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1 Introduction

The advantages of fractional calculus have been describegainted out in the last few decades by many authors.
Fractional calculus is based on derivatives and integffdisotional order, fractional differential equations ameéthods

of their solution. It has been shown that the non integerontedels of real systems are regularly more adequate than
usually used integer order models].

Let f € L[a,b]. The Riemann-Liouville fractional integrals of order> 0 with a > 0 are defined as follows:

19, (x) = %/ﬂx(xt)alf(t)dt,x>a L)
and )
19 f (x) = %/X (t—x)"Lf (t)dt,x < b. @)

For further details one may se@ 15,20]. In [16], there is given definition ok-fractional Riemann-Liouville fractional
integrals as follows.

Let f € L[a,b]. Thenk-fractional integrals of ordem,k > 0 with a > 0 are defined as

194 (x) = kl'kl(a) /:(x—t)%’lf(t)dt,x>a (3)
and » L ) .
10K (x) = kl'k(or)/x (t—x) %1 f t)dt,x <b. @)

* Corresponding author e-maaqgas.pakistan19@gmail.com (© 2017 BISKA Bilisim Technology


http://ntmsci.com/cmma

(_/
2 BISKA W. Ayub, G. Farid and A. Ur Rehman: Generalization of therféjadamard type inequalities for...

wherel (a) is thek-Gamma function defined as

o] k
Mi(a) :/ ta-te-kdt. )
0
One can note that
Fk(a+k) = al'k(a)

and

0,1 0,1

lar f () =1,"f(x) = f(x).
Fork = 1, k-fractional integrals give Riemann-Liouville fractioriategrals.
This always has been effort by researchers to see the thfrggedaste with respect to other. Fractional calculus needs
the fractional inequalities to obtain solutions of frac@boptimization problems (se21,22,23,33] and references there
in). In recent decades many fractional integral inequeaitf Hadamard type have been established via fractioresjriait
operators, for instance for Riemman-Liouville fractiommatiegrals [L3,26]. Hadamard inequality plays very important
role in non linear analysis and optimization. In recent gehis famous inequality has been generalized, refined and
extended by many researchers using fractional calculusy @tso prove some interesting related inequalities (3¢ [

13,26,27,28,29,30,31,32] and references there in). In the following we give the welbkwn Hadamard inequality for
convex function.

Let f:1 Cc R — R be a convex function defined on the intervadf real numbers and,b € I. Then the following

inequality holds
a+b 1 P f(a)+f(b)
)< — < =
f( - )_ba/a fgdxs —2 ©6)

It is well known in the literature as Hadamard inequality[®h Fejér established the following inequality which is the
weighted generalization of the Hadamard inequality.

Theorem 1.Let f: [a,b] — R be a convex function. Then the inequalities
b b f b
((257) [atoaxs [1oogogaxs FETIE Foax @
2 a a 2 a

hold, where g [a,b] — R is nonnegative, integrable and symmteric with respeé%éb
In [9], Iscan gave the definition of harmonically convex function

Definition 1. Let | C R\{0} be a real interval. A function fI — R is said to be harmonically convex, if

Xy
f(m)ﬁtf(Y)Jr(lt)f(x) 8

holds for all xy € 1 and t € [0, 1]. If the inequality in(8) is reversed, then f is said to be harmonically concave.

Example 1Let f : (0,0) — R, f(x) = xandg: (—»,0) — R,g(X) = X, then f is a harmonically convex function and
gis a harmonically convcave function.

The following preposition is obvious from above example.

Proposition 1.Let | ¢ R\{0} be a real interval and f | — R, is a function, then the following statements are true.

(1) if I C (0,0) and f is a convex and nondecreasing function, then f is hairatip convex.
(2) if 1 C (0,0) and f is a harmonically convex and nonincreasing functibentf is convex.
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(3) ifl C (—,0) and f is a harmonically convex and nondecreasing functioenf is convex.
(4) ifl C (—,0) and f is a convex and nonincreasing function, then f is haioadly convex.

In [9], Iscan proved the following Hadamard type inequality forhanically convex functions.

Theorem 2.Let f: 1 C R\{0} — R be a harmonically convex function andbec | with a < b. If f € L[a,b], then the
following inequalities hold

a+b/) “b—ala x? - 2 )

In [1], Chen and Wu represented the Fejéer-Hadamard inequalitysfrmonically convex functions as follows.

f<2ab) < ab /bf(x)dx< f(a)+f(b)'

Theorem 3. Let f: 1 Cc R\{0} — R be a harmonically convex function andbec I, with a < b. If f € L[a,b] and

g:[a,b] c R\{0} — R is nonnegative, integrable and harmonically symmetridwaispect t ﬁ%, then

(:ii)/ 9X2 _/a ())(é;l(x)dxS f(a)Jer(b) /:g)g)dx (10)

In [25], Sarikaya et al. proved the Hadamard inequality for corfuextions via fractional integrals as follows.

Theorem 4.Let f: [a,b] — R be a positive function witB < a < b and fe L[a,b]. If f is a convex function ofs, b],
then the following inequalities for fractional integralsla

f (a;b) < Q(La_z)lz 09 f () + 90 ()] < LQLTD) a

with a > 0.

In [11], Iscan proved the Fejér-Hadmard inequality for convex fiems via fractional integrals as follows.

Theorem 5.Let f: [a,b] — R be a convex function with-a b. If g is nonnegative, integrable and symmetric with respec
to %b then the following inequalities for fractional integraield

f(a;b) [32:9(0) + 3 9(a)] < 3, (fg) (b) + % (fg) (8)] < sz(b) o)+ 9@  (12)

with a > 0.

In [12], Iscan proved the Fejér-Hadamard inequality for harmdlyicanvex functions via fractional integrals as follows.

Theorem 6. Let f: [a,b] — R be a harmonically convex function with<ab and fe L[a,b]. If g: [a,b] — R is
nonnegative, integrable and harmonically symmetric wébpect to=22 gi%, then the following inequalities for fractional
integrals hold

(28 (2] o )

IN

{Jg (fgoh)( )+J" (fgoh)(t—l))} (13)

M[ <goh>( )+J“ (goh (Fl))}

with o > 0 and hx) = )—1( Xe [%, %]. In [10], Iscan gave the definition of p-convex functions @n (0, «) as follows.

IN

Definition 2. Let | C (0,) be a real interval and & R\{0}. A function f: | — R is said to be p-convex, if

(1€ -+ (@-0y3) <t 0+ (L-1)F(y) as

holds forall xy e l and t € [0,1].

(© 2017 BISKA Bilisim Technology


 ntmsci.com/cmma 

(_/
4 BISKA W. Ayub, G. Farid and A. Ur Rehman: Generalization of therféjadamard type inequalities for...

It can be easily seen that for= 1 andp = —1, p-convexity reduces to ordinary convexity and harmonicedigvexity of
functions defined oh C (0, ), respectively.

1
Definition 3. Let pe R\{0}. A function g [a,b] C (0,0) — R is said to be p-symmetric with respect{t@'”zf—bp} i

9(x) =g ([a"+b"—x7]>) (15)
holds for all xe [a,b].
If we takel C (0,), p € R\{0} andh(t) =t, in Theorem 5 of§], then we have the following theorem.

Theorem 7.Let f: 1 C (0,00) — R be a p-convex function, @ R\{0}, and ab € | with a< b. If f € L[a,b] then the
following inequalities hold.

aP 1 bP] b Pt . f@+f(b)
f({ - } )prap/a ol =22 (16)

In [13], Iscan and Wu presented the Hadamard inequality for harratiiconvex functions via fractional integrals as
follows.

Theorem 8.Let f: | C (0,0) — R be a function such that € L[a,b], where ab € | with a < b. If f is harmonically
convex function ofg, b, then the following inequalities for fractional integrdisid

()2 g () (] e
with o > 0and gx) = 1, xe [£,1].

In this paper we generalize the Fejér-Hadamard type ifiigsgor p-convex functions via Riemann-Liouville fractional
integrals. Using-fractional integrals we obtain inequalities of the Fdjrdamard type. Results obtained in this paper
have connection with results proved ih§,9,11,13 25|.

2 Main results

First we prove the following lemma which we have frequentgd to prove general results.

1
Lemma 1. Let pe R\{0} and w: [a,b] C (0,0) — R is integrable, p-symmetric with respect EM} ? then the
following equalities hold for k-fractional integrals.

(i) If p>0,then

ol

Xp, xe€[aP,bP].

395 (woh) (bP) = 33X (woh) (aP) = % [J;;i (woh) (bP) +J%* (woh) (ap)} with  h(x)
(i) If p<0,then

1
Xp

I (woh) (aP) = 35X (woh)(bp)Z%[Jg,;i (woh) (aP) + J%¥ (woh)(bp)} with h(x)=xp, xe [bP,a"].

Proof.

(© 2017 BISKA Bilisim Technology
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(i) Let p> 0. By the defintion ok-fractional integrals we have

bP o bP a 1
3%K (wok) (bP) = kl'kl(a)/ap (bP — %)%~ (woh) (x) dx = kl'kl(a)/a (0P — )%~ w (x5 ) dx

1
Sincew is p-symmetric with respect t{)@} * we have

P

1 a 1
J;;i (woh) (bP) = Kra) /ap (bp—x)rlw<[ap+ bp—x]%)dx
settingt = aP + bP — x, we have
ak p 1 bP py -1 i ak p
Jas. (woh) (bP) = K@) /ap (x—aP)x w(xp)dx:\]bp; (woh) (aP).

This completes the proof of (i). The proof of (ii) is same 3s (i

Theorem 9.Let f: 1 C (0,0) — R be a p-convex function, ¢ R\{0}. Let ab € (0,) with a< b, f € L[a,b] and

1
w: [a,b] — R is nonnegative, integrable and p-symmetric with respe({fifqlp} ? then the following inequalties for
k-fractional integrals hold.

(i) If p>0,then

f < [ap + bp} T’) [J;;!; (woh) (bP) + 3% (woh) (ap)} < [Jg,;i (fwoh) (bP) + 3% (fwoh) (ap)}

2
f(a)+f(b) [.q,
2 [‘]a"i

IN

(woh) (bP) + J55* (woh) (aP)]  (18)

with h(x) = le), X € [aP,bP].
(i) If p<O,then

f < [ap; bp} T’) [Jg,;"; (woh) (aP) + J% (woh) (bp)} < [Jgdi (fwoh) (aP) + %K (fwoh) (bp)}

f(a)+f(b)
2

IN

|65 (woh) (aP) + 35K (woh) (bP)|  (19)

with h(x) = xB, x € [bP, a?].
Proof.

(i) Let p> 0. Sincef is ap-convex function, setting=1/2 in (14) we have

. <{xp+yp]é> B f(x)qztf(y).

> <

Settingx = [tap+(1—t)bp]% andy = [tbp+(1—t)ap]%, t € [0,1] in above. Then integrating ové®, 1] after
multiplying with Z%*lw([tapwL (17t)bp]%>) , We get

(© 2017 BISKA Bilisim Technology
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2f ({ap;bp]%> /Olt%*lw([tapr(lft)bp]%)dtg/Olt%*lf([tap+(1ft)bp]%)w<[tap+( b5 dt

+/Olt%*lf([tbp+(1—t)ap]%)W([tap+( —~)b7? ) dt.

SettingtaP + (1 —1t)bP = x in above inequality we get
1 a a
2 aP+bP]p\ [BP/BP—x\Kk 1 1 P/ pP—x \ kKt 1 1
bPan<[ 2 ] )/ap (bpap) w(xe) dxs beaP/ap (bpap) f (0 )w(x) ax

* bpiap /jp <bbpp_;(p) %4“ ([tbp+ (1*t)ap]%) w([tap+ (1—t)bp]%) dx

( (F"”"] )Aip<bp_x>%lw<x%>dx

(bP —aP) (bP_ap) ¥ /a’t:p f1¢ (xp) (x%)dx+m a’t:p (bpfx)%*lf ([apJFbp*X]%)W(X%)dx
(bP—aP) ¥ /asp X (fuohy x )dXer/asp(bpx)ﬁlf ([ap+bpfx]%’)W([ap+bpfx]%’)dX
(bP — ap) ¥ / x) (fwoh) (x )dXer/az)p(Xap)%lf (x%)w(x%)dx
) ﬁ V (bP ) (fwoh) (x) dx+ ” (x—aP) %~ (fwoh) (X)dx} :
—al JaP ap

From which we have

2f <[ap—£bp] T)) kl_k(U)Jgﬁi (woh) (bP) < kfi(a) [ a5+ (fwoh) (bP) +Jg;55 (fwoh) (ap)} ‘

By Lemma 1, the above will be of the form

f <[ap;bp} p) Kr(a) [ 9% (woh) (bP) + 3% (woh) (ap)} < Kli(a) [ 9% (fwoh) (bP) + 35X (fwoh) (ap)} .
First inequality of (8) proved.

For the proof of the second inequality ih8), we first note that iff is a p-convex function, then for atl € [0, 1], it
gives

f([tap+(1—t)bp]%)+f([tbp+(1—t)a"]%) f(a)+ f(b)
2 2

(© 2017 BISKA Bilisim Technology
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Integrating above inequality ové®, 1] after multiplying with 2%’19 ([tap+ (17t)bp]%) and using Lemma 2, we
get

Ik (fwoh) (b°) + 35 (fwoh) (aP)] < M |35 (woh) (bP) + 355 (woh) (7).

That is the second inequality af). The proof of (9) is same as ofi(8).

RemarkWe can observe the following in Theoréin

(i) Ifwe putk=1, we getB, Theorem 9] .
(ii) Ifwe putk=1andp=1, we get (2).
(iii) Ifwe putk=1,p=1, andw(x) =1, we get L1).
(iv) Ifwe putk=1,p=1, anda =1, we get ).
(v) Ifwe putk=1,p=1,a =1andw(x) =1, we get ©).
(vi) Ifwe putk=1andp= —1, we get 13).
(vii) Ifwe putk=1,p= -1, andw(x) = 1, we get L7).
(viii) Ifwe putk=1,p= -1, anda =1, we get 10).
(ix) Ifwe putk=1,p=—-1,a =1 andw(x) =1, we get9).
(x) Ifwe putk=1, a =1 andw(x) = 1 we get (6).

Lemma 2.Let f: 1 C (0,00) — R be a differentiable function orfland ab e 1° with a< b, p € R\{0}. If f' € L[a,b]

and w: [a,b] — R is integrable and p-symmetric with respect[lﬁz—} , then the following equalities for k-fractional
integrals hold.

(i) Ifp>0,then

w |55 (wog) (6°) + 35 (wog) (aP)| — [ (fwog) (b7) + I55* (fwog) (a”)
- /bp [/t (bp—s)%*l(wo )(s)ds— /‘bp(S— ap)%*l(wo )(s)ds] (fo )’(t)dt (20)
k(@) Jar | Jap 9 JA g 9

with g(x) = x¥/P,x € [aP,bP].
(i) If p<0,then

@210 (36 (wog (aP) + 95 (wog) (b7)] — [95" (fwog) (&) + 95* (twog (07)]  (21)
1

-~ [ [ @9t Hwog(sas - [* <s—bp>%1<wog><s>ds] (fog) (t)dt

JbP p

with g(x) = x¥/P,x € [bP,aP].
Proof.

(i) Let p> 0. Taking and solving the first integral on right hand side28}) {ve have

p aP

bP t o ,
[ | L2~ 9t Hwoasas] (fog/ ey

aP

t a p bP a
— ([ e~ 9t Hmog(s1s) (toao)s - [ 0P~ F Hfwog(tat

bP . bP .
_ f(lo)/a (b°— 9% ~I(wog)(s)ds— /ap (b°—t) ¥ 1 (fwog) (t)dt

p

= KIk(a) [ F(b) 345 (wog) (b°) — 35 (fwog)(b7)

(© 2017 BISKA Bilisim Technology
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using Lemma 2 in above we have

p

a.k
~ K@) [mb) [Ja"*(wog)(bp);%p (Wog)(ap)] ap+(fwog)(bp)] 22

/:p [/atp(bp3>“<wog><s>ds] (fog) (t)dt

now solving the second integral ia@ we have

/abp [/tbp(s— ap)ﬁl(wog)(s)ds] (ng)/(t)dt

_ (/tbp(s_ap)‘il(wog)(s)ds) fog)(t +/ (t—aP)k~*(fwog)(t)dt

pP " pP "
= —f(a)/a (s— ap)Tl(wog)(s)dst/ (t —aP)k~1(fwog)(t)dt

p

= KIk(a) [~ F(@)F5* (wog) (aP) + 5 (fwog) ()|,

using Lemma 2 in above we have

p

/:p [/tbp(s— ap)‘il(wog)(s)ds} (fog)/(t)dt

Jak

a.k
—Khi(a) [_ (a) [ o (Wog)(bp);pr, (wog)(aP)

+ 355" (fwog) (ap)] (23)

Subtracting 23) from (22) completes the proof oR0). The proof of 1) is similar as of 20).

RemarkWe can observe the following in Lemn2a

(i) If we putk=1, we getB, Lemma 2].
(iiy Ifwe putk,p=1,wegetll Lemma 2.4].
(iii) If we put w(x) = 1 along withk, p =1, we get 5, Lemma 2].
(iv) If we putk,p=1anda =1, we get P6, Lemma 2.6].
(v) If we putw(x) = 1 along withk, p,a = 1, we get R, Lemma 2].
(vi) Ifwe putk=1andp= —1, we get L2, Lemma 3].
(vii) If we putw(x) =1,k=1andp= -1, we get 3 Lemma 3].
(viii) If we put w(x) =1,k,a =1andp=—1, we getp, Lemma 5].
(ix) If we putw(x) =1 along withk,a = 1, we get L8 Lemma 4].

We use Lemma to prove the following result.

Theorem 10.Let f: 1 C (0,0) —» R be a differentiable function o11f ' € L[a, b], where ab € (0,) with a< b, | f'|

is p-convex function ofa, b] for p € R\{0} and w: [a,b] — R is continuous and p-symmetric with respecﬁ%ﬁlp]l/p,
then the following inequality for k-fractional integralehs.

(i) If p>0,then
LT (36 (wog) (b°) + 95 (wog) (aP)] — [95 (fwog) (%) +95* (fwog) (&) | (22

_ F+1 , /
< |W||w<;ﬁk(aa)p) Df (a)[Cy (a/k, p)+ | f (b)[Ca (a /K, p)},

(© 2017 BISKA Bilisim Technology
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where

ot |a-uwk —uf]
cl(or/k,p)—/0 uaP+ (L wpr b

[t -k - Uk
Calaskp)= | TR

udy,

(1—u)du,

with g(x) = x¥P,x € [aP,bP] and|| W [|= SURc[ap) | W(t) |-

(i) If p <O, then

O (35 (o () 5 (w0 (67)] — [355 (w0 (22)+ 5% (Fwog) 09)] | (25)
—pP)ktL ,
llW'Wfﬁk(ab)p) “f (a)|Cs (a/k, p)+ | f'(b)|Cs (a /K, IO)] :
where

Cataficp = [ AU

70 pluaP+ (1 —u)bP] " »

Catak p):/ol f|(1—u)k‘fuk‘1|71(1,u)du,
pluaP+ (1—u)bP]""»

with g(x) = x¥/P,x € [bP,aP] and|| W ||= su Refab) | W) |.

Proof.

(i) Let p> 0. Using Lemma 4 we have
| HELTO) g (wog) (b7) + 95 (wog (@) — [95 (wog (%) + 35 (twog @®)] | (26)

1 )
< —_
~ kf(a) ./ap

Taking and substituting= aP + bP — x in the first modulus on right hand side of above inequality weeh

[£07 % Hwogisias— [ (s-af)wog (s8] I(fog) ()]at

aP

| [0 9t mog(sias— [ (s et Hog(sias| = |~ [T c-a? b w(ab +bP 41 7ox

- /{bp<s—ap>%l<wog><s>ds :

(© 2017 BISKA Bilisim Technology
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Using p-symmetry ofw with respect tqapLsz]l/p we have

t o bP o
| (0P~ 9F Xwog (9jds— [ (s—a?)k*(wog)(sds|

aP

bp a t a
/ (s—aP) ¥ ~1(wog)(s)ds+ /b (s—a?)FY(wog(5)ds|

PbP—t

JEHP ] (s—aP) K (wog) (9)

. ] dste [ap, w}
= | [ (s—a"kH(wog(s)ds| <
aP-+bP—t

Jipooy | (5—aP) % (wog) (s)

ds te [@,bp}.

Putting above inZ6) we have

pibai [J:pi (wog) (B°) + 35 (wog) (aP)] — [95 (Twog) (B°) + 35 (Twog) (2P)] |

rkl(a) / " / (s dwog (s)ds|[(fog) ()t

1 %b_p aP+bP—t i
<@ l / p ( / ds) |(fog)'(t)|dt

bP t
M ,/aerbpft

IN
=~

(s—aP) ¥~ (wog) (s)

+

(s—aP) % (wog) (s)

ds) (fog) (t)|dt

[Wleo [ 5 (20 pes : L -
i (L ([ e i) e (”'d”.w(émpt@—a")? ds) (og) (1
aPbP - 5
_ vl / z oy eriber) P 1/p) / Py et P e
= ara) | o ((s aP) ki ) 5 £ (t¥P)|dt + pbp (s—aP) |ap+bp7t). . [f (/P
aPbP 1/p-1 1p
W|eo 2 a ay t a ay t
a|rk|<|a> l/ (0 -0F ——at) k). I (7) ldt+/p » (-2 - -pT). |f<1/p>|].

Substituting = uaP + (1 —u)bP in above inequality we have

| LT ga (wog () + 95 (wog (@) — [95 (1wog) (%) + 3¢ (1wog) (aP)] |

< IWlles (bp—ap kit /% ( b a) [uaP + (1 — u)bP|1/P-1
- C{I_k( : p

. /1 (uf - u)%) WP AW ¢ gy (1 o p>IdU]

|t ([uaP + (1— u)bP]¥/P)|du

p

p_p
S A"
k

[uaP 4 (1 —u)bP]L/P-1

. It ([uaP+ (1— wbP)YP)[du.  (27)

(© 2017 BISKA Bilisim Technology
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. Iy .
Since|f | is p-convex function, we have

| M |95 (wog) (b°) + 35 (wog <a">} |35 (fwog) (b°) + 35 (fwog) ()| |
[[W]Je (bp*ap K [UaP + (1— u)bP|2/p-1

= alk(a) l'f |/ (1-w¥ o udu

+If (b |/ (1—uwf [uaP+ (1 IOu)bp]l/p 1(1—u)du]_

PuttingCy (a/k, p) andC;, (a /k, p) in above completes the proof d4). Proof of £5) is similar as of 4).

RemarkWe can observe the following in Theoreif.

() Ifwe putk=1, we getB, Theorem 10].
(i) If we putk,p=1, we get[L1, Theorem 2.6].
(iii) If we put w(x) = 1 along withk, p =1, we get 5, Theorem 3].
(iv) If we putw(x) =1 along withk, p,a = 1, we get R, Theorem 2.2].
(v) If we putw(x) = 1 along withk,a = 1, we get L8, Theorem 3.1].
(vi) Ifwe puta,k=1andp=1, we get, Corollary 1 (1)].
(vii) Ifwe putk=1andp= —1, we get B, Corollary 1 (2)].
(viii) If we put w(x) =1 along witha,k =1 andp = —1, we get B, Corollary 1 (3)].
(ix) Ifwe puta,k=1andp= —1, we getB, Corollary 1 (4)].
(x) If we putw(x) = 1 along withk =1 andp = —1, we get B, Corollary 1 (5)].

We use the power mean inequality gndonvexity of]| f |9 to prove the following result.

Theorem 11.Let f: | C (0,00) —s R be a differentiable function orf1 If f' € L[a,b], where ab e | with a< b, |f'|Tis
p-convex function ofe, b] for p € R\{0} and w: [a,b] — R is continuous and p-symmetric with respec{—atpegip]%,
then the following inequality for k-fractional integralehis.

(i) Ifp>0,then

T 35 (vog (67 + 35 (wom (@] — 33 (1wog (09 + 35 (twog 0] | 29
_ +1 41 ’ %
o 07208 24 e 1 @9 o)+ 0P

where

_ [t la-wfouf
Cs(a/kp)= [ T L

with g(x) = xV/P,x € [aP,bP] and || W ||o= SURcfap | W(L) |-

(i) If p<O,then

OO (38K (wog (a9) + 93 (wog) (69)] — [93" (fwog) (aP) + 95 (fwog (bP)] | (29
— F+1 —= / é
e e —Cs *(a/kp)[If @1%a (a/kp) + 1 (B)C (/)]

(© 2017 BISKA Bilisim Technology
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where

|- wk —u|

Cola/kp) = [ du

pluaP + (1—u)br]*
with g(x) = x¥/P,x € [bP,aP] and|| W [|w= SURc[ap) | W(t) |-
Proof. (i) Let p> 0. Using power mean inequality i2{) we have

| LT e (wog) (b) + 93 (wog) (@) — [95 (1wog) (%) + 355 (1wog) ()] |

[ W[ (bP — aP) 1 a

< /‘1 u)k —uk
I_k a+k

</ ‘ - _ut [uaP + (1—u)bP)/P-1

1/q
. | (JuaP+ (1— u)bp]l/p)|qdu> .
By thep-convexity of| f'|9, the right hand side of above will be

1-1
p — p1/p-1 q
[uaP + (1 pu)b] du)

| HOLTO) e (wog (o) + 95 (wog) (@) — [95 (wog) (%) + 355 (1wog) (aP)] |

< Wl —ER g [H Iq/ [a-uf -t uaP+ (1 wbPH/P

p

udu
N(a+Kk)

Hf (b |q/ [(a-uf - uf

_ah)ktl g1 , ,
- Il 220" (a sk [If (@ a ke p) -+ 1 o ar /)]

[uaP+ (1 pu)bp]l/pl (1 u)du] Y/a

The proof of £8) is completed and the proof 029) is same as 0f248).

RemarkWe can observe the following in Theorel.

(i) If we putk=1, we getB, Theorem 11].

(ii) Ifwe putk,p=1, we get]l Theorem 2.8].
(iii) If we put w(x) = 1 along withk, p=1 anda = 1, we get L9, Theorem 1].
(iv) If we putw(x) =1 along withp = —1 andk = —1, we get 2, Theorem 5].

(v) If we putw(x) = 1 along withk,a = 1 andp = —1, we get 8, Theorem 2.6].
(vi) If we putw(x) =1 along withk,a = 1, we get L8 Theorem 3.2].
(vii) If we put w(x) =1 along withp,k =1, we get 8, Corollary 2 (1)].
(viii) If we put a,k=1andp=1, we get 8, Corollary 2 (2)].

(ix) If we putk=1 andp= —1, we get 8, Corollary 2 (3)].

(x) Ifwe puta,k=1andp= —1, we getB, Corollary 2 (4)].

We use the Hdider’s inequality and the-convexity of| f'|9 to prove the following resul.

Theorem 12.Let f: | C (0,00) — R be a differentiable function ol 1f f' € L[a, b], where abe I witha<b, |f'|9,q> 1
is p-convex function ofa, b] for p € R\{0}, 3 i+1—1andw:[ab] — Ris continuous and p-symmetric with respect to

[ap“’p] 5, then the following inequality for k-fractional integra®lds.

(© 2017 BISKA Bilisim Technology
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(i) Ifp>0,then

T2 T e (wog) (b°) + 35 (wog) (&) — [35 (fwog) (0°) + 95" (fwog @)] | (30)
P_gP)ktl 1 "(a)94 [ (p)|d a
< IolbP )t C7r(a/k,p,,)<|f<a>| Z'f(bﬂ) |

where

A la-wf-uf
crlafepn = | (p[uawlu)bp]l%) "

with g(x) = xV/P,x € [aP,bP] and || W ||o= SURcfap | W(L) |-
(i) If p<O,then

T2 T e (wog) (aF) + 95 (wog) (69)] — [35% (fwog) (@) + 95 (fwog (07)] | (a1)
P_pPyktl 1 "(a)94 [ (p)|d a
< Iolle?~ 0" cw/k,p,r)('f(a)' Z'f(bﬂ) |

where

o la-wE-uf] Y
Cg(a/k,p,r)—/o < p[uaer(lu)bp]l‘l’) o

with g(x) = xV/P,x € [bP,aP] and || W ||o= SURcfap | W(L) |-

Proof. (i) Let p> 0. Using the Hlder’s inequality in 27) and thep-convexity of]| f’|q we have

|\,\,||°:_I((|§,z{:L :%%H x ‘ f(a)Jer(b) {Jaer (wog) (bP) + I%¥ (wog) (ap)} [ap+(fwog) (b°) + 38 (fwog) (ap)} ‘
< (/Ol(\ (- —uf | L0 p“>bp]1/p 1) du)l/rx (/Ol|f’<[uap+(1—u>bp]1/p>|qdu)l/q
< (/:(‘ (1—u)f —uk [Uap+(1lOU)bF’]l/p1)fdu)1/r>< <|f/(a)|q./(;ludu+|f( Iq/ - u)du>1/q_
Simple computation gives

‘M{Jau(wow (b°)+ 35" (wog) (aP)| — [95% (fwog) (b°) + 35" (fwog) ()] |

< 'W||°°r<:zz+ﬁ>%“c; @/ p) <|f’(a>|q;|f/(b)|q> .

This completes the proof 08() and the proof of§1) is same as 0f30).

RemarkWe can observe the following in Theoreif.

() Ifwe putk=1, we getB, Theorem 12].
(i) If we putk,p=1, we get[L1, Theorem 2.9 (i)].

(© 2017 BISKA Bilisim Technology
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(iii) If we put w(x) = 1 along withk, p=1 anda = 1, we get B, Theorem 2.3].

(iv) If we putk,p=1anda =1, we get P6, Theorem 2.8].

(v) If we putw(x) = 1 along withp,k =1, we get B, Corollary 3 (1)].

(vi) If we putw(x) = 1 along withk =1 andp = —1, we get B, Corollary 3 (2)].
(vii) If we put w(x) =1 along witha, k=1 andp= —1, we get B, Corollary 3 (3)].
(viii) If we put k=1andp= —1, we get B, Corollary 3 (4)].

(ix) If we puta,k=1andp= —1, we getB, Corollary 3 (5)].

(x) If we putw(x) = 1 along witha,k = 1, we get 8, Corollary 3 (6)].
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