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Abstract: This work studies the problem of optimal multiple switchiimgfinite horizon, when the switching costs functions are
continous and belong to claBs This problem is solved by means of the Snell envelope ofgeses.
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1 Introduction

In an optimal control problem there is a single control andngle criterion to be optimized while optimal multiple
problem theory generalizes this to many controls and maitgriars, one for each state. Let us begin with an example in
order to introduce the problem we consider in this work. Thenoal multi-modes switching problem in finite horizon,
of real option type, can be described as follows:

Assume we have a power station which produces electriciyvarich has several modes of production (low, medium,
intensive). It is well known that electricity is non-stofaponce produced it should be consumed. Therefore, therstat
produces electricity only in its instantaneous most prblitanode known that when the station is in mode ¢, the
yield per unit time is given by means 84, and on the other hand, switching the station from the madg is not free
and generates costs givendpy. A management strategy for the power station is combinatidwo sequences.

(i) a non-decreasing sequence of stopping tinfiegn>1, where at timet,, the manager decides to switch the
production from its current mode to another one;

(i) a sequence of indicator€n)n>1 taking values in{1,..,m} of the state the production is switched to. At the
station switched from its current modg_; to &,. The valueéy is deterministic and its the state of the station at
time 0.

Using probabilistic tools like the snell envelope of prams inspired by the work of Hamadéne and Jeanbl@hc |
Carmona and Ludkovski] solved this optimal switching problem. In order to tackhstproblem, Djehiche et al5]
provide existence and characterization of an optimalegsabf this multiple switching problem when the payoff rates
Y, and the switching costg; are adapted by a Brownian motion. The authors considerecktisewhen the functior§
arelLP-integrable, withp > 1 and the switching costs functiogg belong to the space’P which is defined as the set of
Z-measurable, continuouR;valued processgs i<t such thatE[sup | |P] < « with a fixedp > 1, then according to
our knowledge, the case @f= 1 is still an open problem. Therefore the main objective af work, and this is the
originality of this paper, is to provide a solution to the iopl multiple switching problem when the functiogg are
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continuous and belong to claBs

The outline of the paper is as follows. In Section 2, we formeibur problem. Section 3 and 4, we show our main result
so we establish the Verification Theorem and provide an gptitnategy to our problem.

2 Problem formulation

Throughoutthis pap€iQ,.#,P) will be a fixed probability space on which is defined a standadimensional Brownian
motion B = (Bt)o<t<T Whose natural filtration i$.7 := 0{Bs,s < t})i<T. Let ()i<7 is the completed filtration of
(F0)1<1 with the P-null sets of 7, therefore(.%; )i« is right continuous and complete. We denotedythe o-algebra
of Z4-progressively measurable sets[0ril] x Q. Furthermore, let

- 7 is the space of alP;-stopping timeg € [0, T] and for any stopping time € [0, T], 7 is the set of all stopping times
Osuchthar <0 <T,P-as.

Next for any stopping time < [0, T], we denote by#; the o-algebra of events prior to.

- /" is the set of-measurable processés= (X )<t with values inR such thatfoT IXs(w)|?ds< o, P —as..

Let us now recall that @”-measurable process := (X )icjo.1) belongs to clas® if the family of random variables
{Xt, T € J} is uniformly integrable. In @], pp.90) it is observed that the space of right continuouth \éft limits
Z-adapted processesbfis complete under the norm

[1X[[y = SUPE[|X]].
€7

Let 7 :={1,...,m} be the set of all possible activity modes of the productiothefcommodity. A management strategy
of the project consists, on the one hand, of the choice of aese® of non-decreasing stopping timeg)n>1 (i.e.

T, < Thy1 andtp = 0) where the manager decides to switch the activity fromutsent mode, saj, to another one from
the set/*i C{1,...,i—1i+1,..,m}. On the other hand, it consists of the choice of the m&§gde random variable
Fr,-measurable with values ir¥ , to which the production is switched atfrom its current modé Therefore a strategy
for our multiple switching problem will be denoted By A strategyd := ((Tn)n>1, (én)n>1) Will be called admissible if it
satisfies

imtm=T P-as
n—-o0

and the set of these strategies is denote@by

Assume that the production activity is in mode 1 at the ihifime t = 0, we denote by & )<t the indicator of the
production activity’s mode at timee [0, T]:

& =17 (t)+ ) &l ()

n>1

Nowfori e 7, let# := (H(t))o<i<T be, the instantaneous profit when the system is in tatstochastic process which
belongs to#°. Onthe other hand, fare _# andj € _# ', letgij := (gij ())o<t<T be, the switching cost of the production
at timet from current modé to another modg¢, a continuous process of claBsWhen a startegy := ((Tn)n>1, (&n)n>1)

is implemented the optimal yield is given by

T
J(%) = E[/O W&(S)dsi Zlg&n—léfn (T”)l[T"<T]]'

Therefore the problem we are interested in is to find an opttaategy, i.e. a strategy* such thatl(é6*) > J(d) for any
0€9.
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3 Verification Theorem

The problem described previously is reduced to the existefim continuous processes of cldBs(Y?,..,Y™) expressed
via Snell envelopes (se8]]. The verification Theorem for ther-states optimal switching problem is the following.

Theorem 1. Assume there exist m continuous processes of &ag¢' := (Y )o<t<T,i = 1,...,m) that satisfy for all
stopping timer < T,
. T .
Y} = essupi| | W(s)ds+ma (~gi (1) + Y Lo 7). (1)

>t

Then(Y2,..,Y™) are unique. Furthermore.

(i) Y3 = supses I(3).
(i) The sequence af4-stopping time$1,)n>1 defined as follows

T =inf{s>0,Yl = maXe y-1(—1(s) +YDHIAT, @)
and for n> 2,
. &y,
Th=inf{s>Tn 1, "' =M ;s (—Tr, k(9 +YIAT, (3)
where,
"0 = 2ies J1{ma)$<€/—1(*glk(rl)+Yrkl):*glj(Tl)+Yrj1}

-foranyn>landt> 1, Y{ST" =Yjers 1[5Tn:j]Ytj
-for any n> 2, &, =1 on the se{max - 1(~0s, ,k(Tn) +YE) = —05_1(Tn) + Yy, with

95, k() = Yje # Lz, 4=j9ik(Tn) and P T DY S o
Then the strateg$ := ((Tn)n>1, (én)n>1) is optimal i.e. 18) > J(u) for any ue 2.

Proof. The proof is obtained similarly as in the proof of theorem {5h O

4 Existence of the processe&?, ..., Y™

The existence of the process¥s, ..., Y™) which satisfy () is also adressed i8] These processes will be obtained as a
limit of a sequence of processgg™", ...,Y™") -, defined recursively as follows: fore _# we set,

Yo = essup]E[/tT Y (s)ds.Z¢], (4)

™t
and forn> 1,
. T
Yi" = essupt] | W(S)dst maad-gi() + V¢ ) Lrn| 7). )
=
Then the sequence of proces§es", ..., Y™") .o have the following properties.

Proposition 1.

(i) Foreachn>0andanyic #,the processes™", ..., Y™" are continous and belong to claBsand verify

. . T
VSTV < B[ {manoynl¥(s) s 7, ©®)
T
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ii) there exist m processes-Y..,Y™ of classD such that forany £ #:
p y

@ VST, Y =liMnse A%
(b) these limit processes ¥atisfy the Verification Theoref

. T .

¥/ = essupi| | W(S)ds+ maj(~gi (1) + Y/ Lrcr| 71 )
=

(c) Foranyie 7,

SUPE[Y" —Yi|] - 0 as n— .
€T

Proof. (i) To show the first point, we use recurrence. Ret 0, Y is the sum of a continuous process. Thereldris
continuous and since the procegsbelongs to.#°, we obtain from4 that Y0 is of classD by using Snell envelope
notion (see Appendix). Suppose now that the property isfsusomen and prove it for the ternm+ 1. Y"1 is the
Snell envelope of the processjgtH(s)dSJr max_x(—gik () +Ytk’”)1[t<ﬂ)o§tg and verifies YTi’”+l = 0. Since
max_.k(—0gik () 1Y < 0ont =T, this process is continuous & T) and have a positive jump &t Thereforey!:"*1
is continuous and belongs to clddgsee Appendix). So we conclude for every 7, Y'"is continuous and of clagd
foranyn > 0.

To prove (ii-a) let us se@g’” ={d € 2, suchthatyy =i,11 > 6 and1,1 = T. Similaraly as in the Verification Theorem
the following property yields.

. T n
Yg" = ess sup ]E[/ W (s)ds— % 9s, & (T))1pz<T)|-Fel- (8)
i,n 0 = ] !
IS5 =1

Sincezy" C 25", we haveyy" < Yy for any stopping time thanks to the continuity of'-".

Sinceg;j > 0, we obtain for eache 7,
i,n T
v0,Y)" <E| /e max_y,_m|#(3)|ds.Z). 9)
Therefore, this sequence converges to another pragessimn .. Yti’” and this limit process verifies
0 T
Y§0 < Vg <El [ max-y..mlW(9)dsFo. (10)
0 )

Now using the same arguments as in the paper of Djehiche[&] #heorem 2, we obtain that the proces¥és..,Y™ are
continuous and by uniqueness these limit processes sttesfyerification Theorem. It remais to show the final point of
convergencéii — ¢) and this is obvious since the continuity of the proce¥$&sand the limitY',

5 Appendix

The Snell envelope notionLet U = (U;)i<t be an%;-adaptedR-valued cadlag process without negative jumps and
which belongs to the clags, i.e., the set of random variabléd;, T € %} is uniformly integrable. Then there exists a
unique.%#;-adaptedR-valued continuous proce&s.= (Z )i<7 (see e.g.Z,6]), called the Snell envelope &f, such that.

Z is the smallest super-martingale which dominatese, if (Z }i<T is another cadlag super-martingale of cl@ssuch
thatvt < T,Z > U; thenZ > Z for anyt < T. The following properties of the procegshold true.
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(i) Z can be expressed as : for afy-stopping timey,
Z, = esssup:- 7 E[U;|.%,] (and therZt = Ut).
(i) let y be an#i-stopping time andy = inf{s> y,Zs = Us} AT thenty is optimal aftery, i.e.,
Zy = E[Zy;|.#y] = E[Ur;|.#)] = esssup:E[U| 7).

(iii) if Un,n >0, andU are cadlag and of clas® such that the sequend®n)n>o converges increasingly and
pointwisely toU then(Z) - converges increasingly and pointwiselyZ® ; ZY» andzV are the Snell envelopes
of respectivelyJ, andU. If U belongs to clas® thenZY belongs to clask.

The proof of (iii) is given in the appendix oP]. For more details on the Snell envelope notion, one cam tef ).
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