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1 Introduction

Let n ∈ N and T > 0 be fixed numbers,Ω ⊂ R
n be a bounded domain with the boundary∂Ω , Q0,T := Ω × (0,T),

Σ0,T := ∂Ω × (0,T), Ωτ := {(x, t) | x∈ Ω , t = τ}, τ ∈R. We seek a weak solutionu : Q0,T → R
1 of the problem

|u|r−2ut −a∆u+g(x, t)|u|q(x)−2u+φ(Eu) = f (x, t), (x, t) ∈ Q0,T , (1)

u|Σ0,T = 0, u|t=0 = u0(x), x∈ Ω , (2)

wherea> 0 andr > 1 are some numbers,∆ := ∂ 2

∂x2
1
+ ∂ 2

∂x2
2
+ . . .+ ∂ 2

∂x2
n

is the Laplacian,

(Eu)(x, t) :=
∫

Ω

Z(x, t,z)
(
ũ(x+ z, t)− ũ(x, t)

)
dz, (x, t) ∈ Q0,T , (3)

g,q,φ ,Z, f ,u0 are some functions, and̃u is zero extension ofu from Q0,T into (Rn\Ω)× (0,T).

The equations of type (1) have been widely used in many applications. For example (see [4]), let us consider a circuit,

which consists of a resistance, a condenser, and a generatorof the jump impulses. It is well known that the supplyU(t)

satisfies the stochastic differential equation

dU(t) =− 1
RC

U(t) dt+σ dW(t)+dQ(t), t ∈ [0,T], U(0) =U0, (4)

whereR is a value of the resistance,C is a capacitance of the condenser,σ is a intensity of the loss of the signal,U0 is

a start supply,T = RC, {W(t)}t∈[0,T] is the standard Brownian motion, andQ(t) is the compound Poisson process. Let
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u(x, t), x∈ R, be a density of the stochastic processU(t), t ∈ [0,T]. If some additional conditions are satisfied, then (see

[4, p. 4])u is a solution to the Cauchy problem for the Kolmogorov-Feller equation

ut −
σ2

2
uxx−

1
RC

(xu)x−λ
∫

R

ψ(ξ , t)
(
u(x+ ξ , t)−u(x, t)

)
dξ = 0, (x, t) ∈ R× (0,T), u(x,0) = u0(x), x∈ R, (5)

whereu0 is a density ofU0, λ is a intensity of the jump creation,ψ is a density of the jump size.

If n = 1, then equation (1) is a nonlinear modification of (5) in bounded domainQ0,T instead of the unbounded strip

R× (0,T). Equation (5) also arises in the Merton and Kou models of the option pricing (see [15], [31], and [34]). The

Cauchy problem for the equations of type (5) is considered in [9], [16], [21], and [41].

The numberr and the functionq (see (1)) are called exponents of the nonlinearity of double nonlinear parabolic equation

(1). Sinceq is a function, here we have a variable exponent of the nonlinearity. The double nonlinear parabolic equations
with variable exponents of the nonlinearity without the integral terms are considered in [2], [7]. In [6], [17], [18], [19],

[39], and [40], the authors investigate the problems for nonlinear parabolic equations with constant exponents of the

nonlinearity and with the integral terms which differ from term (3).

In [38], J.P. Pinasco proved the existence of the local solution and the nonexistence of the global solution to the

initial-boundary value problem for the equation

ut −∆u−|u|α(x) =

∫

Ω

|u(z, t)|β (z) dz, (6)

whereα(x)> 1 andβ (y)> 1.

In this paper we extend our investigations which is started in [13] for the double nonlinear equation

ut −a∆(|u|γ−2u)+g(x, t)|u|q(x)−2u+φ(Eu) = f (x, t), (x, t) ∈ Q0,T . (7)

We recall that ifγ ∈ [2,3), then the existence of the weak solution to problem (7), (2) is proved in [13]. The Cauchy

problem for the equations of type (7) is considered in [20] if q(x)≡ 2, φ(s) = s, andγ = 3.

2 Notation and statement of main result

Let (·, ·)H be a scalar product of some Hilbert spaceH, || · ||B ≡ || · ;B|| a norm of some Banach spaceB, B∗ a dual space,
and〈·, ·〉B a scalar product betweenB∗ andB. For the Banach spacesX andY the notationX 	 Y means the continuous

embedding; the notationX 	 Y means the continuous and densely embedding; the notationX
K⊂ Y means the compact

embedding.

Suppose thatm,N ∈ N, p∈ [1,∞], Q = Ω or Q = Q0,T , M (Q) is a set of all measurable functionsv : Q→ R (see [24,

p. 120]), Lip(Q) is a set of all Lipschitz-continuous functionsv : Q → R (see [32, p. 29]), Cm(Q) and C∞
0 (Q) are

determined from [1, p. 9], Lp(Q) is the Lebesgue space (see [1, p. 22, 24]),Wm,p(Q) andWm,p
0 (Q) are Sobolev spaces

(see [1, p. 45]), Hm(Q) := Wm,2(Q), Hm
0 (Q) := Wm,2

0 (Q), C([0,T];X) and Cm([0,T];X) are determined from [27,

p. 147], Lp(0,T;X) is determined from [27, p. 155], Wm,p(0,T;X) is determined from [25, p. 286],
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Hm(0,T;X) :=Wm,2(0,T;X), and

B+(Q) := {δ ∈ L∞(Q) | ess inf
y∈Q

δ (y)> 0}.

For everyδ ∈ B+(Q), by definition, put

δ0 := ess inf
y∈Q

δ (y), δ 0 := ess sup
y∈Q

δ (y), Sδ (s) := max{sδ0, sδ 0}, s≥ 0, (8)

δ ′(y) :=
δ (y)

δ (y)−1
for a.e. y∈ Q

(
note that

1
δ (y)

+
1

δ ′(y)
= 1 and δ ′ ∈ B+(Q)

)
, (9)

ρδ (v;Q) :=
∫

Q

|v(y)|δ (y) dy, v∈ M (Q). (10)

For every functionu∈ L1(Q0,T) = L1(0,T;L1(Ω)) we haveu(·, t) ∈ L1(Ω), t ∈ (0,T). For the sake of convenience we

shall writeu(t) instead ofu(·, t).

Assume thatδ ∈ B+(Q) andδ0 > 1. The set

Lδ (y)(Q) := {v∈ M (Q) | ρδ (v;Q)<+∞}

with the Luxemburg norm

||v;Lδ (y)(Q)|| := inf{λ > 0 | ρδ (v/λ ;Q)≤ 1}

is called a generalized Lebesgue space. It is well known thatLδ (y)(Q) is the Banach space which is reflexive and

separable (see [30, p. 599, 600, 604]). The generalized Lebesgue space was introduced in [36]. Its properties were widely

studied in [2], [10], [22], [26], and [30].

We shall need the following assumptions:

(A): a> 0, 3
2 < r ≤ 2;

(Q): q∈ B+(Ω), 1< q0 ≤ q0 ≤ 2;

(G): g∈ B+(Q0,T);

(E): Z ∈ L∞(Q0,T ×Ω);

(Φ): φ ∈ Lip (R), |φ(ξ )| ≤ φ∗|ξ | for everyξ ∈R, whereφ∗ ∈ [0,+∞);

(F): f ∈ Lr ′(Q0,T), where1
r +

1
r ′ = 1;

(U): u0 ∈ H2(Ω)∩H1
0(Ω).

By definition, put

γ :=
4

4− r

(
note that γ ∈

(8
5
,2
]

iff r ∈
(3

2
,2
])

, (11)

(Gu)(x, t) := g(x, t)|u(x, t)|q(x)−2u(x, t), (x, t) ∈ Q0,T , u∈ M (Q0,T), (12)

(Ru)(x, t) :=
1

r −1
|u(x, t)|r−2u(x, t), (x, t) ∈ Q0,T , u∈ M (Q0,T). (13)

Notice that ifu∈C1(Q0,T) andu 6= 0, then

(Ru)t = |u|r−2ut . (14)

Then we formally rewrite equation (1) as

(Ru)t −a∆u+Gu+φ(Eu)= f (x, t), (x, t) ∈ Q0,T . (1′)
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Definition 1. A real-valued function u∈ L2(0,T;H1
0(Ω))∩C([0,T ];Lγ (Ω)) is called a weak solution of problem (1)-(2)

if Ru,Gu,Eu∈ L2(Q0,T), u satisfies (2), and for every v∈ H1
0(Q0,T) we have

∫

Q0,T

[
−Ru vt +a(∇u,∇v)+Gu v+φ(Eu) v

]
dxdt=

∫

Q0,T

f v dxdt. (15)

Here∇v := (vx1, . . . ,vxn), (·, ·) is a scalar product inRn.

Note that the integral operatorE : L2(Q0,T)→ L2(Q0,T) (see (3) ) is a linear bounded operator and for every

u∈ L2(Q0,T) we have
||Eu;L2(Q0,T)|| ≤ E∗||u;L2(Q0,T)||, (16)

whereE∗ > 0 is independent ofu. Indeed, using the Cauchy-Bunyakowski-Schwarz inequality (see Lemma 6.1 [27,
Chapter 1,§6]), we get

∫

Q0,T

|(Eu)(x, t)|2 dxdt=
∫

Q0,T

∣∣∣
∫

Ω

Z(x, t,z)
(

u(x+ z, t)−u(x, t)
)

dz
∣∣∣
2

dxdt

≤
∫

Q0,T

(∫

Ω

|Z(x, t,z)|2 dz
)(∫

Ω

|u(x+ z, t)−u(x, t)|2 dz
)

dxdt

≤C1

∫

Q0,T

∫

Ω

(|u(x+ z, t)|2+ |u(x, t)|2) dz dxdt≤C2

∫

Q0,T

|u(x, t)|2 dxdt

and so (16) holds.

Assume that the following condition is satisfied:

(Z): a> φ∗E∗MΩ , wherea is defined by (1), φ∗ is determined from(Φ), E∗ is defined by (16), MΩ is determined from

the Friedrichs inequality (see Lemma 1.26 [27, Chapter 2,§1])

∫

Ω

|w|2 dx≤ MΩ

∫

Ω

n

∑
i=1

|wxi |2 dx, w∈ H1
0(Ω). (17)

Notice thatMΩ depends onn and does not depend onu.

Theorem 1.Suppose that∂Ω ∈C4, conditions(A)-(U) hold, and(Z) is satisfied. If gt ∈ L∞(Q0,T) and ifφ ∈ L∞(R), then

problem (1)-(2) has a weak solution u such that u∈W1,γ(Q0,T) and|u|
r
2−1u∈ H1(0,T;L2(Ω)).

3 Auxiliary facts

3.1 Functional spaces and some operators

First we recall some properties of the generalized Lebesguespases.

Proposition 1. ([37, p. 31]). If δ ∈ B+(Q) andδ0 > 1, then for everyη > 0 there exists a number Yδ (η) > 0 such that

for every a,b≥ 0 and for a.e. y∈ Q the generalized Young inequality (the Young inequality, ifδ ≡ const)

ab≤ η aδ (y)+Yq(η)bδ ′(y) (18)
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holds. In addition, Yδ (η) depends onδ0,δ 0 and it is independent of y, Y2(η) = 1
4η , Y2(

1
2) =

1
2, Yδ (+0) = +∞, and

Yδ (+∞) = 0.

Proposition 2.Assume thatδ ∈ B+(Q) andδ0 > 1. Then the following statements are fulfilled:

(i) ([30, p. 600]) if δ (y)≥ r(y)≥ 1 for a.e. y∈ Q, then Lδ (y)(Q)	 Lr(y)(Q) and

||v;Lr(y)(Q)|| ≤ (1+mesQ)||v;Lδ (y)(Q)||, v∈ Lδ (y)(Q);

(ii) ([26, p. 431]) for every u∈ Lδ (y)(Q) and v∈ Lδ ′(y)(Q) we get uv∈ L1(Q) and the following generalized Ḧolder

inequality is true ∫

Q

|u(y)v(y)| dy≤ 2||u;Lδ (y)(Q)|| · ||v;Lδ ′(y)(Q)||. (19)

Proposition 3. ([11, p. 168]). Suppose thatδ ∈ B+(Q), δ0 > 1, Sδ is defined by (8), andρδ is defined by (10). Then for

every v∈ M (Q) the following statements are fulfilled:

(i) ||v;Lδ (y)(Q)|| ≤ S1/δ (ρδ (v;Q)) if ρδ (v;Q)<+∞;

(ii) ρδ (v;Q)≤ Sδ (||v;Lδ (y)(Q)||) if ||v;Lδ (y)(Q)||<+∞.

Proposition 4.(Lemma 1 [7, p. 714]). Suppose thatδ ∈ B+(Q), δ0 > 1, and{um}m∈N ⊂ Lδ (y)(Q). If um−→
m→∞

u weakly in

Lδ (y)(Q) and if um−→
m→∞

v almost everywhere inQ, then u= v.

Let ∆0v := v, ∆1v := ∆v, ∆ rv := ∆(∆ r−1v), and

H2r
∆ (Ω) := {v∈ H2r(Ω) | v|∂Ω = ∆v|∂Ω = . . .= ∆ r−1v|∂Ω = 0}, r ∈N. (20)

Take a numberr ∈ N. It is easy to verify thatH2r
∆ (Ω) is the reflexive Hilbert space with respect to the scalar product

(u,v)H2r
∆ (Ω) :=

∫

Ω

∆ ru(x)∆ rv(x) dx, u,v∈ H2r
∆ (Ω).

If ∂Ω ⊂C1, then the following integration by parts formulae is true

∫

Ω

v∆ ru dx=
∫

Ω

u∆ rv dx, u,v∈ H2r
∆ (Ω). (21)

Proposition 5. (Lemma 3 [35, p. 229]). If ∂Ω ⊂C2r , then there exists a constant C3 > 0 such that

||v;H2r(Ω)|| ≤C3||∆ rv;L2(Ω)|| (22)

holds for all v∈ H2r
∆ (Ω).

Proposition5 and definition (20) imply that

H2r
∆ (Ω)	 H2r(Ω), H2r

∆ (Ω)	 L2(Ω) 	 [H2r
∆ (Ω)]∗. (23)

Let {wj} j∈N is an orthonormal basis for the spaceL2(Ω) that consists of all eigenfunctions of the problem

−∆ w= λ w in Ω , w|∂Ω = 0, w∈ H1
0(Ω), (24)
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and{λ j} j∈N ⊂ R+ is the set of the corresponding eigenvalues. It is easy to verify that the functions{wj} j∈N satisfy the

equalities
(−1)r∆ rwj = λ r

j w
j in Ω , wj |∂Ω = ∆wj |∂Ω = . . .= ∆ r−1wj |∂Ω = 0. (25)

The following statements are needed for the sequel.

Proposition 6. (Theorem 8 [35, p. 230]). If ∂Ω ⊂C2r , then the set{wj} j∈N is a basis for the space H2r
∆ (Ω).

Remark 1 Let us consider the eigenvalue problem

−vtt − vx1x1 − vx2x2 − . . .− vxnxn = ζv in Q0,T , v|∂Ω×(0,T) = 0, v|t=0 = 0, vt |t=T = 0. (26)

Separating of variables v(x, t) = w(x)θ (t) yields

−w(x)θ ′′(t)−wx1x1(x)θ (t)−wx2x2(x)θ (t)− . . .−wxnxn(x)θ (t) = ζw(x)θ (t),

− θ ′′(t)
θ (t)

− ∆w(x)
w(x)

= ζ ,

and soζ = σ +λ , θ ′′(t)+σθ (t) = 0 for t ∈ (0,T), and∆w(x)+λw(x) = 0 for x∈ Ω . Hence, instead of (26) we obtain

the uncouple system of the following problem:

(i) problem (24);

(ii) the problem

θ ′′(t)+σθ (t) = 0 for t ∈ (0,T), θ (0) = θ ′(T) = 0. (27)

The eigenvalues and the corresponding eigenfunctions of problem (27) have the following form:

σk =
(π(2k−1)

2T

)2
, k∈ N, θ k(t) = sin

(π(2k−1)
2T

t
)
, t ∈ (0,T), k∈ N.

Whence, the eigenvalues and the corresponding eigenfunctions of problem (26) have the following form:

ζ = λ j +σk, v(x, t) = wj (x)sin
(π(2k−1)

2T
t
)
, (x, t) ∈ Q0,T , j,k ∈ N.

If we renumber it, then we get the set{vm}m∈N of the eigenfunctions and the set{ζm}m∈N of the corresponding

eigenvaluesζm = λ̂m+ σ̂m (m∈ N) of problem (26). Similarly to [42, Section 11.1] we prove that{vm}m∈N is a complete

set in L2(Q0,T).

For problem (24) we have Proposition6. In particular, if r ∈ N and if the condition∂Ω ∈ C2r holds, we obtain

{wj} j∈N ⊂ H2r
∆ (Ω) ⊂ H2r(Ω) and so{vm}m∈N ⊂ C∞([0,T];H2r(Ω)) ⊂ H2r(Q0,T). Moreover, the positive numbers

{λ̂m}m∈N and{σ̂m}m∈N satisfy the equalities

λ̂mvm =−∆vm in Q0,T , σ̂mvm =−vm
tt in Q0,T , m∈N. (28)

Lemma 1. If p ∈ [1,+∞) and if z,zt ∈ Lp(Q0,T), then the following inequalities are true:

∫

Ω

|z(x,τ)|p dx≤C4

(∫

Ω

|z(x,0)|p dx+
∫

Q0,τ

|zt (x, t)|p dxdt
)
, τ ∈ [0,T], (29)
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∫

Ω

|z(x,τ)|p dx≤C4

(∫

Ω

|z(x,T)|p dx+
∫

Qτ,T

|zt (x, t)|p dxdt
)
, τ ∈ [0,T], (30)

∫

Ω

|z(x,τ)|p dx≤C4

∫

Q0,T

[
|z(x, t)|p+ |zt(x, t)|p

]
dxdt, τ ∈ [0,T], (31)

where C4 > 0 is independent of z,τ.

Proof.The proof of estimate (31) is found in Lemma 6 [13]. In the same way we prove (29) and (30). �

Lemma 2. Suppose that the Nemytskij operators G andR are defined by (12) and (13) respectively. If q, r ∈ B+(Ω),

q0 > 1, r0 > 1, and g∈ L∞(Q0,T), then the operators G: Lq(x)(Q0,T)→ Lq′(x)(Q0,T) andR : Lr(x)(Q0,T)→ Lr ′(x)(Q0,T)

are bounded and continuous.

We shall omit the proof because it is analogous to the proof which was given in [30, p. 613].

Proposition 7.(the Aubin theorem, see [3] and [5, p. 393]). If s,h> 1 are fixed numbers,W ,L ,B are the Banach spaces,

andW
K⊂ L 	 B, then{u∈ Ls(0,T;W ) | ut ∈ Lh(0,T;B)} K⊂ [Ls(0,T;L )∩C([0,T];B)].

Proposition 8. (the Vishyk lemma, see Lemma 4.3 [33, p. 66] and [23, p. 60]). Suppose that m∈ N, the vector valued

function P:= (P1, . . . ,Pm) : Rm → R
m is continuous, and there exists a numberρ > 0 such that(P(z),z)Rm ≥ 0 holds for

all z∈ R
m such that|z|= ρ . Then there exists a vector zm ∈R

m such that|zm| ≤ ρ and P(zm) = 0.

3.2 Differentiability of nonlinear expressions

The following statements are needed for the sequel.

Theorem 2.Suppose that r∈ B+(Ω). Then the following statements are fulfilled:

(1) If r0 > 1, then the equality (
|u|r(x)

)
t = r(x)|u|r(x)−2uut (32)

is true if one of the following alternatives hold:

(i) u∈C1(Q0,T) (here we have|u|r(x),
(
|u|r(x)

)
t ∈ L∞(Q0,T));

(ii) u,ut ∈ Lp(x)(Q0,T) and p(x)≥ r(x) for a.e. x∈ Ω (here we have|u|r(x),
(
|u|r(x)

)
t ∈ L

p(x)
r(x) (Q0,T)).

(2) If r0 > 2, then the equality (
|u|r(x)−2u

)
t = (r(x)−1)|u|r(x)−2ut (33)

is true if one of the following alternatives hold:

(i) u∈C1(Q0,T) (here we have|u|r(x)−2u,
(
|u|r(x)−2u

)
t ∈ L∞(Q0,T));

(ii) u,ut ∈ Lp(x)(Q0,T) and p(x)≥ r(x)−1 for a.e. x∈ Ω (here|u|r(x)−2u,
(
|u|r(x)−2u

)
t ∈L

p(x)
r(x)−1 (Q0,T)).

This Theorem2 coincides with Theorem 3 [13] (see also Remark 1 [13]). Then the proof is omitted.

Proposition 9.(Theorem 2 [25, p. 286]). If X is the Banach space and if p∈ [1,∞], then W1,p(0,T;X)	C([0,T];X) and

the following integration by parts formulae is true

τ∫

s

ut(t) dt = u(τ)−u(s), 0≤ s< τ ≤ T, u∈W1,p(0,T;X). (34)
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Lemma 3.Suppose thatΩ ⊂ R
n is a bounded C0,1-domain (see [27, p. 48]). Then the integration by parts formulae

∫

Qs,τ

wt z dxdt=
∫

Ωt

wz dx

∣∣∣∣
t=τ

t=s
−

∫

Qs,τ

wzt dxdt, 0≤ s< τ ≤ T, (35)

holds if one of the following alternatives hold:

(i) w∈ Lq(x)(Q0,T), where q∈ B+(Ω), q0 > 1, wt ∈ L1(Q0,T), z∈ L∞(Q0,T), and zt ∈ Lq′(x)(Q0,T);

(ii) w,wt ∈ L1(Q0,T) and z,zt ∈ L∞(Q0,T).

Proof. (i). TakeW := {w∈ Lq(x)(Q0,T) | wt ∈ L1(Q0,T)} andZ := {z∈ L∞(Q0,T) | zt ∈ Lq′(x)(Q0,T)}. If ϕ ∈C1([0,T]) and

if z∈ Z, thenϕz∈W1,1(0,T;L
q0

q0−1 (Ω)). By (34) with u= ϕ(t)z(x, t), we get

τ∫

s

ϕt(t)z(x, t) dt = ϕ(τ)z(x,τ)−ϕ(s)z(x,s)−
τ∫

s

ϕ(t)zt(x, t) dt, x∈ Ω . (36)

Take a functionv∈C1(Ω ). By (36), we obtain

∫

Qs,τ

ϕtvz dxdt=
∫

Ωt

ϕvz dx

∣∣∣∣
t=τ

t=s
−

∫

Qs,τ

ϕvzt dxdt. (37)

Clearly,C1([0,T];C1(Ω ))	W 	W1,1(0,T;L1(Ω)). Then the set

{ m

∑
i=1

ϕi(t)vi(x)

∣∣∣∣ m∈ N, ϕ1, . . . ,ϕm ∈C1([0,T]), v1, . . . ,vm ∈C1(Ω )
}

is dense inW and (37) yields (35).

We shall omit the proof of(ii) because it is analogous to the previous one.�

Lemma 4.Suppose thatα ∈ B+(Q),

ψα(y)(s) :=

{
sα(y) if s> 0,

0 if s≤ 0,
y∈ Q, (38)

p,δ ∈B+(Q), p0,δ0 > 1, p(y)≥ α(y) for a.e. y∈Q, andδ (y)≤ p(y)
α(y) for a.e. y∈Q. Then for every u∈ Lp(y)(Q) we have

thatψα(y)(u) ∈ L
p(y)
α(y) (Q),

ρp/α(ψα(y)(u);Q)≤ ρp(u;Q), (39)

||ψα(y)(u);L
δ (y)(Q)|| ≤C5Sα/p

(
ρp(u;Q)

)
, (40)

where C5 > 0 is independent of u.

Proof.Clearly, p(y)
α(y) ≥ 1 for a.e.y∈ Q, |ψα(y)(u)|

p(y)
α(y) ≤ |u|p(y) ∈ L1(Q). Then by [29, p. 297], we obtain

ψα(y)(u) ∈ L
p(y)
α(y) (Q). Moreover, (39) and

||ψα(y)(u);L
δ (y)(Q)|| ≤C6||ψα(y)(u);L

p(y)/α(y)(Q)|| ≤C6Sα/p

(
ρp/α(ψα(y)(u);Q)

)
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hold. This inequality and (39) imply (40). �

Lemma 5.Suppose thatβ ∈ B+(Ω), ψβ (x) is determined from (38) if we replaceα(y) byβ (x), and

χk(s) :=





1 if s>
1
k
,

0 if s≤ 1
k
,

k∈ N. (41)

If u ∈C1(Q0,T) and if v,vt ∈ L1(Q0,T), then

lim
k→+∞

∫

Q0,T

χk(u)β (x)ψβ (x)−1(u)ut v dxdt=
∫

Ωt

ψβ (x)(u)v dx

∣∣∣∣
t=T

t=0
−

∫

Q0,T

ψβ (x)(u)vt dxdt. (42)

Proof.By definition, put

ψβ (x),k(s) :=





kβ (x) if s≥ k,

sβ (x) if
1
k
< s< k,

1

kβ (x) if s≤ 1
k
,

ξ̃β (x),k(s) :=





β (x)sβ (x)−1 if
1
k
< s< k,

0 if s≤ 1
k

and s≥ k,

k∈ N, k≥ 2, x∈ Ω .

Clearly,ψβ (x),k(s)−→
k→∞

ψβ (x)(s) if s∈R andx∈ Ω . In addition, fork∈N (k≥ 2) andx∈ Ω the functions 7→ ψβ (x),k(s) has

the Lipschitz property inR and it is not differentiable only in the points= 1
k ands= k. Moreover,∂

∂s ψβ (x),k(s) = ξ̃β (x),k(s)

if s 6= 1
k ands 6= k. Whence, by Lemma 4 [13], we obtain

(
ψβ (x),k(u)

)
t = ξ̃β (x),k(u)ut almost everywhere inQ0,T . (43)

Thus,ψβ (x),k(u),
(
ψβ (x),k(u)

)
t ∈ L∞(Q0,T). Using case(ii) of Lemma3 with z= ψβ (x),k(u) andw= v, we get (see (35))

∫

Q0,T

(
ψβ (x),k(u)

)
t v dxdt=

∫

Ω

ψβ (x),k(u)v dx

∣∣∣∣
t=T

t=0
−

∫

Q0,T

ψβ (x),k(u)vt dxdt. (44)

Let M := max{|u(x, t)| : (x, t) ∈ Q0,T}, k0 ∈ N, k0 ≥ max{2,M}. Since|u| ≤ M ≤ k0 ≤ k, from (43) we have

(
ψβ (x),k(u)

)
t= ξ̃β (x),k(u)ut = χk(u)β (x)ψβ (x)−1(u)ut ,

wherek ≥ k0. By the inequality|ψβ (x),k(u(x, t))| ≤ Mβ (x) ∀ (x, t) ∈ Q0,T and the Lebesgue Dominate Convergence
Theorem, we obtain

lim
k→+∞

∫

Ωt

ψβ (x),k(u)v dx=
∫

Ωt

ψβ (x)(u)v dx if t = 0 and t = T,

lim
k→+∞

∫

Q0,T

ψβ (x),k(u)vt dxdt=
∫

Q0,T

ψβ (x)(u)vt dxdt.

Therefore, (42) follows from (44). �

Theorem 3.Suppose thatα ∈ B+(Ω), 1
2 < α0 ≤ α(x) ≤ α0 for a.e. x∈ Ω , andψα(x) is defined by (38) if we replace

α(y) byα(x). Then the following statements are fulfilled:
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(1) if u ∈C2(Q0,T), thenψα(x)(u) ∈ L∞(Q0,T),
(
ψα(x)(u)

)
t ∈ L2(Q0,T), and

(
ψα(x)(u)

)
t = α(x)ψα(x)−1(u)ut ; (45)

(2) if u,ut ,utt ∈ Lp(x)(Q0,T), p∈ L∞
+(Ω), and p(x)≥ 2α(x) for a.e. x∈ Ω , thenψα(x)(u) ∈W1,2(0,T;L2(Ω)), formulae

(45) holds, and

||ψα(x)(u);L
2(Q0,T)|| ≤C7Sα/p

(
ρp(u;Q0,T)

)
, (46)

||
(
ψα(x)(u)

)
t ;L

2(Q0,T)|| ≤C8Sα/p
(
ρp(u;Q0,T)+ρp(ut ;Q0,T)+ρp(utt ;Q0,T)

)
, (47)

where C7,C8 > 0 are independent of u.

Proof.First let us prove Case 1. Take a functionu∈C2(Q0,T). Sinceut ,utt ∈ L1(Q0,T), using (42) with β = 2α −1> 0

andv= ut , we obtain

lim
k→+∞

∫

Q0,T

fk dxdt=
∫

Ωt

ψ2α(x)−1(u)ut dx

∣∣∣∣
t=T

t=0
−

∫

Q0,T

ψ2α(x)−1(u)utt dxdt, (48)

whereχk is defined by (41), fk = χk(u)(2α(x)−1)ψ2α(x)−2(u)|ut |2, k∈ N. Clearly,

fk(x, t)−→
k→∞

f (x, t) if (x, t) ∈ Q0,T , (49)

wheref = (2α(x)−1)ψ2α(x)−2(u)|ut |2 = (2α(x)−1)|ψα(x)−1(u)ut |2. The existence of the limit in (48) implies that there

exists a constantC9 > 0 such that for everyk∈N we have the estimate

∫

Q0,T

fk dxdt≤C9.

Clearly, fk1 ≤ fk2 if k1 ≤ k2. Then the Levi Monotone Convergence Theorem (see Theorem 4.1 [8, p. 90]) and (49) yield
that f ∈ L1(Q0,T) and soψα(x)−1(u)ut ∈ L2(Q0,T). In addition,

∫

Q0,T

fk dxdt −→
k→∞

∫

Q0,T

f dxdt. (50)

Hence, by (48), we get

∫

Q0,T

(2α(x)−1)|ψα(x)−1(u)ut |2 dxdt=
∫

Ωt

ψ2α(x)−1(u)ut dx

∣∣∣∣
t=T

t=0
−

∫

Q0,T

ψ2α(x)−1(u)utt dxdt. (51)

By (50), we obtain

||χk(u)
√

2α −1ψα(x)−1(u)ut ;L2(Q0,T)||−→
k→∞

||
√

2α −1ψα(x)−1(u)ut ;L2(Q0,T)||. (52)

Whence, using (49), we prove the following convergence

χk(u)ψα(x)−1(u)ut −→
k→∞

ψα(x)−1(u)ut strongly in L2(Q0,T). (53)
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Takev∈ L2(Q0,T) such thatvt ∈ L1(Q0,T). Using (53) and (42) with β = α, we obtain

∫

Q0,T

α(x)ψα(x)−1(u)ut v dxdt=
∫

Ωt

ψα(x)(u)v dx

∣∣∣∣
t=T

t=0
−

∫

Q0,T

ψα(x)(u)vt dxdt. (54)

Taking in (54) functionv∈C∞
0 (Q0,T), we get

∫

Q0,T

α(x)ψα(x)−1(u)ut v dxdt=−
∫

Q0,T

ψα(x)(u)vt dxdt.

Therefore, (45) holds. Thus,(ψα(x)(u))t ∈ L2(Q0,T). Moreover,ψα(x)(u) ∈ L∞(Q0,T).

Further let us prove Case 2. We start from proof of (46) and (47) if u∈C2(Q0,T). Sincep≥ 2α (and so 2≤ p
α ), estimate

(40) with Q= Q0,T andq≡ 2 yields that (46) holds. Using (45) (we already proved it), by (51), we obtain

∫

Q0,T

∣∣∣
(
ψα(x)(u)

)
t

∣∣∣
2

dxdt≤ |α0|2
2α0−1

(∫

Ω0

ψ2α(x)−1(u)|ut | dx+
∫

ΩT

ψ2α(x)−1(u)|ut | dx+
∫

Q0,T

ψ2α(x)−1(u)|utt | dxdt
)
. (55)

On the other hand, for everyr ∈ B+(Ω) (r0 > 1) the estimate

J1 :=
∫

Ω0

ψ2α(x)−1(u)|ut | dx≤ ||ψ2α(x)−1(u(0));L
r ′(x)(Ω)|| · ||ut(0);Lr(x)(Ω)||

holds. Sincep≥ 2α > 1, for r = 2α the following inequalities are true: 1< r ≤ p, 2α −1< p, and 1< r ′ = r
r−1 = r

2α−1 ≤
p

2α−1. Then estimate (40) with Q= Ω andq= r ′ implies that

||ψ2α(x)−1(u(0));L
r ′(x)(Ω)|| ≤C10S(2α−1)/p(ρp(u(0);Ω))

holds. In addition, by Proposition3, we obtain

||ut(0);L
r(x)(Ω)|| ≤C11||ut(0);L

p(x)(Ω)|| ≤C11S1/p(ρp(ut(0);Ω)).

Therefore, by (31) with p= p(x) and by the equalitySa(z)Sb(z) = Sa+b(z) (a,b,z≥ 0), we get

J1 ≤C12S(2α−1)/p

(∫

Ω

|u(0)|p(x) dx
)

S1/p

(∫

Ω

|ut(0)|p(x) dx
)

≤C13S2α/p

( ∫

Q0,T

[
|u(x, t)|p(x)+ |ut(x, t)|p(x)+ |utt(x, t)|p(x)

]
dxdt

)
,

whereC13 > 0 is independent ofu. Continuing in the same way, by (55), we obtain (47).

Finally let us takeu,ut ,utt ∈ Lp(x)(Q0,T), p≥ 2α, and{uℓ}ℓ∈N ⊂C2(Q0,T), where

uℓ−→
ℓ→∞

u, uℓt −→
ℓ→∞

ut , uℓtt −→
ℓ→∞

utt strongly in Lp(x)(Q0,T).
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Estimates (46) and (47) imply that the sequence{ψα(x)(u
ℓ)}ℓ∈N is bounded inW1,2(0,T;L2(Ω)). Then there exists a

subsequence{uℓk}k∈N ⊂ {uℓ}ℓ∈N such that

ψα(x)(u
ℓk) −→

k→∞
χ weakly in W1,2(0,T;L2(Ω))

and soα ψα(x)−1(u
ℓk)uℓk

t =
(
ψα(x)(u

ℓk)
)

t −→k→∞
ζ weakly in L2(Q0,T). By choosing the sequence{uℓ}ℓ∈N, there exists a

subsequence (we call it{uℓk}k∈N again) such that

uℓk −→
k→∞

u, uℓk
t −→

k→∞
ut almost everywhere inQ0,T ,

α(x)ψα(x)−1(u
ℓk)uℓk

t −→
k→∞

α(x)ψα(x)−1(u)ut almost everywhere inQ0,T .

Thereforeχ = ψα(x)(u) andζ = α ψα(x)−1(u)ut . Thus, (54) with v∈W1,2(0,T;L2(Ω)) holds and so (45) is true.

Since{uℓ}ℓ∈N ⊂C2(Q0,T) inequality (46) and (47) with u= uℓ are true, i.e.

||ψα(x)(u
ℓk);L2(Q0,T)|| ≤C7Sα/p

(
ρp(u

ℓk;Q0,T)
)
,

||
(
ψα(x)(u

ℓk)
)

t ;L
2(Q0,T)|| ≤C8Sα/p

(
ρp(u

ℓk;Q0,T)+ρp(u
ℓk
t ;Q0,T)+ρp(u

ℓk
tt ;Q0,T)

)
,

whereC7,C8 > 0 are independent ofuℓk, ℓk. Thus, using Lemma 5.3 [27, p. 20], we obtain (46) and (47). �

Notice that the caseα(x) ∈ (0, 1
2] (see Theorem3) is considered in [12].

Theorem 4.Assume that r∈ B+(Ω). Then the following statements are fulfilled:

(1) If 1
2 < r0 ≤ r0 ≤ 1, then the equality (32) is true if one of the following alternatives hold:

(i) u∈C2(Q0,T) (here we have|u|r(x) ∈ L∞(Q0,T) and
(
|u|r(x)

)
t ∈ L2(Q0,T));

(ii) u,ut ,utt ∈ Lp(x)(Q0,T) and p(x)≥ 2r(x) for a.e. x∈ Ω (here we have|u|r(x) ∈ H1(0,T;L2(Ω)) and

|| |u|r(x);H1(0,T;L2(Ω))|| ≤C14Sr/p

(
ρp(u;Q0,T)+ρp(ut ;Q0,T)+ρp(utt ;Q0,T)

)
, (56)

where C14 > 0 is independent of u).

(2) If 3
2 < r0 ≤ r0 ≤ 2, then the equality (33) is true if one of the following alternatives hold:

(i) u∈C2(Q0,T) (here we have|u|r(x)−2u∈ L∞(Q0,T) and
(
|u|r(x)−2u

)
t ∈ L2(Q0,T));

(ii) u,ut ,utt ∈ Lp(x)(Q0,T) and p(x)≥ 2(r(x)−1) for a.e. x∈ Ω (here we have|u|r(x)−2u∈ H1(0,T;L2(Ω)) and

|| |u|r(x)−2u;H1(0,T;L2(Ω))|| ≤C15S(r−1)/p

(
ρp(u;Q0,T)+ρp(ut ;Q0,T)+ρp(utt ;Q0,T)

)
, (57)

where C15 > 0 is independent of u.

Proof.The proof of Theorem4 follows from Theorem3 if we recall that

|s|r(x) = ψr(x)(s)+ψr(x)(−s), |s|r(x)−2s= ψr(x)−1(s)−ψr(x)−1(−s), x∈ Ω , s∈ R.

Notice that we omit the notationψ in the right-hand sides of (32) and (33). Thus the right-hand sides of (32) and (33)
equal zero on{(x, t) ∈ Q0,T | u(x, t) = 0}. �

If we takep(x)≡ constandr(x)≡ const, we rewrite Theorem4 as follows.
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Theorem 5.Assume that r> 0. Then the following statements are fulfilled:

(1) If 1
2 < r ≤ 1, then the equality

(|u|r)t = r |u|r−2uut (58)

is true if one of the following alternatives hold:

(i) u∈C2(Q0,T) (here we have|u|r ∈C(Q0,T) and(|u|r)t ∈ L2(Q0,T));

(ii) u∈W2,p(0,T;Lp(Ω)) and p≥ 2r (here we have|u|r ∈ H1(0,T;L2(Ω)) and

|| |u|r ;H1(0,T;L2(Ω))|| ≤C16
(
||u;Lp(Q0,T)||r + ||ut ;L

p(Q0,T)||r + ||utt ;L
p(Q0,T)||r

)
, (59)

where C16 > 0 is independent of u.

(2) If 3
2 < r ≤ 2, then the equality

(|u|r−2u)t = (r −1)|u|r−2ut (60)

is true if one of the following alternatives hold:

(i) u∈C2(Q0,T) (here we have|u|r−2u∈C(Q0,T) and(|u|r−2u)t ∈ L2(Q0,T));

(ii) u∈W2,p(0,T;Lp(Ω)) and p≥ 2(r −1) (here we have|u|r−2u∈ H1(0,T;L2(Ω)) and

|| |u|r−2u;H1(0,T;L2(Ω))|| ≤C17
(
||u;Lp(Q0,T)||r−1+ ||ut ;Lp(Q0,T)||r−1+ ||utt ;Lp(Q0,T)||r−1), (61)

where C17 > 0 is independent of u.

3.3 Boundary value problem for some elliptic equation

The following Dirichlet-Neumann boundary value problem isneeded for the sequel

−ε uε
tt +(Ruε)t −a∆uε +Guε +φ(Euε) = f (x, t), (x, t) ∈ Q0,T , (62)

uε |Σ0,T = 0, uε |t=0 = u0, uε
t |t=T = 0, (63)

whereε > 0. By definition, putU0(Q0,T) := {v∈ H1(Q0,T) | v|Σ0,T = 0, v|t=0 = 0},

D(x, t) :=
(

1− t
T

)2
u0(x), (x, t) ∈ Q0,T . (64)

Clearly, (64) and condition(U) yield thatD ∈ H2(Q0,T),

D|Σ0,T = 0, D|t=0 = u0, D|t=T = 0, Dt |t=T = 0. (65)

Definition 2. A real-valued function uε ∈H1(Q0,T) is called a weak solution of problem (62)-(63) if u satisfies (631), (632)

(i.e. uε −D ∈U0(Q0,T), where D is defined by (64) ), Ruε ,Guε ,Euε ∈ L2(Q0,T), and for every v∈U0(Q0,T) we have

∫

Q0,T

[
εuε

t vt −Ruε vt +a(∇uε ,∇v)+Guε v+φ(Euε)v
]

dxdt+
∫

Ω

Ruε(T)v(T) dx=
∫

Q0,T

f v dxdt. (66)
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For functionsw,v : Q0,T → R
1 by definition, put

Lε(w,v) :=
∫

Q0,T

[
εwtvt + |w|r−2wtv+a(∇w,∇v)+Gw v+φ(Ew)v

]
dxdt. (67)

Lemma 6. If r ∈ (1,2), conditions(G)-(Φ) hold, and(Z) is satisfied, then there exists a constantα0 > 0 such that for

every u∈ H1(Q0,T) andε > 0 the estimate

Lε(u,u)≥
1
r

∫

Ω

|u(x, t)|r dx

∣∣∣∣
t=T

t=0
+

∫

Q0,T

[
ε|ut |2+α0(|∇u|2+ |u|2+ |u|r)+g0|u|q(x)

]
dxdt−C18 (68)

holds, where C18 > 0 is independent of u,ε.

Proof.By (67), it follows that

Lε(u,u) =
∫

Q0,T

[
ε|ut |2+ |u|r−2utu+a|∇u|2+g|u|q(x)+φ(Eu)u

]
dxdt. (69)

Sinceu∈ H1(Q0,T) and 2≥ r > 1, Case 1.ii of Theorem2 with p(x) ≡ 2 andr(x) ≡ r (see also Proposition9) implies
that

|u|r ∈W1,2r (0,T;L
2
r (Ω)), (|u|r)t = r|u|r−2uut ,

∫

Q0,T

(|u|r)t dxdt=
∫

Ω

|u(x, t)|r dx

∣∣∣∣
t=T

t=0
. (70)

Taking into account condition(Φ), the Cauchy-Bunyakowski-Schwarz inequality, (16), and (17), we obtain

∣∣∣
∫

Q0,T

φ(Eu)u dxdt
∣∣∣≤ φ∗||Eu;L2(Q0,T)|| · ||u;L2(Q0,T)|| ≤ φ∗E∗||u;L2(Q0,T)||2 ≤ φ∗E∗MΩ

∫

Q0,T

|∇u|2 dxdt.

Using the Young inequality with the exponents2
r ,

2
2−r > 1 and inequality (17), we get

∫

Ω

|u(t)|r dx≤
∫

Ω

|u(t)|2 dx+C19≤ MΩ

∫

Ω

|∇u(t)|2 dx+C19, t ∈ [0,T],

whereC19 > 0 is independent ofu, t. Then forα := a−φ∗E∗MΩ > 0 we have

∫

Q0,T

[
a|∇u|2+φ(Eu)u

]
dxdt≥ α

∫

Q0,T

|∇u|2 dxdt=
∫

Q0,T

(α
3
+

α
3
+

α
3

)
|∇u|2 dxdt≥

≥
∫

Q0,T

[α
3
|∇u|2+ α

3MΩ
|u|2+ α

3MΩ
|u|r

]
dxdt−C20.

Taking into account (69) and the transformations above, we obtain (68). �

Theorem 6.Suppose that∂Ω ∈C4 and the following conditions are satisfied:

(A): a> 0, 3
2 < r ≤ 2;

(Q): q∈ B+(Ω), 1< q0 ≤ q0 ≤ 2;

(G): g∈ B+(Q0,T);

(E): Z ∈ L∞(Q0,T ×Ω);

(Φ): φ ∈ Lip (R), |φ(ξ )| ≤ φ∗|ξ | for everyξ ∈ R, whereφ∗ ∈ [0,+∞);

(F): f ∈ Lr ′(Q0,T), where1
r +

1
r ′ = 1;
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(U): u0 ∈ H2(Ω)∩H1
0(Ω);

(Z): a> φ∗E∗MΩ , where E∗ is defined by (16), MΩ is determined from (17).

Then problem (62)-(63) has a weak solution uε such that uε ∈ H2(Q0,T)∩H1(0,T;H1
0(Ω)) andRuε ∈ H1(0,T;L2(Ω)).

Proof.The Caser = 2 is trivial. Let us assume thatr ∈ (3
2,2). The solution will be constructed via Galerkin’s method.

Step 1.Let {vm}m∈N be determined from Remark1, D defined by (64), ε > 0 a fixed number,Lε defined by (67),

uε,m(x, t) := D(x, t)+ zε,m(x, t), zε,m(x, t) :=
m

∑
µ=1

ϕε,m
µ vµ(x, t), (x, t) ∈ Q0,T , m∈ N, (71)

andϕ := (ϕε,m
1 , . . . ,ϕε,m

m ) ∈ R
m. For the sake of convenience we have omitted indexε in uε,m,ϕε,m

1 , . . . ,ϕε,m
m , andzε,m.

Notice also that

zm|Σ0,T = 0, zm|t=0 = 0, zm
t |t=T = 0, (72)

um|Σ0,T = 0, um|t=0 = u0, um
t |t=T = 0. (73)

Since r < 2, we have 2≥ 2(r − 1). In addition, the inequalityr > 3
2 holds. Since∂Ω ∈ C2, Remark1 implies that

{vm}m∈N ⊂ H2(Q0,T). Then{zm}m∈N,{um}m∈N ⊂ H2(Q0,T) and Case 2.ii of Theorem5 with p= 2 yields that

Rum ∈ H1(0,T;L2(Ω)), (Rum)t = |um|r−2um
t . (74)

Assume that the unknown vectorϕ (see (71) ) satisfies the following equalities:

∫

Q0,T

[
εum

t vµ
t + |um|r−2um

t vµ +a(∇um,∇vµ)+Gum vµ +φ(Eum)vµ
]

dxdt=
∫

Q0,T

f vµ dxdt, (75)

whereµ = 1,m. Let us prove that thisϕ exists. Equality (75) we rewrite to read

P(ϕ) = 0, (76)

whereP := (P1, . . . ,Pm), Pµ(ϕ) := Lε(um,vµ)− ∫
Q0,T

f vµ dxdt, µ = 1,m. Clearly,

(P(ϕ),ϕ)Rm =
m

∑
µ=1

(
Lε(u

m,vµ)−
∫

Q0,T

f vµ dxdt
)

ϕm
µ = Lε(u

m,zm)−
∫

Q0,T

f zm dxdt

= Lε(u
m,um−D)−

∫

Q0,T

f (um−D) dxdt=
∫

Q0,T

f D dxdt−
∫

Q0,T

f um dxdt+Lε(u
m,um)−Lε(u

m,D). (77)

Using Young’s inequality, we obtain

| f D| ≤ 1
2
| f |2+ 1

2
|D|2, | f um| ≤ κ1|um|2+ 1

4κ1
| f |2, κ1 > 0.

By (68) and (732), we get

Lε(u
m,um)≥ 1

r

∫

Ω

|um(T)|r dx+
∫

Q0,T

[
ε|um

t |2+α0|∇um|2+α0|um|2+α0|um|r +g0|um|q(x)
]

dxdt− 1
r

∫

Ω

|u0|r dx−C21,
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whereC21 > 0 is independent ofm,ε.

Now let us consider the expression

Lε(u
m,D) =

∫

Q0,T

[
εum

t Dt + |um|r−2um
t D+a(∇um,∇D)+GumD+φ(Eum)D

]
dxdt.

Using Young’s inequality, we obtain

|um
t Dt | ≤

1
2
|um

t |2+
1
2
|Dt |2, |a(∇um,∇D)| ≤ aκ2|∇um|2+ a

4κ2
|∇D|2, κ2 > 0.

Taking into account (74), integration by parts formulae, (65), (73), and the Young inequality withr ′, r > 1, we obtain

∫

Q0,T

|um|r−2um
t D dxdt=

∫

Q0,T

(Rum)tD dxdt=
∫

Ω

RumD dx

∣∣∣∣
t=T

t=0
−

∫

Q0,T

RumDt dxdt

≤−
∫

Ω

Ru0 u0 dx+
1

r −1

∫

Q0,T

|um|r−1|Dt | dxdt≤
∫

Q0,T

[
κ3|um|r +C22(κ3)|Dt |r

]
dxdt, κ3 > 0.

By generalized Young’s inequality withq′(x),q(x)> 1, it follows that

|Gum D| ≤ g0 |um|q(x)−1|D| ≤ κ4|um|q(x)+C23(κ4)|D|q(x), κ4 > 0.

Taking into account the Cauchy-Bunyakowski-Schwarz inequality, the Young inequality withr ′, r > 1, and (16), we get

∣∣∣
∫

Q0,T

φ(Eum)D dxdt
∣∣∣≤ φ∗||Eum;L2(Q0,T)|| · ||D;L2(Q0,T)||

≤ φ∗E∗||um;L2(Q0,T)|| · ||D;L2(Q0,T)|| ≤ κ5

∫

Q0,T

|um|2 dxdt+C24(κ5)

∫

Q0,T

|D|2 dxdt, κ5 > 0.

HereC22, . . . ,C24 > 0 are independent ofm.

By (U) and (F), it follows that
∫

Ω |u0|r dx+
∫

Q0,T
[| f |2 + |D|2 + |D|q(x) + |Dt |r + |Dt |2 + |∇D|2] dxdt≤ C25. Therefore,

(77) yields that

Lε(u
m,zm)−

∫

Q0,T

f zm dxdt≥ 1
r

∫

Ω

|um(T)|r dx+
∫

Q0,T

[(
ε − ε

2

)
|um

t |2+(α0−aκ2)|∇um|2

+(α0−κ1−κ5)|um|2+(α0−κ3)|um|r +(g0−κ4)|um|q(x)
]

dxdt−C26(κ1, . . . ,κ5), (78)

whereC26 > 0 is independent ofm. Choosingκ1, . . . ,κ5 > 0 small enough, we obtain the existence of the nonnegative
constantsC27 andC28 such that (see (77))

(P(ϕ),ϕ)Rm ≥C27

∫

Q0,T

[
|∇um|2+ |um|2

]
dxdt−C28 −→

|ϕ|→+∞
+∞.

Thus, the Vishyk Lemma (see Proposition8) implies that there exist a solutionϕm
1 , . . . ,ϕ

m
m of system (76), i.e. (75).
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Step 2.Multiplying (75) by ϕm
µ and summing inµ = 1,m, we obtain

Lε(u
m,zm) =

∫

Q0,T

f zm dxdt.

Then 0= Lε(um,zm)− ∫
Q0,T

f zm dxdt and, using (78), we get

ε
∫

Q0,T

|um
t |2 dxdt+

∫

Ω

|um(T)|r dx+
∫

Q0,T

[
|∇um|2+ |um|2+ |um|r + |um|q(x)

]
dxdt≤C29. (79)

By (79) and Proposition3, we have

||um;Lq(x)(Q0,T)|| ≤C30. (80)

Taking into account Lemma2, (79), and (80), we obtain

||Gum;Lq′(x)(Q0,T)|| ≤C31, ||Rum;Lr ′(Q0,T)|| ≤C32, (81)

||Rum(T);Lr ′(Ω)|| ≤C33. (82)

HereC29, . . . ,C33 > 0 are independent ofm,ε.

Estimates (79)-(82) yield that there exists a subsequence{umj} j∈N ⊂ {um}m∈N such that

umj −→
j→∞

u weakly in H1(Q0,T)∩Lr(Q0,T)∩Lq(x)(Q0,T), (83)

Gumj −→
j→∞

χ̃1 weakly in Lq′(x)(Q0,T), (84)

Rumj −→
j→∞

χ̃2 weakly in Lr ′(Q0,T), (85)

Rumj (T)−→
j→∞

χ̃3 weakly in Lr ′(Ω). (86)

By (83), the Rellich-Kondrachov theorem (see Lemma 1.28 [27, p. 47]), and Lemma 1.18 [27, p. 39], it follows that there

exists a subsequence (we call it{umj } j∈N again) such that

umj −→
j→∞

u strongly in L2(Q0,T) and almost everywhere inQ0,T . (87)

By the Aubin theorem (see Proposition7), we get

umj −→
j→∞

u in C([0,T];L2(Ω)). (88)

Therefore, sinceE is continuous andφ satisfies the Lipschitz condition, we obtain

φ(Eumj )−→
j→∞

φ(Eu) strongly in L2(Q0,T). (89)

In addition,

umj (T)−→
j→∞

u(T) strongly in L2(Ω) and almost everywhere inΩ . (90)
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By (87), it follows thatGumj −→
j→∞

Gualmost everywhere inQ0,T . Hence, Proposition4 yields thatχ̃1 = Gu. Continuing in

the same way, we see thatχ̃2 = Ru andχ̃3 = Ru(T).

Using (75) with m= mj , (74), and the conditionvµ |t=0 = 0, we obtain

∫

Q0,T

[
εu

mj
t vµ

t −Rumj vµ
t +a(∇umj ,∇vµ)+Gumj vµ +φ(Eumj )vµ

]
dxdt+

∫

Ω

Rumj (T)vµ(T) dx=
∫

Q0,T

f vµ dxdt, (91)

whereµ = 1,mj . Letting j → ∞, taking into account the properties of{vµ}µ∈N and (91), we get (66). Inequalitiesr ′ > 2,

q′(x) ≥ 2 for a.e.x ∈ Ω , (16), and (81) imply that Ru,Gu,Eu ∈ L2(Q0,T). Thus,u is a weak solution to problem
(62)-(63).

Step 3.Now we shall prove the additional estimates. By definition, put

N w := Gw+φ(Ew), w∈ L2(Q0,T). (92)

By inequalitiesr ′ > 2, q′(x)≥ 2 for a.e.x∈ Ω , (16), and (81), it follows that

∫

Q0,T

[
|Rum|2+ |N um|2

]
dxdt≤C34, (93)

whereC34 > 0 is independent ofm,ε.

We recall that (74) holds, 3
2 < r ≤ 2, andum ∈ H2(Q0,T). Whence, using (61) with p = 2 (note thatp ≥ 2(r − 1)), we

obtain ∣∣∣∣(|um|r−2um)
t ;L

2(Q0,T)
∣∣∣∣≤C35(||um;L2(Q0,T)||r−1+ ||um

t ;L2(Q0,T)||r−1+ ||um
tt ;L

2(Q0,T)||r−1), (94)

whereC35 > 0 is independent ofm. By (30) and (733), it follows that

||um
t ;L2(Q0,T)||2 ≤C36

T∫

0

[∫

Ω

|um
t (x,T)|2 dx+ ||um

tt ;L
2(Q0,T)||2

]
dt =C37||um

tt ;L
2(Q0,T)||2.

Thus, taking into account (79), the Young inequality with 1
r−1,

1
2−r > 1, and (94), we get

||(Rum)t ;L2(Q0,T)|| ≤ κ1||um
tt ;L

2(Q0,T)||+C38(κ1), κ1 > 0, (95)

whereC38(κ1)> 0 is independent ofm,ε.

Step 4.Assume that the positive numbers{σ̂m}m∈N are determined from Remark1. Hence, in particular, (28) hold.

Using (733) and the conditionvµ |t=0 = 0, we have

∫

Q0,T

εum
t vµ

t dxdt=
∫

Ω

εum
t vµ dx

∣∣∣∣
t=T

t=0
−

∫

Q0,T

εum
tt v

µ dxdt=−
∫

Q0,T

εum
tt v

µ dxdt.
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Then we multiply (75) by σ̂µ ϕm
µ , use (28), and sum inµ = 1,m. Taking into account (74) and (71), we obtain

∫

Q0,T

[
−εum

tt (Dtt −um
tt )+ (Rum)t(Dtt −um

tt )+a(∇um,∇(−zm
tt ))+N um(Dtt −um

tt )
]

dxdt=
∫

Q0,T

f (Dtt −um
tt ) dxdt. (96)

The Young inequality and condition(Φ) imply that

|um
tt Dtt | ≤

1
2
|um

tt |2+
1
2
|Dtt |2, | f Dtt | ≤

1
2
| f |2+ 1

2
|Dtt |2, | f um

tt | ≤ κ2|um
tt |2+

1
4κ2

| f |2, κ2 > 0,

|(Rum)t (Dtt −um
tt )| ≤

κ3

2
|um

tt |2+C39(κ3)
(
|(Rum)t |2+ |Dtt |2

)
, κ3 > 0, (97)

|N um(Dtt −um
tt )| ≤ κ4|um

tt |2+C40(κ4)(|N um|2+ |Dtt |2), κ4 > 0.

By (97) and (95) with κ1 > 0 small enough, it follows that

∣∣∣
∫

Q0,T

(Rum)t(Dtt −um
tt ) dxdt

∣∣∣≤ κ3

∫

Q0,T

|um
tt |2 dxdt+C41(κ3)

(
1+

∫

Q0,T

|Dtt |2 dxdt
)
.

Since∂Ω ∈C4, Remark1 yields that{vm}m∈N ⊂ H4(Q0,T). Integrating by parts and using (722,3), we get

∫

Q0,T

a(∇um,−∇zm
tt ) dxdt=−

∫

Q0,T

a(∇D+∇zm,∇zm
tt ) dxdt= I1−

∫

Q0,T

a(∇zm,∇zm
tt ) dxdt

= I1−
∫

Ω

a(∇zm,∇zm
t ) dx

∣∣∣∣
t=T

t=0
+

∫

Q0,T

a|∇zm
t |2 dxdt= I1+

∫

Q0,T

a|∇um
t −∇Dt |2 dxdt

≥ I1+
a
2

∫

Q0,T

|∇um
t |2 dxdt−C42

∫

Q0,T

|∇Dt |2 dxdt, (98)

where

I1 :=−
∫

Q0,T

a(∇D,∇zm
tt ) dxdt.

Integrating by parts int, using (723), and using (732), we obtain

I1 =−
∫

Ω

a(∇D,∇zm
t ) dx

∣∣∣∣
t=T

t=0
+

∫

Q0,T

a(∇Dt ,∇zm
t ) dxdt= I2+

∫

Q0,T

a(∇Dt ,∇zm
t ) dxdt.

where

I2 :=
∫

Ω

a(∇D(0),∇zm
t (0)) dx.

Integrating by parts inx and using condition(U), we get

I2 =
∫

∂Ω

a(∇D(0),ν)zm
t (0) dS−

∫

Ω

a
(
∆D(0)

)
zm
t (0) dx=−

∫

Ω

azm
t (0)∆D(0) dx.
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Moreover,|a(∇Dt ,∇zm
t )|= |a(∇Dt ,∇um

t −∇Dt)| ≤ κ5|∇um
t |2+C43(κ5)|∇Dt |2. Whence,

|I1| ≤
∫

Ω

[
κ6|zm

t (0)|2+C44(κ6)|∆D(0)|2
]

dx+
∫

Q0,T

[
κ5|∇um

t |2+C45(κ5)|∇Dt |2
]

dxdt, κ5,κ6 > 0.

By the estimate of type (30), (723), and (71), it follows that

∫

Ω

|zm
t (0)|2 dx≤C46

(∫

Ω

|zm
t (T)|2 dx+

∫

Q0,T

|zm
tt |2 dxdt

)
=C46

∫

Q0,T

|um
tt −Dtt |2 dxdt≤C47

∫

Q0,T

[
|um

tt |2+ |Dtt |2
]

dxdt,

whereC47 > 0 is independent ofm.

Finally, from (98) we get

∫

Q0,T

a(∇um,−∇zm
tt ) dxdt≥

∫

Q0,T

[(a
2
−κ5

)
|∇um

t |2−C47κ6|um
tt |2

]
dxdt

−C48(κ5,κ6)
(∫

Ω

|∆D(0)|2 dx+
∫

Q0,T

[
|∇Dt |2+ |Dtt |2

]
dxdt

)
.

Since
∫

Ω |∆D(0)|2 dx+
∫
Q0,T

[| f |2+ |Dtt |2+ |∇Dt |2] dxdt≤C49, by (93), (95), and (96), it follows that

∫

Q0,T

[(
ε − ε

2
−κ2−κ3−κ4−C47κ6

)
|um

tt |2+
(a

2
−κ5

)
|∇um

t |2
]

dxdt≤C50(κ2, . . . ,κ6).

Hence, choosingκ2, . . . ,κ6 > 0 small enough, we have

∫

Q0,T

[
|um

tt |2+ |∇um
t |2

]
dxdt≤C51. (99)

Thus, (95) yields that

||(Rum)t ;L
2(Q0,T)|| ≤C52, (100)

HereC50, . . . ,C52 > 0 are independent ofm.

Step 5.Assume that the positive numbers{λ̂m}m∈N are determined from Remark1. Hence, in particular, (28) hold.

Clearly (here and belowν denotes the outward unit vector field on∂Ω ),

∫

Q0,T

a(∇um,∇vµ) dxdt=
∫

Σ0,T

a(∇um,ν)vµ dSdt−
∫

Q0,T

a∆umvµ dxdt=−
∫

Q0,T

a∆umvµ dxdt.

Multiply (75) by λ̂µ ϕm
µ , use (28) and (74), and sum inµ = 1,m. Then we get

∫

Q0,T

[
εum

t (−∆zm
t )+ (Rum)t(∆D−∆um)−a∆um(∆D−∆um)

+N um(∆D−∆um)
]

dxdt=
∫

Q0,T

f (∆D−∆um) dxdt. (101)
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Clearly (we recall that{zm}m∈N ⊂ H4(Q0,T)),

−
∫

Q0,T

εum
t ∆zm

t dxdt=−
∫

Σ0,T

εum
t (∇zm

t ,ν) dSdt+
∫

Q0,T

ε(∇um
t ,∇zm

t ) dxdt

=

∫

Q0,T

ε(∇um
t ,∇um

t −∇Dt) dxdt≥ ε
2

∫

Q0,T

[
|∇um

t |2−|∇Dt |2
]

dxdt.

The Young inequalities yields that

| f ∆D| ≤ 1
2
| f |2+ 1

2
|∆D|2, |a∆um∆D| ≤ κ1|∆um|2+ a2

4κ1
|∆D|2, κ1 > 0,

| f ∆um| ≤ κ2|∆um|2+ 1
4κ2

| f |2, κ2 > 0,

|(Rum)t(∆D−∆um)
∣∣∣≤ κ3|∆um|2+C53(κ3)(|(Rum)t |2+ |∆D|2

)
, κ3 > 0,

|N um(∆D−∆um)| ≤ κ4|∆um|2+C54(κ4)(|N um|2+ |∆D|2
)
, κ4 > 0.

Since
∫

Q0,T
[| f |2+ |∆D|2+ |∇Dt |2] dxdt≤C55, by (93), (95), and (101), it follows that

∫

Q0,T

[ε
2
|∇um

t |2+
(

a−κ1−κ2−κ3−κ4

)
|∆um|2

]
dxdt≤C56(κ1,κ2,κ3,κ4),

whereC56 > 0 is independent ofm. Therefore, choosingκ1, . . . ,κ4 > 0 small enough, we obtain

∫

Q0,T

|∆um|2 dxdt≤C57, (102)

whereC57 > 0 is independent ofm.

By (100) and (87), it follows that
(Rumj )t −→

j→∞
(Ru)t weakly in L2(Q0,T). (103)

By (99) and (102), we get

umj −→
j→∞

u weakly in H2(Q0,T)

and sozmj −→
j→∞

zweakly inH2(Q0,T). Since every functionzm satisfies (72), the convergence above implies that

z∈U0(Q0,T). Thus,u−D = z∈U0(Q0,T) and Theorem6 is proved.�

4 Proof of main Theorem

The Caser = 2 is trivial. Assume thatr ∈ (1,2). The solution will be constructed via the elliptic regularization method.

Step 1.For everyε > 0 let us denote byuε a weak solution to problem (62)-(63) (see Theorem6). Then (66) holds,

uε ∈ H2(Q0,T)∩H1(0,T;H1
0(Ω)), Ruε ∈ H1(0,T;L2(Ω)), andGuε ,φ(Euε) ∈ L2(Q0,T). By (79) and (80), we get

ε
∫

Q0,T

|uε
t |2 dxdt+

∫

Q0,T

[
|∇uε |2+ |uε |2+ |uε |r + |uε |q(x)

]
dxdt≤C58, (104)
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||uε ;Lq(x)(Q0,T)|| ≤C59. (105)

Whence, similarly to (81), we obtain

||Guε ;Lq′(x)(Q0,T)|| ≤C60, ||Ruε ;Lr ′(Q0,T)|| ≤C61. (106)

In addition, by (16), (Φ), and (104), it follows that

||φ(Euε);L2(Q0,T)|| ≤C62. (107)

HereC58, . . . ,C62 > 0 are independent ofε.

Estimates (104)-(107) implies that there exists a sequence{ε j} j∈N ⊂ R+ such thatε j −→
j→∞

0 and

uε j −→
j→∞

u weakly in L2(0,T;H1
0(Ω))∩Lr(Q0,T)∩Lq(x)(Q0,T), (108)

Guε j −→
j→∞

χ1 weakly in Lq′(x)(Q0,T), (109)

Ruε j −→
j→∞

χ2 weakly in Lr ′(Q0,T), (110)

φ(Euε j )−→
j→∞

χ3 weakly in L2(Q0,T), (111)

√
ε j u

ε j
t −→

j→∞
χ4 weakly in L2(Q0,T). (112)

Step 2.Notice that the constants in (99), (100), and (102) depend onε and so we can not use these estimates here. We
shall prove the additional estimates.

Sinceuε ∈ H2(Q0,T) and 2≥ 2( r
2 +1−1) holds, Case 2.ii of Theorem5 with p= 2 and r

2 +1 instead ofr yields that

|uε |
r
2−1uε ∈ H1(0,T;L2(Ω)),

(
|uε |

r
2−1uε)

t =
r
2
|uε |

r
2−1uε

t . (113)

Sinceuε ∈ H2(Q0,T) and 3
2 < r ≤ 2 holds, similarly to (74), we have

Ruε ∈ H1(0,T;L2(Ω)), (Ruε)t = |uε |r−2uε
t . (114)

Moreover,uε ∈ H1(Q0,T), 2≥ r, and so similarly to (70), we obtain

|uε |r ∈W1,2r (0,T;L
2
r (Ω)),

(
|uε |r

)
t = r |uε |r−2uε uε

t . (115)

Continuing in the same way (we recall thatuε ,uε
t ,u

ε
x1
, . . . ,uε

xn
∈ H1(Q0,T)), using Case 1.ii of Theorem2 with p(x) ≡ 2

andr(x)≡ 2, we see that
|uε |2 ∈W1,1(0,T;L1(Ω)),

(
|uε |2

)
t = 2uε uε

t , (116)

|uε
t |2 ∈W1,1(0,T;L1(Ω)),

(
|uε

t |2
)

t = 2uε
t uε

tt , (117)

|∇uε |2 ∈W1,1(0,T;L1(Ω)),
(
|∇uε |2

)
t = 2(∇uε ,∇uε

t ). (118)

c© 2017 BISKA Bilisim Technology



NTMSCI 5, No. 3, 128-153 (2017) /www.ntmsci.com 150

Finally, sinceuε ∈ H1(Q0,T) andq0 ≤ 2 holds, Case 1.ii of Theorem2 with r(x) = q(x) andp(x)≡ 2 yields that

|uε |q(x),(|uε |q(x))t ∈ L
2

q(x) (Q0,T), (|uε |q(x))t = q(x)|uε |q(x)−2uεuε
t . (119)

Integrating by parts (see (114) ) and using (633), we obtain

∫

Q0,T

[
εuε

t vt −Ruε vt

]
dxdt=

∫

Ω

[
εuε

t v−Ruε v
]

dx

∣∣∣∣
t=T

t=0
−

∫

Q0,T

[
εuε

ttv− (Ruε)t v
]

dxdt

=−
∫

Ω

Ruε(T)v(T) dx+
∫

Q0,T

[
−εuε

ttv+(Ruε)t v
]

dxdt, v∈U0(Q0,T).

Then from (66) it follows that

∫

Q0,T

[
−εuε

ttv+(Ruε)tv+a(∇uε ,∇v)+Guε v+φ(Euε)v
]

dxdt=
∫

Q0,T

f v dxdt, v∈U0(Q0,T). (120)

Assume thatw∈ H1
0(Ω), ϕ ∈C1([0,T]), andϕ(0) = 0. Substitutingv(x, t) = w(x)ϕ(t) in (120), we get

T∫

0

(∫

Ωt

[
−εuε

ttw+(Ruε)tw+a(∇uε ,∇w)+Guε w+φ(Euε)w− f w
]

dx
)

ϕ(t) dt = 0. (121)

Take a functionψ ∈C∞
0 ((0,T)). Substitutingϕ = ψ in (121), we have the following equality inH−1(Ω) := [H1

0(Ω)]∗:

−εuε
tt(t)+

(
Ruε(t)

)
t +Auε(t)+Guε(t)+φ(Euε(t)) = f (t), t ∈ (0,T), (122)

where the operatorA : H1
0(Ω)→ H−1(Ω) is defined by the rule

〈Av,w〉H1
0 (Ω) =

∫

Ω

a(∇v(x),∇w(x)) dx, v,w∈ H1
0(Ω). (123)

Sinceuε
t ∈ L2(0,T;H1

0(Ω)), by (122) and (114), it follows that

∫

Q0,T

[
−εuε

ttu
ε
t + |uε |r−2|uε

t |2+a(∇uε ,∇uε
t )+Guεuε

t +φ(Euε)uε
t

]
dxdt=

∫

Q0,T

f uε
t dxdt. (124)

Integrating by parts (see (117) ) and using (633), we obtain

∫

Q0,T

−εuε
ttu

ε
t dxdt=−ε

2

∫

Ω

|uε
t |2 dx

∣∣∣∣
t=T

t=0
=−0+

ε
2

∫

Ω

|uε
t (0)|2 dx≥ 0.

From the Young inequality (note that1
2 +

1
r ′ +

r ′−2
2r ′ = 1), it follows that

| f uε
t |= |uε |

r
2−1 |uε

t | | f | |uε |1−
r
2 ≤ κ1|uε |r−2|uε

t |2+C63(κ1)(| f |r
′
+ |uε |(1−

r
2)

2r ′
r ′−2 )

= κ1|uε |r−2|uε
t |2+C63(κ1)(| f |r

′
+ |uε |r), κ1 > 0,
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Assume that the constantγ ∈ (4
3,2] is defined by (11). Then the Young inequality with4−r

2 , 4−r
2−r > 1 implies that

|uε
t |γ = |uε |

2(r−2)
4−r |uε

t |
4

4−r |uε |
2(2−r)

4−r ≤ κ2|uε |r−2|uε
t |2+C64(κ2)|uε |2, κ2 > 0. (125)

Whence, sinceφ is bounded, the Young inequality and (104) yield that

∣∣∣
∫

Q0,T

φ(Euε)uε
t dxdt

∣∣∣≤C65

∫

Q0,T

|uε
t | dxdt≤

∫

Q0,T

|uε
t |γ dxdt+C66≤ κ2

∫

Q0,T

|uε |r−2|uε
t |2 dxdt+C67(κ2).

Taking into account the transformations above, by (124), (118), and (119), we obtain

∫

Q0,T

[
(1−κ1−κ2)|uε |r−2|uε

t |2+
a
2
(|∇uε |2)t +

g(x, t)
q(x)

(|uε |q(x))t
]

dxdt≤C68(κ1,κ2). (126)

Choosingκ1,κ2 > 0 small enough and integrating by parts, we get

∫

ΩT

[a
2
|∇uε |2+ g0

q0 |u
ε |q(x)

]
dx+

1
2

∫

Q0,T

|uε |r−2|uε
t |2 dxdt≤C69

(
1+

∫

Ω

[
|∇u0|2+ |u0|q(x)

]
dx+

∫

Q0,T

|gt(x, t)|
q(x)

|uε |q(x) dxdt
)
.

Thus, ∫

Q0,T

|uε |r−2|uε
t |2 dxdt≤C70, (127)

and so (113) yields that ∫

Q0,T

∣∣∣
(
|uε | r

2−1uε)
t

∣∣∣
2

dxdt=
|r|2
4

∫

Q0,T

|uε |r−2|uε
t |2 dxdt≤C71. (128)

Moreover, from (104) it follows that

∫

Q0,T

∣∣∣|uε | r
2−1uε

∣∣∣
2

dxdt=
∫

Q0,T

|uε |r dxdt≤C72. (129)

In addition, (125), (127), and (104) imply that

∫

Q0,T

|uε
t |γ dxdt≤C73. (130)

HereC63, . . . ,C73 > 0 are independent ofε.

Estimates (104) and (127)-(130) yield that

|uε j | r
2−1uε j −→

j→∞
χ5 weakly in H1(0,T;L2(Ω)), (131)

uε j −→
j→∞

u weakly in W1,γ(Q0,T). (132)

Hence, using the Rellich-Kondrachov theorem (see Lemma 1.28 [27, p. 47]) and Lemma 1.18 [27, p. 39], we obtain

uε j −→
j→∞

u strongly in Lγ (Q0,T) and almost everywhere inQ0,T , (133)
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Therefore, (see Proposition4, (109), (110), and (131) ) χ1 = Gu, χ2 = Ru, andχ5 = |u|
r
2−1u. By (132) and the Aubin

theorem (see Proposition7), it follows that

uε j −→
j→∞

u in C([0,T];Lγ (Ω)). (134)

It is easy to prove that the operatorE (see (3) ) is continuous fromLγ (Q0,T) into Lγ (Q0,T). Then, (Φ) and (134) imply
thatφ(Euε j )−→

j→∞
φ(Eu) strongly in Lγ (Q0,T). Thus,χ3 = φ(Eu).

Step 3.We substituteε = ε j in (66) and tendj → ∞ if v∈ H1
0(Q0,T). Taking into account (108)-(112), we obtain (15). By

(132) and condition (63), it follows that the functionu satisfies (2). Thus,u is a weak solution to problem (1)-(2). By

(131) and (132), we get|u|
r
2−1u∈ H1(0,T;L2(Ω)) andu∈W1,γ(Q0,T). This completes the proof of Theorem1. �
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