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Abstract: The position vectors of unit speed spherical curves can peeeged with the help of their Frenet frame vectors. In this
paper, we classify such curves and get certain consequéncBsconstant andN-constant types of curves in dual spare
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1 Introduction

W. K. Clifford (1849-1879) presented dual numbesk PAfterwards, E. Study used dual numbers and vectors for his
studies on geometry and mechanics, and he defined the mappiStudy’s mapping, which gives the relation between
the set of oriented straight lines B° and the dual points on the surface of a dual unit spﬁérie the dual spac®?q.
Also, in [19], the geometric sense of dual numbers are studied in dB&dlently, dual numbers have been the subject of
many studies such a4,[L1,15,17,20].

The notion of T-constantandN-constanttypes of curves is given by B. Y. Chen i8][ If the norm of the tangential
component (normal component) is constant, the curve isdalT -constani{ N-constanf in E" [5]. Also, if this norm
is equal to zero, then the curve i§aconstan{N-constanf curve of first kind, otherwise second kintiJ]. Recently the
authors study with these types of curves2y3[4,10,12].

Screw lines or helices, called #¢-curvesby F. Klein and S. Lie 13], are curves with constant curvature and constant
torsion, and they are mentioned in §].

In this paper, we deal with unit speed spherical curves orl doa sphere§2 with respect to their Frenet frame
{T,Ng,Nz}. Since{T,Nz,N;} is an orthonormal basis k3, we write the position vector of the curve as

~ ~ = ~ =
T () =mo(9) T (8)+mu () N1 (5) + e (8 N (9)
for some differentiable dual functioms (s), 0<i <2 ondual unit spher§2. We characterize such curves with regard to
their curvature functionsy (s) and give certain consequences abbuionstant anéi-constant curves on dual unit sphere
.
2 Basic notations

In this part, we give some fundamental properties of duallmen:mand some notions about space curves.
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Definition 21 The combination P- p+ £p* of the real numbers p and‘ps said to be a dual number whegé = 0 and
£=1(0,1) is a dual unit

The set
D={P=p+ep":p,p €R}

is called dual number system and constitutes a commutatigeoer the real number field with the following addition
and multiplication operations

(p+ep’)+(a+eq’) =p+q+e(p +q’)

and
(p+ep*) (a+€9°) = pa+&(pg” + p*a),

respectively.

For the equality oP andQ, we haveP = Q<= p=qA p* = q* [6].

Definition 22 LetD® be the set of all triples of dual numbers, i.e.,

D3:{3:‘p‘+s§:ﬁ,§ek3}.
The seD® whose elements are dual vectors is a module over thelbiagd called agD-module or dual space .
A dual vectorB> =P+ 86; has another statement

B = (py+€pi. P2+ £P5. 3+ £P3),

where vectorsp = (p1, p2, Pa), § = (p1, P5, P5)-

Definition 23 Let P anda be two dual vectors. Then the scalar product and the crosduymt of these vectors are
defined as

(BFQ) =@ +e((B.d)+ (7))

¢
and
PxQ=Fxq+e(Fxa +p xq),
respectively.
Definition 24 The norm of a dual vector is defined as
=
IP||=1P1 +e<|—%7—>, I8l #o0.

A dual vectorﬁ with HBH =1 is called a dual unit vector.

Proposition 25[9] P is a dual unit vector if and only if B || = 1 and<ﬁ, EZ> =0.

Definition 26 The set

{‘P’:‘p’+eFeD3: H‘P’H:l}

is called dual unit sphere i3,
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Theorem 27[18] (E. Study) A unit vectoP = T + &p* on dual unit sphere_g:orresponds to one and only oriented line
in R3, where the real parfp’ shows the direction of the line and the dual paftshows the vectorial moment of the unit
vector @ with respect to the origin.

Definition 28 Let y (t) and y" (t), 1 < i < 3 are real valued differentiable functions. Then

T 1 CR—D?
t=T (1) = (A M) +e4 0,0+ 1), 50+ 1)
=YV +eyV ()

is a differentiable dual space curve Ib®. The real party (t) is called the indicatrix o (t). The dual arclength of the
curveT (t) fromt to t is defined as

t t t
s= [P 0= [17 @ de [ (.7 0) di=ses,
t1 .tl .tl
where T is the unit tangent vector o (). Henceforth, instead of t, s will be used as the parametey () [14].

Theorem 29Let? ‘1 CR — D? be a unit speed spherical curve on dual unit spheréSN%and {?,Wl,ﬁz} be the

Frenet frame of the curv?. Then, the Frenet equations are given as follows:

T’ = KNy,

— ~ ~

Ny = —K1?+K2'\_|.>2, 1)
— —

Né = _KZN—>17

wherek; = k1 + €K7 is nowhere pure dual curvature ang = K> + £k is nowhere pure dual torsion of the cur?e

[14).

Definition 210Let y : 1 R — E" be a unit speed curve ii". If the norm of the tangential componentgf i.e|| V||,
is constant, theny is a T-constant curved]. Further, if this norm is equal to zero, |¢|7TH =0, then the curve is a
T -constant curve of first kind, otherwise second kih@.[

Definition 211Let y : 1 ¢ R — E" be a unit speed curve ii". If the norm of the normal component &, i.e.| VN,
is constant, theny is a N-constant curved]. Further, if this norm is equal to zero, |6HVNH =0, then the curve is a
N-constant curve of first kind, otherwise second kih@.[

3 Curves on dual unit sphere

In this part, we classify the unit speed spherical curve$ wiigards to their curvatures on dual unit sphﬁgreLet
T (s) = V (s)+ 87* (s) be a unit speed spherical curve on dual unit sphere.

Since{?, Wl, Wz} is an orthonormal basis in the dual spaxre the position vector of the curve can be written as

T (8)=mo(s) T (8)+mu(s)Ni () +ma(9 N5 (9), )
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wherem (s), 0 < i < 2, are differentiable dual functions of the dual arclengtBifferentiating @) with attention to (),

one can get

which yields

holds. Differentiating this equation with account 8j,(we get

—~

mg =0.
By (3) and in view of @), the curve? is given in the form:
— ~ =

T (s) = my (8) Ni.(S) + Mo (S) Np (S)

[1]. Thus, the equatior3] becomes

—Ki ()M (s) =1,
My () — K2 (8) M (8) = O,
My (S)+ Kz (s)my (s) = 0.

®3)

(4)

(®)

(6)

Theorem 31Let T (s) = vy (8)+ ey* (s) be a unit speed spherical curve on dual unit sp@reThen? is a T-constant

curve of first kind.

Proof.Let I’ (s) = 7 (s)+ 57* (s) be a unit speed spherical curve on dual unit spB2rérom the equationdj, mg = 0.

Thus, I is aT-constantcurve of first kind.

Corollary 32 There is no T -constant curve of second kind on the dual uh'&raﬁz.

Theorem 33Let T’ () =V () + £y *(s) be a unit speed spherical curve on dual unit sp@reThen? is a N-constant

curve of second kind.

Proof.Let T (s) = vy (8)+ ey* (s) be a unit speed spherical curve on dual unit spBRrErom the fact tha&(?, ?> =1,

we get
~2 ~2
m +m :15

which mean? is aN-constantcurve of second kind.
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Corollary 34 There is no N-constant curve of first kind on the dual unit spﬁé

Theorem 35Let T (s) = Yy (s)+ £y* (s) be a unit speed spherical curve on dual unit spHgte Then

/

—~1! —~
K1 (S) K2 (S)
~2 — ~

K1 (S)K2(9) K1(S)

holds.

Proof. Let ?(s) = 7(5) +£7* (s) be a unit speed spherical curve on dual unit spi®re-rom the equationss),

m = —+ andm, = 24— Writing these equations ir6), we get the result.
K1 K1 K2

Theorem 36There is no unit speed W -curve on dual unit sprfa?re

Proof.Let ? (s) = V (s)+ 87* (s) be a unit speed spheridt-curve on dual unit sphe@. From the equationsy, m, =
—L. Sincerl is a spherical curves, cannot be zero. Hence, from the second equatioB)ofi, = 0, a contradiction.

K1
Thus, there is no unit spe&d-curve on dual unit sphere.
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