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Abstract: In this paper, we establish some new results related to theded of the Hermite-Hadamard type inequalities for thes
of functions whose second derivatives are strorsgtpnvex functions in the second sense. Some previous sematalso recaptured
as a special case.
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1 Introduction

The following definition is well-known in the literature arfationsf : | — R, @ # | C R, is said to be convex on | if the
inequality

ftx+ (1-t)y) <tf(x)+ (1-t)f(y) 1)
holds for allx.y € | andt € [0,1].

Theorem 1.[10] Let f:1 C R— R be a convex function on the interval | of real numbers ajdal with a < b. If f
is a convex function then the following double inequalityich is well known in the literature as the Hermite—Hadamard
inequality, holds

b
f <¥) < rlafa fdx< L@+ 10) (a)zf(b). )

In [5], ,Hudzik and Maligranda considered the class of functionsivlaires-convex in the second sense. This class is
defined in the following way: a funcitorf : [0,0] — R is said to be s-convex in the second sense if

ftx+ (1-1)y) <t () + (1-1)°f(y) ®3)

holds forx,y € [0,] , t € [0,1] and for some fixed € [0,1]. This class of s-convex functions in the second sense is
usually byK3.

It can be easily see that fer= 1 s-convexity reduces to the ordinary convexity of functidefined or0, ) .

®© 2017 BISKA Bilisim Technology * Corresponding author e-maihateyus26@gmail.com


 http://dx.doi.org/10.20852/ntmsci.2017.192

155 BISKA Y. Erdem, H. Ogunmez and H. Budak: Some generalized indigsatif Hermite-Hadamard type...

Inequality @) has studied a huge amount of interest over the years. Wer@msember the recent studies in

((2]-[41.[9],[13],[15)]).
Definition 1. [11] A function f:1 — R is called strongly s-convex with modulus c if

f(tx+ (L—t)y) <tF(x) + (1—t)SF(y) —ct(1—t)(b—a)> (4)
In [1], Angulo et al. proved the following Hermite-Hadamard typequality for stronglyh-convex function:

Theorem 2.Let h: (0,1) — (0,) be a given function. If a function:fl C R — R is Lebesgue integrable and strongly
h-convex with moduluss 0, then

1 (50 oo < frm i frvago-ar

a

foralla,bel,a<b.
Corollary 1. Suppose that f[0,»] — R is a strongly s-convex function in the second sense with modulucwhere
se (0,1) (i.e h(t) =t%in (5)), then following inequalities hold;
+b 17 f(a)+ f (b)
s—-1 arb Lo 2<_/ <a7,E _ )2
2 {f( > )Jrlz(b a)]_b_a f(x)dx< ] 6(b a)“. (6)

a

For more information and recent developments on inegealifior srongly convex function, please refer to

((1.06].[71.08],[12],[14),[16],[17)).

The aim of the paper is to establish some new Hermite-Hadhmagqualities for function whose second derivatives in
absolute value are strongiconvex.

2 Main results

To prove our main results, we consider the following Lemmegiby Ozdemir et al. ind].
Lemma 1.Let f:1 — R be a differantiable mapping o where ab € | with a < b. If f” € L[a, b}, then the following
equality holds

b

bfla'/f(x)dx—f (%b) = (bI;)Z (b/ltz(f”ta;b 1-t)a )dt+/ )2 1" (tb+(1—t)%b) d) t.

a

Theorem 3.Suppose that fl C [0,»] — R be a twice differantiable mapping ofisuch that f € L ([a,b]), where ab < |
with a< b. If |f”| is strongly s-convex ofa, b], for some s (0, 1] with modulus c> 0, thenfollowing inequalities hold
a+b 1
f (—2 ) ——bia'/f (x) dx

£/ (%b) ’ +]f” (b)|} - ﬁ)(b a)? (8)

(b—a)? sl (len p [1+(s+1)(s+2)2%]¢c c
s T R L I GG 02} g0

; (b—a)?

= 8(5+1) (512 (513

{yf" (@)|+(s+1)(s+2)
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Proof. Taking modulus on both sides of)( we have

b
f (t%b +(1-t) )

f(%b)fbfla/f(x)dx

a

2

1
16/
0

dt+

1
< (b—a)® /t2
- 16

0

Since| f”] is strongly s-convex, we get

f” (ta—;_b—i—(l—t)a)

<t®

f (a—;b)’Jr(l—t)s\f”(a)\ —ct(1—t)(b—a)?

and

£ (thr(lt)a—erb) ‘ <t (b)|+(1-1)°

(25| -aa-ne-ar

If we substitute the inequalitied @) and (1) in (9), then we obtain

b
a+b 1
f( 2 )_ba/f

a
21

16 / 1-1) [ts\f” )|+ (1

0

2

-a) ;
= 16 / t [ts

0

s| ¢ <a;b> ‘ ct(1—t)(b— a)z} dt.

£ (izb) ‘ +(1—t)°|f" (@) —ct(1—t) (b—a)?| dt

Using the facts that

1 1 1
ts*zdtz/ 1-t)S2= —
/ (-1 s+3
0 0

and

1 1

Sqr _ [ 1s = 2
/tz(l_t) dt_/t (1—t)2dt— (S+1)(S+2)(S+3)

0 0

in (12), we obtain
b

f<a—;b)b—fa/f(x)d

a

(b—a)®[ 1
=16 [

r <a; b> } e 12(|sf:,r(2)>|(s+ 3) 2_Co (b-a)’
() 50

()}

(ba)z[ 2(f"(b) 1
16 [(s+1)(s+2)(s+3) s+3
(b—a)’

- 8[(s+1)(s+2)(s+3)] {‘f’l(a)‘ + |f"(b)‘ +(541)(s+2)

+

This completes the proof of the first inequality 8).(

For the proof of the second inequality i) since|f”| is strongly s-convex, byg), we have

£ a+b < l-s W,E
2 - s+1 6

2| g (tb+ (1-1) a;b) ’ dt. (9)

(10)

(11)

(12)

(13)

(14)

(15)

(16)
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Combining (L5) and (L6), we have
(b—a)?

b
a+b 1
f (T) _ﬁa/f(x)dx = 8[(s+1)(512) (51 3)

x {yf”(a)\ +]1 (b)| +(s+1)(s+2){215 [W—g(b—a)z] —%(b—a)z}}——(b a)?

s+1 160
_ (b — a)Z —s " " [1 + (S+ 1) (S+ 2) 2275} c
_8K3+1ﬂs+2xs+a]X{Pﬁws+azl]”f(@W+“ O] - 12 (b—a)’
- 1e®- "

which completes the proof of the second inequalityd)) &nd thus the proof is completed.

Corollary 2. In Theorens, if we choose s- 1, we have

f(a_;b)b_;jm

olxg(b192 {|f” )\+6f”<a;b)‘+| |}1—60(b a)® (17)

RY)
O3 (1 (@] |1 0] - . (o -

<

160(b a)”.

Theorem 4. Let f: 1 C [0,0) — R be a twice differantiable mapping ofisuch that f € L[a,b], where ab € | with
a<b. If |f”|%is strongly s-convex ofa, b] with modulus c> 0, for some fixed & (0, 1], then the following inequality

holds:
b a)z 1 Tl) 1 £/ a+b a £ qg C b 2% 18
o (ap1) [sa (|7 (50)] r1r@r-go-ar)” s

% (azb) |1 (B)]- 2 (b—a)z) j

b

(%5°) -5t oot

a

L1
s+1

where g> Lwith £+ % = 1.

b

Proof. From Lemma 1 and using Holder inequality, we have
a+b 1 /
2

2 e [/t|f”(a;b 1-va) 0
o et o)

Using strongly s-convexity dff”|9, we have
dr< 1 [

1
,(.a+b 7
O/ f ( +(1 t)a> st 1

£ (tb+(1—t)i2b)‘dt] (19)

1
q q
7 (tb+ ;b) dt)

f”(a;bﬂ +]f”(a)]q] fg(bfa)z (20)

°
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and
; " a+b ") |7 a+b\|1] ¢ )
O/f (tb+( —y 22 )‘ dt<s+1[\f b)|+ |f (T) }—é(b—a). 1)
By a simple computation, we have
1 1 1
O/t2pdt0/(1t)2pdt TN (22)

If we put 20)-(22) in (19), we obtain
b

(%5°)-57a e

a

1

(5 ] )’ o

1
()5

—a?( 1\
"1 (z71)

" q
+(s+1[rf o)+

which completes the proof.

Corollary 3. Under the assumption of Theorehwith s= 1, we have
b 1
fa_“’_i/ b—aj?/ 1 \P|1l(|, (atb)f
2 b 16 2p+1 2 2
a
" a+b " q 7E )2 a
+<2[f ( : > |t (b)}] °(o a)> ]

Theorem 5.Let f: 1 C [0,0) — R be a twice differantiable mapping ol $uch that f < L[a,b], where ab € | with
a < b. If |f|9is strongly s-convex ofa, b] with modulus ¢> 0, for some fixed & (0,1], and g> 1, then the following

inequality holds
b 1
¢ at+b) 1 / b—a)? (1\? 1 | a+Db\ |9
2 b— 16 3 s+3 2
a
c 3 2 g, 1 a+b\|? ¢ 2%
——(b— f” — " —— || —==(b— .
2(0-) +<(S+1)(S+2)(s+3)‘ B < 2 ) 20 a)”
Proof. From Lemmal and using the power mean inequality, we have
a)2 1 a
n +b
{/ f ( S +(1-1)a )
0
” a+b

+‘f//(a)’q_g(b_a)2) q

Ql-

2
(s+1)(s+2)(s+3)

7@ (29

b

1(%5°) -5t oo

a

s
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2| (tb+(1 t)a;b)‘dt] (25)

1</lt— f”(tb+(1 t)a;b) dt)

0
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Since|f”|%is stronglys-convex, by a simple computations, we obtain

b

b 2)° (/tzdt) (O/tz{ts f”(a;b)

ct(lft)(bfa)z} dt)a

N -
0 0

(50" (%)

2 , 1
+((s+1)(s+2)(s+3) 0+

b

(%5°)-57a e

a

+ ‘f/l

f =1 p—

1
q

y[a+hb
f ( ! )
q 2 " c 3

G+ 2543 (@) - 55 —a)z)

(2 go-o) |

—ct(l—t)(b—a)z] dt)

1

This completes the proof.

Corollary 4. In Theorenb, if we choose s- 1, we have
atby 1 | (b—a)? /3\# a+b
ey - — e "
f( 2 ) bfa./f(x)OI ST (4) l(f ( 2 )
a

(o (2 co-ar) |

Now, we give the following Hadamard-type inequality forostgly s-concave mappings.

1 q

+§yf”(a)\q—§(b—a)2)

Theorem 6. Let f: 1 C [0,) — R, be a twice differentiable mapping off $uch that f < L[a,b], where ab € | with
a< b. If|f”|%is strongly s-concave d, b] with the modulus ¢ 0, for some fixed & (0, 1], then the following inequality

holds
a+b 1 (b-a)?/ 1 \P, st
f( 2 )_ba/f(t)dt =16 (2p+1) 29 H
a

. (a+3b\ ]|
[l (55)

where g>land$ + ¢ = 1.

Proof. From Lemma 1 and using Holder inequality fpr> 1 and< + 1 = 1, we obtain

f(a—;b> —ﬁi/f (b— a> (/l|t|zpdt)ﬁ (0/1 £/ <ta—;b+(1—t)a> th)a (26)

0
" a+b
f (tb—i— —t)— > )

+(/ =)

1
q q
dt)

(© 2017 BISKA Bilisim Technology
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Since|f”|%is stronglys-concave, we have

1
q q
/f”(“b 1t)a> dtgzsl{f"<$> +1£2(ba)2] 27)
0
and
; a+b a+3b\|9 ¢
" _ <251 " =~ (h_ 2.
O/f (tb+ 02 >‘dt_2 [f( ; ) + 350 a)] 28)

From 27) and £8), we get
atby 1 | b—a)?/ 1 \? o1
f(T)ma/””d‘S 16 <—2p+1> 27 H

¢ a+3b
4

which completes the proof.

ol

Corollary 5. In theorenm6, we choose s- 1 and% < (2p+1)

3a+b)\ |4
4

b

(55) st o< 2

a

3 Concluding remarks

In this study, using practical identity for twice differéattle functions proved b{pzdemir et al., we present some new
upper bounds for Midpoint type inequalities by taking adegeous of mappings whose second derivatives in absolute
values are stronglg-convex.
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