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Abstract: Recently, in b], with a new approach, the authors obtained a new fractidieamite-Hadamard type inequality for convex
functions by using only the right Riemann-Liouville framtial integral. They also had new equalities to have newitnaat trapezoid
and midpoint type inequalities for convex functions, Irsthapers, we will use the same equalities to have new fradticapezoid and
midpoint type inequalities for quasi-convex functions.r@asults generalise the studs][
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1 Introduction

Let f :1 CR — R be a convex function defined on the intervvalf real numbers and,b € | with a < b. The inequality

b
f <%’) < lea/a F(x)dx < 7‘:(6‘); F(b) N

is well known in the literature as Hermite-Hadamard's inaiy [1, 2].

Definition 1. A function f: [a,b] — R is said quasi-convex ofa, b] if

ftx+(1-t)y) <sup{f(x),f(y)}.

for each xy € [a,b], t € [0, 1]
In [3], lon used the following equality to obtain trapezoid typequalities for quasi-convex functions

Lemmal.Letabe |l witha<band f:1° — R is a differentiable mapping {lis the interior of I). If f € L[a,b], then
we have

f(a)+ f(b) 1 /b _b—a st p
5 “b-al f(u)du_T A (1-2t)f' (ta+ (1—t)b)dt. )
Definition 2. Let a b € R with a< b and fe L[a,b]. The left and right Riemann-Liouville fractional integsal{, f and
J§_f of ordera > O are defined by

1

X b
I8 f(x) = %/ﬂ (x—t)* 1 f(t)dt, x>a and § f(x) = m/X t—x) 1 f(t)dt, x<b

respectively, wher€ (a) is the Gamma function (se6,[page 69] and 7, page 4]).
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In [5], Kunt et al. proved the following Hermite-Hadamard typadiional integral inequality:

Theorem 1.Let ab € R with a< b and f: [a,b] — R be a convex function. If € L[a,b], then the following inequality
for the right Riemann-Liouville fractional integral holds

a+ab ra+1) 4 f(a)+af(b)
f(a+1) = (b—a)® Jo- (a)ST ®

with a > 0.
Proof. See b, Theorem 3]
Lemma 2.Letabe Rwitha<band f: [a,b] — R be a differentiable function ofa, b). If f’ € L[a, b], then the following

equality for the right Riemann-Liouville fractional inteds holds:

fa)+af(b) I(a+1) .,
a+i  (b_a @

_b—a !
a+1Jo

[(0+1)(1-t)% —1] f' (ta+ (1—t)b)dt (4)
with a > 0.
Proof. See b, Lemma 3]

Lemma 3.Letabe Rwitha<band f: [a,b] — R be a differentiable function ofa,b). If f’ € L[a, b], then the following
equality for the right Riemann-Liouville fractional inteds holds:

e 1
%éig%hgfgnf<iiff)(bmlé mf%m+(1omdt+/£1ut%f%m+(1n@dt )
with @ > 0.

Proof. See b, Lemma 4]

2 The right fractional trapezoid and midpoint type inequalities for quasi-convex function

In this section we will obtain some new right Riemann-Lidle/fractional trapezoid and midpoint type inequalities fo
guasi-convex function by using Lemrand LemmeB.

Theorem 2.Let ab € R with a< b and f: [a,b] — R be a differentiable function ofa,b). If |f’| is quasi-convex on
[a,b], then the following right Riemann-Liouville fractionakéyral inequality holds:
f(@+af(b) I (a+1) b—a

_ a <
a+1 (b—a)® b-f@) <5

+1sup{\f’(a)\,|f’(b)\}m (6)

with a > 0.
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Proof.Using Lemma2 and the quasi-convexity ¢f’|, we have

f(a)+af(b) I'(a+1)
a+1 (b—a)?

‘_—/\aJrl 107 1| (tat (1 )b)] dt

/ (@ + 1)t — 1| (tb+ (1—t)a)| dit
o)) [0 a1 (17(a+1)t")dt
’ ((a—i—l)t"—l)dt

a+1

b—a ,
< CH_1sup{]f (a)

Za
(a+1)ta

b—a , ,
< = sup{| ' @].|' ()]}
This completes the proof.

Remarkln Theoren?, if one takesx = 1, one has the inequality proved i, [Theorem 1].

Theorem 3.Let ab € R with a< b and f: [a,b] — R be a differentiable function o(g,b). If |f'|% is quasi-convex on
[a,b] for g > 1, then the following right Riemann-Liouville fractionakéyral inequality holds:

b—

‘f(a)Jraf(b) B I'(a+1)Ja

a+l (b—a)” bf(a)’§ i[sup{\f’(a)]q,]f ]}ﬁ -

at 1)1+7

with a > 0.

Proof. Using Lemma2, power mean inequality and the quasi-convexityféf*, we have

f(a)+af(b) I'(a+1) a b-a B
‘ ar1 (b_ae > '@ /|“+1 D7 -] tat @-nb)]ar
a+1/ (@ + 1)t — 1| f' (tb+ (1—t)a)| dt
1
_b-a (J31(a+ 1yt 1|dt) i
> 1
a+1 < (3 l(a+ 1)t — 1] (t+ (1~ )a) *dl)
_ _1
_b-a (Jo 12~ (a+1)te|at)” 1
a+1 | (311 (a+ 1)t sup{ £ (@] £ (0)]} )
b 1k
§a+1[sup{|f )T, (b)[ 714 /Il (a+1)t%|dt
b—a q 1
b-a # (@9, ()"0 —2
< og suedl @1 ()]} +1)”*

This completes the proof.

Corollary 1. In TheorenB, if one takesx = 1, one has the following trapezoid type inequality:

b
f(a); o) _ bia/a f(x)dx <

< 222 [sup{ | @] | ()|} .
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Theorem 4.Let ab € R with a< b and f: [a,b] — R be a differentiable function o(e,b). If | f’|% is quasi-convex on
[a,b] for g > 1, then the following right Riemann-Liouville fractionatéyral inequality holds:

f(@+af(b) I(a+1) 4

b—
ati (b_a > @

a+

<

> [sup{|f'(@)|*, |1 (b)| )% (Ru(a.p) + Re(@.p))? (8)

where L
. -1
Rl(a,p):/ol’va“ (1—(a+1)t%)Pdt and a(a,p):/  (@+Dt"—1Pdt,

* TWat1

with - + ¢ =landa > 0.
Proof. Using Lemma2, Holder inequality and the quasi-convexity|éf|%, we have

f@+afb) r(a+l),
e R AL /|a+1 1-0)% 1| ' (ta+ (1—t)b)| dt

/|a+1 — 1| (tb+ (1—t)a)|dt

(/ (o + 1)t 1|pdt) (/Olsup{yf’(a)q ’b)\q}dt)é]

) N o= aypgt )
< 24_? [sup{‘f’(a)|q,|f’(b)‘q}]a ( fo (1—(a+1)t%)"dt )

a+1

a+1

+[ ((a+1)t“ 1)Pdt

< o5 [sup{| ' @[]0 uﬁ&ap+%wmﬁ

This completes the proof.
Remarkln Theoren¥, if one takesx = 1, one has the inequality proved i8, [Theorem 2].

Theorem 5.Let ab € R with a< b and f: [a,b] — R be a differentiable function ofa,b). If |f’| is quasi-convex on
[a,b], then the following right Riemann-Liouville fractionakéyral inequality holds:

Zanrl
(a + 1)G+2

‘I‘(oﬂrl)

Boar B @ (?ﬁf)’ < (b—a)sup{|f' (@[] ' (b)]} ©)

with a > 0.

Proof.Using LemmaB and the quasi-convexity ¢f'|, we have

‘%Jﬁf(a} f (aa++“1b> ‘ <(b-a)

[“+1t“|f’(tb+(1—t)a)|dt
+fm( —t9) [ (tb+ (1—t)a)|dt

JET [sup(|f' ()], | (b) [} it ]

SO @) sup(I @)L (B) et

.HLH 1
< (b—a) [sup{|f'(a)|,|f' (b)|}] /0 t“dt—i—./i(l—t")dt]
!/ / 2aa+l
< (b—a)sup{|f'(a)|,|f (W}m-
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This completes the proof.
Corollary 2. In Theorenb, if one takesx = 1, one has the following midpoint type inequality

30| = 25wl @)1 ).

%a/:f(x)o|xf<T

Theorem 6.Let ab € R with a< b and f: [a,b] — R be a differentiable function o(g,b). If | f’|% is quasi-convex on

[a,b] for g > 1, then the following right Riemann-Liouville fractionakegral inequality holds
ra+1) 4 a+ab N 1 at+l
S Sl M’ _ < (b— q
}(ba)"‘]b f(a) f<a+l>}_(b a) [sup{|f’ (@)|",|f' (b }}] a+1‘”2 (10)
with a > 0.
Proof. Using LemmaB, power mean inequality and the quasi-convexityféf?, we have
Fa+1) 4 (a+ab)‘ f%“t“|f’(tb+(17t)a)|dt
— ) f(a)—f <(b—a
’ (b—a)® P~ @ a+1 <( ) +f (A=t [f'(tb+ (1-t)a)[dt
,1 o 1
(["“t"dt) (fo"_“t"|f’(tb+(1—t)a)|th)q
_1 1
" (e, =t ¥ (to+ (1- 1)) )

<(b—a)
(fa (1 ft")dt)

< (b-a) (18701 jl(fmt“sup{lf @11 ()]} dt) .
+ (e, @=t)dt) (g, -t sup{|F @)1 1 (b)) )

ol

(b—a) [sup{| ' (a)|*, | ' (b)|7}] Ua" t"dt+/ (1—t%) dt]
1 a+1
a)*, |t (o) Ha @

< (b—a) [sup{|f'(

This completes the proof.
Corollary 3. In Theoren®, if one takesy = 1, one has the following midpoint type inequality

1
5al To0au 1 (352)] < R sl @ ol
2 4
Theorem 7.Let a b € R with a< b and f: [a,b] — R be a differentiable function ofa, b). I | f'|9 is convex orja, b] for

g > 1, then the following right Riemann-Liouville fractionakégral inequality holds

1
q

b li
}%Jﬁ' f(a)— f(aa++al)‘§(ba> [sup{| ¥ (&)|%.| ' (b)|"}]

where ]
(a,p):/a+1tapdt and R(a,p) :/ (1—ta)pdt,
° a1
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Proof. Using Lemma3, Holder inequality and the quasi-convexity|éf|%, we have

Ma+1) 4 atab [ T i+ (L—t)a)| dt
b—a) b @~ f(a—kl)‘g(ba>_+fi;l(lt")|f’(tb+(1t)a)|dt]

_ (_foﬂltapdt)%’(f I (th+ (1 )a)|th)%'
_+(flL(1—t" )Pdt (—1 '(th+ (1-t)a |th)

a+1

)
(f‘”lt"pdt) (I [sup{|f (2)/%, | (b q}]dt)é
)" (

IA
—~
(e
I
Q
Nat?
ol O
Ql-

R b %
+ (e, (@—t)Pdt) ™ (e, [sup{| ' (2)|%, | (6)|*} " dt)
1 1
& (0. (o2)!
< (b-a) sup{ | (@[, | ()7} # | 6L P ek,
R” a,p) (547)°

This completes the proof.

Remarkln Theoreni, if one takesx = 1, one has the following midpoint type inequality:

%""/@‘bf(x)dxf<a—J2rb>‘§(ba>[s”p{|f/(a>|qv“ \}]%< p+1)>é'

3 Conclusions

In this paper, we proved an equality for differentiable fumes. By using this equality, we have some new trapezoid and
midpoint type inequalities for functions whose derivasivie absolute values at certain powers are quasi-convex.
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