*(Qor) and (|uf"™) € L*(Qor));
(i) u,u,ur € LPX(Qo) and px) > 2r(x) for a.e. xc Q (here we havéu"™ € H1(0,T;L?(Q)) and

[11ul"™;HY(0, T;L2(Q))|| < C14S/p(0p(U; Qo) + Pp(tt; Qo) + Pp(Uet; Qo)) (56)

where G4 > 0is independent of u).

2) If % < 1o < 19 < 2, then the equalityd3) is true if one of the following alternatives hold:

(i) ueC?Qor) (here we haveéu|"®~2ue L”(Qor) and (|u]"™~2u), € L2(Qor));
(i) u,u, U € LPX(Qor) and px) > 2(r(x) — 1) for a.e. x€ Q (here we havéu|"®~2uc H(0,T;L?(Q)) and

1 ul"®~2u; HY(0,T; L2(Q))|| < C15Sir—1)/p(p(U; Qor) + Pp(k; Qo.r) + Pp(Ut; Qorr) ) (57)
where Gs > 0is independent of u.
Proof. The proof of Theorem follows from Theoren8 if we recall that
19" = W) (9) + W (—9), 19725 = Uhg-1() — Prg-1(—9), X€Q, SER.

Notice that we omit the notatiog in the right-hand sides oB8@) and @3). Thus the right-hand sides 0832 and @3)
equal zero o (x,t) € Qo | u(x,t) =0}. O

If we takep(x) = constandr (x) = const we rewrite Theorerd as follows.
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Theorem 5.Assume that i~ 0. Then the following statements are fulfilled:
(1) If 1 <r <1, then the equality
(Jul)e =rul2uu (58)
is true if one of the following alternatives hold:
(i) ueC?Qqor) (here we haveu|" € C(Qo1) and (Ju"): € L2(Qo1));
(i) ueW2P(0,T;LP(Q)) and p> 2r (here we havéu|" € H1(0,T;L?(Q)) and
1 ul ;s HA(O,T5L2(2))]] < Cus(I1u; LP(Qom)II" -+ [|ues LP(Qom)II" + [kt LP(Qo.)I), (59
where Gg > 0 is independent of u.
(2) If 3 <r < 2, then the equality
(Jul™2u)e = (r =) Jul" 2w (60)
is true if one of the following alternatives hold:
(i) ueC?(Qor) (here we haveu"2u e C(Qor) and(|u/"2u) € L2(Qo1));
(i) ucW?P(0,T;LP(Q)) and p> 2(r — 1) (here we havéu|"~2u € HY(0,T;L?(Q)) and
1 ul"2u;H(0, T;L2(Q))]] < Ca(|[usLP(Qo) I+ [[ues LP(Qo.m) "~ + e LP(Qor)I ™), (62)
where G7 > 0is independent of u.
3.3 Boundary value problem for some elliptic equation
The following Dirichlet-Neumann boundary value problenméeded for the sequel
—&u; + (Zu°); —alAu® + GUf + p(EUF) = f(x,t), (xt)€Qor, (62)
u£|ZO$T = O; U£|t:0 = Uo, ut8|t:T = Oa (63)
whereg > 0. By definition, pulo(Qo1) := {ve HY(Qo1) | V557 =0, Vlt—o =0},
ty2
Dixt)i= (1-7) W), (xt)eQor. (64
Clearly, ©4) and condition(U) yield thatD € HZ(QO’T),
D|ZO‘T = 07 D|t:0 = Up, D|t:T = 07 Dt|t:T =0. (65)

Definition 2. A real-valued functionie H 1(QO,T) is called a weak solution of probler6)-(63) if u satisfies §3;), (63;)
(i.e. F —D € Up(Qo1), where D is defined byf) ), Zuf,GUW¥,EUf € LZ(QO’T), and for every \e Up(Qo 1) we have

/‘ [sufvt — R v +a(0ué, 0v) + GUF v+ (p(Eug)v} dxdt+/%u£(T)v(T) dx= / fv dxdt
Qo Q Qo7

(66)
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For functionsw,v: Qo1 — R by definition, put

Le(W,V) := / [ewtvt + W' 2w v+ a(Ow, Ov) + Gw v+ (p(Ew)v} dxdt (67)
Qo

Lemma 6. If r € (1,2), conditions(G)-(®) hold, and(Z) is satisfied, then there exists a constapt> 0 such that for
every ue H}(Qo 1) ande > Othe estimate

1 t=T .
Zg(u,u)z—/|u(x,t)|’dx + / [£|ut|2+ao(|Du|2+|u|2+|u|r)+go|u|Q(X> dxdt—Cyg (69)
t=0 -

r
Q Qor

holds, where g > 0 is independent of .

Proof. By (67), it follows that

Ze(u,u) = / [£|ut|2+|u|r*2utu+a|Du|2+g|u|q<X)+qo(Eu)u} dxdt (69)
Qo

Sinceu € H(Qo1) and 2> r > 1, Case L.ii of Theorer@ with p(x) = 2 andr(x) =r (see also Propositiod) implies

that
t=T

(70)

" ewrF (0,T:LF (@), (ul ) = rlu2uu, /(|u|f)t dxdt— /‘|u(x,t)|’dx
'Q t=0

QoT
Taking into account conditio(®), the Cauchy-Bunyakowski-Schwarz inequality®), and (L7), we obtain

| [ oEuu axd] < g [EuL2(Qor)- 1L 2(Qor)l < 9B L(Qor) P < 9'EMg [ U2 dxl
Qor Qot

Using the Young inequality with the exponerts;2- > 1 and inequality17), we get
/|u(t)|r dx < /|u(t)|2 dx+Cpo < MQ/|Du(t)|2 dx+Cro, te[0,T],
Q Q Q

whereCyg > 0 is independent af, t. Then fora :=a— ¢*E*Mp > 0 we have

) ca [ oudxdie [ (%1% 4 @) 0u dxdt>
/[a|Du| +q0(Eu)u} dxdt> o / |Ou|* dxdt /<3+3+3)|Du| dxdt >

Qo Qor Qor
a a a
> Z|0ul? 4+ ——ul? —u’}dxdtfc :
_Q/[3| [+ g P+ gl 20
0,T

Taking into accountg9) and the transformations above, we obt&i8) ([

Theorem 6.Suppose thalQ < C* and the following conditions are satisfied:
(Ara>03<r<2
(Q:ae#(Q),1<q<d’ <2
(G): g€ #4(Qor);
(E): 3 €L™(Qor x Q);
(@): p € Lip (R), |@(&)| < ¢*[&| for everyé € R, whereg” € [0, +c0);
(F): f €L"(Qor), wherel + 1 =1;
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(U): up € H3(Q)nHA(Q);
(2): a> ¢*E*Mq, where E is defined by16), Mo is determined from1(7).
Then problem@2)-(63) has a weak solutionfusuch that & € H2(Qo 1) NH(0,T;H3(Q)) and Zuf € H(0,T;L%(Q)).

Proof. The Case = 2 is trivial. Let us assume thatc (%, 2). The solution will be constructed via Galerkin's method.

Step 1.Let {v"}n be determined from Remaifk D defined by 64), € > 0 a fixed numberZ; defined by 67),

ueM(x,t) :=D(x,t) +ZM(x,t), ZM(x,t) Z o7V (x,1), (xt) €Qor, MEN, (71)
andg == (¢;™,...,¢4") € RM. For the sake of convenience we have omitted ingléxu®™, ¢;™, ... ¢5", andz™M.
Notice also that

zm|ZO.T =0, zm|t:0 =0, z{nh:T =0, (72)
U"5r =0, UuMi—o=uo, U=t =0. (73)

Sincer < 2, we have 2> 2(r — 1). In addition, the inequality > % holds. SincedQ € C?, Remark1 implies that
(V™M men € H2(Qo1)- Then{Z™}men, {U™}men € H?(Qo1) and Case 2.ii of TheoreBwith p = 2 yields that

Zu™ e HY(0,T;L2(Q)), (Z2u™)y = [u™""2uM". (74)
Assume that the unknown vectér(see 1) ) satisfies the following equalities:

/ {:f:ut VU™ 20+ a(Ou™, OvH) 4+ GUM VH + g(EU™ )v“} dxdt= / fvi dxdt, (75)
Qo Qo

whereu = 1, m. Let us prove that thi$ exists. Equality 75) we rewrite to read

whereP := (Py,...,Pn), Pu($) := Ze (U™, W) — fo, TV dxdt, p =T m. Clearly,

(P($),¢)m = g(‘zg(um,vﬂ)f / fuH dxdt) o = 2 (U™, 2") - / 12" dxdt

H=1 Qo1 Qo1

— %" u"—D)— / f(u"— D) dxdt— / D dxdt— / FUT dxdt+ Z (U™ U™ — Z (U™ D). (77)
Qo1 Qo1 QIO,T

Using Young’s inequality, we obtain
1 2 1 2 m m2 1 2
< = - < B — .
[fD] < SIfI7+5IDI% [Tl < seu”] +4%1|f| , 21>0
By (68) and (73;), we get

1
mym > F/|u )|" dx+ / €U 2 + ato|OU™|2 4 aro|u™|? + aro|u™|" + go|u™|IX }dxdt——/|uo| dx—Cp1,
Q Qo
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whereC,; > 0 is independent ah, €.
Now let us consider the expression

(U™, D) = / (4" + U™ 24D + a( O™, 0D) + GU™D + p(EU™)D| dxdt
Qor

Using Young’s inequality, we obtain
m 1 m2 1 2 m m2 a 2
UMDY < SIuMZ+ 5D, [a(0u™, OD)| < ase| U2 + -~ [ODJ2, 522> 0.
2 2 )
Taking into account®4), integration by parts formulags®), (73), and the Young inequality with,r > 1, we obtain

/‘ Ju™"~2u"D dxdt= /(%’u )thxdt—/%’udex /%uth dxdt
Qo Qo1 "7 Qor

/%uouoder /|um|r 1Dy| dxdt< / [l + Coa(s3)| D[] dxdlt, 25> 0.

Qo T Qor

By generalized Young's inequality wittf(x), q(x) > 1, it follows that
IGU™ D < g? UMD < 344 |u™9%) 4 Cpa(34)|D|9¥, 54 > 0.
Taking into account the Cauchy-Bunyakowski-Schwarz iraityy the Young inequality with’,r > 1, and (6), we get

| [ o(EumD dxetf < ¢ |[EULZ(Qur)l |- 1D5LEQur )
Qo

gqo*E*||um;L2(QO,T)||-||D;L2(QO,T)||g%5/|um|2dxdt+c24(%5) / D2 dxdt 35> 0.
Qo1 Qo

HereC,,,...,Cy4 > 0 are independent oh.

By (U) and (F), it follows that [, [Uo|” dX+ o, [| f|2+[D[?+[D|9) + D¢|" 4 |Dt|? + |0D|?] dxdt < Cps. Therefore,
(77) yields that

LU 2" — /fzmdxdt> /|u |dx+/ 2P -+ (o — 0c2) O™
Qo Qor
(00— 21— 225) U2 + (o — 523)|u™" + (go — %4)|um|Q<X>} dxdt— Cog(s1, ..., 75), (79)

whereCys > 0 is independent ai. Choosings, ..., 2 > 0 small enough, we obtain the existence of the nonnegative
constant€,7 andCyg such that (seer(7))

(P(8).9)zm > Cor [ [IDU"P + 7P et Cos > 4en
Q [@]—>+o0
0, T

Thus, the Vishyk Lemma (see Proposit@nmplies that there exist a solutia{", ..., ¢ of system 76), i.e. (75).
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Step 2Multiplying (75) by ¢;}"‘ and summing it = 1, m, we obtain
Ze(UM,2") = / £27 dxdt
Qo1
Then 0= Z;(u™,z") — Jo,, fZ" dxdtand, using 18), we get
/ luM? dxdt+ /|u )" dx+ / |Dum|2+ U™ 4+ |u™" + [u™9X) | dxdt< Cpo. (79)
QoT QoT

By (79) and Propositior3, we have
U™ L% (Qo.1)|| < Cao. (80)

Taking into account Lemm3, (79), and 80), we obtain

IGU™ LY ™M (Qor)|| <Ca1,  [[2u™L" (Qo)|| < Caz, (81)

[|2u™(T);L" (Q)]] < Caa. (82)

HereCy, ...,C33 > 0 are independent of, €.

Estimates 19)-(82) yield that there exists a subsequelo®i }jcy C {U™}men such that

u™ J—>u weakly in H(Qo1) NL"(Qor) NLI¥(Qo 1), (83)
Gu™ —)Xl weakly in LY™(Qq), (84)

74Vl j:>o)~(2 weakly in L” (QoT)s (85)

U™ (T) —Xs weakKly in L™ (Q). (86)

By (83), the Rellich-Kondrachov theorem (see Lemma 128 p. 47]), and Lemma 1.18[, p. 39], it follows that there
exists a subsequence (we cal{if" }jcy again) such that

u™ —u stronglyin L%(Qo7) and almost everywhere iQo . (87)
jo

By the Aubin theorem (see Propositi@)) we get

u™ —su in C([0,T];L%(Q)). (88)

J—oe

Therefore, sinc& is continuous ang satisfies the Lipschitz condition, we obtain

@(EU™) — @(Eu) stronglyin L?(QoT). (89)
joroo
In addition,
u™ (T) —u(T) stronglyin L2(Q) and almost everywhere ir. (90)

J=00
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By (87), it follows thatGu™ — Gu almost everywhere i@ 1. Hence, Propositiod yields thaty; = Gu. Continuing in

|

the same way, we see thgt = Zu andyz = Zu(T).
Using (75) with m= mj, (74), and the condition*|;—_o = O, we obtain

/ [eutmj v — Z2uMivE + a(Ou™, OvH) + GU™ vH 4 @(EU™ )v“} dxdt+/%’umj (T)VH(T) dx= / fvd dxdt  (91)
Qo1 Q Qo1

wherep = 1, m;. Letting j — oo, taking into account the properties pi* } ;. and @1), we get 66). Inequalities’ > 2,
g(x) > 2 for a.e.x € Q, (16), and 81) imply that Zu,Gu,Eu LZ(QOVT). Thus,u is a weak solution to problem
(62)-(63).

Step 3.Now we shall prove the additional estimates. By definitiaut, p
A Wi=Gw+ @(Ew), we L?(Qor). (92)
By inequalities’ > 2,d(x) > 2 for a.ex € Q, (16), and 81), it follows that
| / (1702 + 4 u"2] dxdt < Cas, (93)
Qo7
whereCsz4 > 0 is independent ah, €.

We recall that 74) holds,3 < r < 2, andu™ € H(Qq1). Whence, using€(1) with p = 2 (note thatp > 2(r — 1)), we
obtain
[ (Ju™"~2u™),; L2(Qo1) || < Cas(|[u™ L2(Qo.r) I + | 1u™ LA(Qor) ||t + [Juffs L2(Qor) I ), (94)

whereCgs > 0 is independent ah. By (30) and (73g), it follows that

T

I L2(Qom) 12 < Co [ [ [ 100x T2 cxe [0 L2(Qor)I 2] dt = Corl U7 L2(Qor)I .
0 Q

Thus, taking into accoun?g), the Young inequality with2;, 1= > 1, and 94), we get
[|(22u™)6; L2 (Qor)l| < sl |Uffs LA(Qorr) || +Cas(51), 52 >0, (95)

whereCsg(s¢1) > 0 is independent ah, .

Step 4.Assume that the positive numbefem}men are determined from Remark Hence, in particular,28) hold.
Using (73;) and the condition*|;_o = 0, we have

: =T
/ eu™# dxdt= /eutmv“ dx| - / eufvt dxdt= — / eufv! dxdt
. t=0 .

Qor Q Qo1 Qo1
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Then we multiply 75) by o, ¢;}"‘, use £8), and sum inu = 1, m. Taking into accountq4) and (/1), we obtain
| [t — ) + (U™ (D — ) + &(Ou" O(~2)) + A W™Dy — )| dxdt= [ (D — ) dxa (96)
Qo Qo1
The Young inequality and conditiqi@®) imply that
1 1 1 1 1
|UDy| < 5 |ugl*+ §|Dtt|27 |fDy| < §|f|2ﬁL §|Dn|2, | fu| < seoluf®+ 4—%2|f|2, #2>0,
.
(U™ (D — U)| < 22U+ Can(340) (U™ 2 + D ), 33 >0, (97)
| A UMDyt — UP)| < 524l + Caol52a) (|4 UM + Dy %), 524 > O.
By (97) and ©5) with 3z; > 0 small enough, it follows that
| / (U™ Dy — U dxel] < o / U2 dxdt+ Caa(2s) 1+ / D2 dxt).
Qot Qot Qot
SincedQ € C*, Remarkl yields that{v"} meny € H4(Qo 7). Integrating by parts and using@% 3), we get
/ a(0u™, — 027 dxdt= — / a(0D + 02", 0Z7) dxdt= 11 — / a(02", 027) dxdt
Qo1 Qo1 Qo1
t=T . .
- Il—/a(Dzm, O dx  + / a| 02" 2 dxdt= 1, + / a| Ul — 01Dy dxdlt
Q t=0 Qor Qot
> |1+%1 / |02 dxdt— Cao / 01D dxdlt, (98)
Qot Qot

where

Iy = — / a(0D, 027 dxdt
Qo1

Integrating by parts ib, using {(723), and using 73;), we obtain

Ilz—/a(DD,Dz{“) dx

t=T .
+ / a(0Dy, 0Z") dxdt= I, + / a(0Dy, 02") dxdt
Q t=0 Qot Qo

where

Iy = /a(DD(O),Dz{“(O)) dx

Q

Integrating by parts ix and using conditioifU), we get

Iy — /a(EID(O),v)z{“(O)dS—/a(AD(O))z{“(O) dx:—/‘az{“(O)AD(O) dx
s

aQ Q
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Moreover,|a(00Dy, 0Z")| = |a(0dDy, Ou™ — ODy)| < 2¢5|00uf"? + Ca3(5) | 0Dt |%. Whence,

121 < [ [6l2"(O) + Caul6)| AD(O) ] dx-+ [ [5| U + Cas(o45) 0D ] dxdt, 5,565 > 0.
Q Qo

By the estimate of type3Q), (723), and {1), it follows that
/|z;“ )I? dx < Cas /|z;“ )2 dx+ / 4112 dxdt) c46/ up— Dtt|2dxdt<C47/ (16012 + D ?] vl
Qo Qo

whereCy7 > 0 is independent ah.

Finally, from (98) we get
/ a(0Ou™ —027) dxdt> / [(E—;f%5)|Dutm|zfc47%6|u{}“|2} dxdt
Qo Qo1

— Cyg(515, 765) /|AD |2 dx+ / ||:|Dt|2+|Dtt| :| dth)
Qo1

Since [, |AD(0)|? dx+ Joo- If | 4 |Dgt |2 + |OD¢|?] dxdt < Cyg, by (93), (95), and ©6), it follows that

£ a

/ {(8 — = — My — M3 — Mp— C47%5) |U1T|2 + (— — %5) ||:|Utm|2} dxdt< Cso(%z, ey ).
2 2
Qo1
Hence, choosingy, ..., s > 0 small enough, we have
[ [+ o0 dxdt< s (99)
Qo1

Thus, ©5) yields that
[1(22u™); L(Qor)|| < Cs2, (100)

HereCsy, . ..,Cs > 0 are independent oh.

Step 5.Assume that the positive numbe{ﬁ}meN are determined from Remark Hence, in particular,28) hold.
Clearly (here and below denotes the outward unit vector field a),

/a(Dum,Dv“)dxdt: /a(Dum,v)v“ dSdt— / aAu™v! dxdt= — / aAu™v* dxdt

Qo1 20T Qo1 Qo1

Multiply (75) byx;qb[}‘, use @8) and (74), and sum inu = 1, m. Then we get

/[ (—AZ") + {(AD — AU™) — aAU™(AD — Au™)
Qor
+ AU(AD — Au")] dxdt= / f(AD — Au™) dxdt (101)
Qo1
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Clearly (we recall thafz"} meny € H*(Qo 1)),

_ / UMAZ" dxdt= — / Ul (02", v) dSdt+ / £(Ou", 02" dxdt

Qo1 20T Qo1

_ / g(Dutm,Dutm—DDt)dxdtzg / (1502~ 17Dy 2] dxat
Qor Qo1

The Young inequalities yields that
1.2, 1 2 m m2 , & 2
|fAD|§§|f| +§|AD| ,  |aAu™AD| < s |Au™ +4—|AD| , 1> 0,
1

1
4—%2|f|27 %2>O,

|(#2U")(AD — AU™)| < gl AUM2 + Cgl43) (| (U™ [2+AD?), 323> 0,

[fAUM| < se0)AUM? +

A U™(AD — AU™)| < 524 AWM + Csg(3e8) (| U2 + |AD|2), 524> 0.
Since [, . [|f|? + |AD|?+ |0Dt|?] dxdt < Css, by (93), (95), and (L0Y), it follows that
€ m;2 m2
/ [§|Dut |+ (a7%17%27%37%4) |Au™] } dxdt < Csg(se1, 32, 523, 524,
Qo1

whereCsg > 0 is independent ah. Therefore, choosingy, ..., >4 > 0 small enough, we obtain

/ |AUM dxdt < Cs7, (102)
Qo
whereCs; > 0 is independent ah.
By (100 and 87), it follows that
(U™ ) —(Zu); weaklyin L?(Qqr). (103
j—voo '

By (99 and (L02), we get
u™ —su weakly in H?(Qo1)
jeo '

and saz™ — zweakly inH?(Qq 7). Since every functioa™ satisfies 72), the convergence above implies that
joeo '
z2€Up(Qo,1). Thus,u—D =z Up(Qo.7) and Theoren® is proved ]

4 Proof of main Theorem

The Case = 2 is trivial. Assume that € (1,2). The solution will be constructed via the elliptic regutation method.

Step 1.For everye > 0 let us denote by a weak solution to problent@)-(63) (see Theorens). Then 66) holds,
us € H?(Qo1) NHY(0,T;H3(Q)), 2uf € HY(0,T;L?(Q)), andGUf, p(EF) € L3(Qo ). By (79) and 80), we get

e / 1uf |2 dxdlt+ / (10008 2 ¥ 4]+ 0[] dlxclt < Cs, (104)
Qor Qot
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||u; L9 (Qo1)|| < Cso. (105

Whence, similarly to§1), we obtain
IGUE LY ™ (Qor)l| < Coo,  [|22uF5L" (Qor)|| < Con. (106)
In addition, by 6), (®), and (04), it follows that
|| @(ELF); L%(Qor)|| < Cea. (107)
HereCsg, ...,Cs2 > 0 are independent &f.

Estimates 104)-(107) implies that there exists a sequereg} ey C R such that; — 0 and

joe

ueijjou weakly in L2(0,T;H3(Q))NL"(Qo1) NLI¥(Qo1), (108)
GLfJ—>X1 weakly in LY®(Qq1), (109
R X weakly in L" (Qor), (110
¢(Eu£")jjo)(3 weakly in L?(Qor), (111)
JEu —Xa weakKly in L2(Qor). (112)

Step 2.Notice that the constants i89), (100, and (L02 depend ore and so we can not use these estimates here. We
shall prove the additional estimates.

Sinceuf € H?(Qq 1) and 2> 2(5 + 1— 1) holds, Case 2.ii of Theorefwith p = 2 and} + 1 instead of yields that
r_ - rogr_
W2 e HIOTILAQ)),  (Iuff2 M), = S Juff2 e, (113
Sinceuf € H?(Qo 1) and% < r < 2 holds, similarly to 74), we have
ZUE € HYO,T;L2(Q)), (#u) = Juf|"~ 2. (114
Moreover,ué Hl(Qo’T), 2>r, and so similarly to70), we obtain
el ewtF0,T:LF (@), (IUF]"), = r[uE| 2 uf. (115)

Continuing in the same way (we recall th&t uf,ug ..., uy € Hl(Qo’T)), using Case 1.ii of Theorewith p(x) =
andr(x) = 2, we see that

W2 eWHOTILNQ),  (UP), = 2u° W, (116
WP eWHO,TILYQ),  (UP), = 2u U, (117)
U2 e WH(O,TiLY(Q), (|0 ), = 2(0u, D). (118
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Finally, sinceuf € H1(Qo 1) andgP < 2 holds, Case 1.ii of Theoregwith r(x) = g(x) andp(x) = 2 yields that

Ju? |09, (|u® |99 )tGLq (Qor),  (Ju[%) = qo|uf |~ 2uuf. (119

Integrating by parts (sed {4) ) and using §33), we obtain

t=T
- / {suﬁvf(%’uf)tv} dxdt
-0
Qo

/{eufvtff%’ufvt} dxdt:/[sufvf%’ugv} dx
Qo1 Q

/%’u T) dx+ / —EURV+ (Z2U° )tv} dxdt, veUo(Qor)-
Qo

Then from @6) it follows that

/ [—.eut‘ier(e%’u‘g)thra(Du‘g,Dv)JrGu‘€ v+ (p(Eu‘g)v} dxdt= / fvdxdt veUo(Qor). (120
Qo1 Qo1

Assume thatv € H}(Q), ¢ € C1([0,T]), and¢ (0) = 0. Substituting/(x,t) = w(x)¢ (t) in (120, we get
T
/ / —EUW -+ (U)W AU, W) + GUF W+ (EWF )W fw] dx) ¢ (t) dt =0 (121)
0 o

Take a functiony € C3((0,T)). Substitutingp = ¢ in (121), we have the following equality il ~1(Q) := [H}(Q)]*:
—eUg (t) + (ZUE (1)), + AL (t) + GUE(t) + @(EWF (1)) = f(t), te(0,T), (122
where the operatdk: H}(Q) — H~1(Q) is defined by the rule

(A W)y ) = /a(Dv(x), Ow(x)) dx, v, w e H3(Q). (123

Sinceuf € L2(0,T;H3(Q)), by (122 and (L14), it follows that

/ {fsuftufqt|u£|”2|uf|2+a(Du£,DL&S)JrGuEufnL(p(EuE)uf} dxdt= / fuf dxdt (124)
Qo Qo7

Integrating by parts (sed 17) ) and using §33), we obtain

. t=T
/ —eUfuf dxdt:—§/|uf|2 dx
Qo Q

- —o+f/|u§(0)|2 dx> 0.
t=0 2
Q

From the Young inequality (note thét+ S+ 1 2r/ = 1), it follows that

r_ _r
[FUF] = U2 U] £ 2 < seafuf| 202+ Coaloe) (| I+ |2 72)

= 501 |U°|""2|uf |2 + Coa(sen) (| | + UE["), 51 >0,
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Assume that the constapt (%,2] is defined by {1). Then the Young inequality Witﬁg—r, % > 1 implies that

2(r=2) 4 2(2—r)
JUEIY = | 4T Uf |7 U] T < seluf|"2|uE 2 + Cea(se2)[uFf?, 522 > 0. (129
Whence, since is bounded, the Young inequality antd{) yield that

| / G(ELF)Uf dxd] < Ces / uf| dxdt< / |UE|Y dxdt+ Ces < 522 / U2 (U2 dxdlt+ Cor(522).
Qo1 Qo1 Qo1 Qo1
Taking into account the transformations above, 134, (118, and (.19, we obtain
t
[ @ s s U210 P+ S (10 e+ %Quﬂq(w dxdt < Cog(s41, 72). (126
Qo
Choosings, 22 > 0 small enough and integrating by parts, we get

/P|Dus|2+ g—8|u£|q(x)} dx+ = / |u€ |2 uf |2 dxdt < C69(1+/[|Eluo|2+|uo|q<x)} dx+ / Mwﬂq()‘) dxdt).
2 q 2 2 o, A
0, T

Qr QO,T

Thus, .
[ 1021 P dxdt< Cro, (127
Qot
and so 113 yields that
. 2 2
/ (w2 %), | dxat= % / IUE [ 2|u |2 dxdt < Cra. (128)
Qot Qo
Moreover, from (04) it follows that
2
/ ‘|u5|5’1u5 dxdt= / u|" dxdt < Cra. (129
Qo1 Qo1
In addition, (L25), (127), and (04) imply that
/ IUE|Y dxdt< Cra. (130)
Qo1
HereCsggs, ...,C73 > 0 are independent &f.
Estimates104) and (L27)-(130 yield that
i 2~y X5 weaklyin HL(0,T;L3(Q)), (131)
uéi —u weakly in W-Y(Qo1). (132

Hence, using the Rellich-Kondrachov theorem (see Lemnt&[22 p. 47]) and Lemma 1.18F, p. 39], we obtain

u®i —u strongly in LY(Qo1) and almost everywhere ifQg 1, (133
j—eo ’
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Therefore, (see Propositieh (109, (110, and (L31) ) x1 = Gu, X2 = Zu, andxs = |u|5’lu. By (132 and the Aubin
theorem (see Propositidf), it follows that

ufi—u in C([0,T];LY(Q)). (134
j—o
It is easy to prove that the operatér(see 8) ) is continuous fromL.Y(Qg 1) into LY(Qo 7). Then, @) and (L34 imply
thatg(Ewi) — @(Eu) strongly in LY(Qqt). Thus,x3 = @(Eu).
joo

Step 3We substitute = ¢j in (66) and tendj — « if v € H}(Qo.1). Taking into accounti(08-(112), we obtain (5). By
(132 and condition §3), iE follows that the functioru satisfies 2). Thus,u is a weak solution to probleni)-(2). By
(131) and (132, we getju|2 *u e HY(0,T;L2(Q)) andu € W-¥(Qqu 7). This completes the proof of Theorein]
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