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Abstract: In the present paper, a sufficient condition for existenakuariqueness of Bagley Torvik problem is obtained. The theor
on existence and uniqueness is established. This appreatiitpus to use fixed point iteration method to solve prolftandifferential
equation involving derivatives of nonlinear order.
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1 Introduction

It is well known that differential equations involving degtives of non-integer order are used in modelling of vesiou
physical phenomena in areas like diffusion processes, antgows, etc. (sefl]-[ 7]). Methods of solutions of problems
for fractional differential equations have been studietessively by many researchers (46¢-[ 12] and references
therein).

Let us give definitions of fractional derivatives and fractl powers of positive operators that will be needed below
[17].

Definition 1. If x(t) € C([a,b]) and a<t < b, then

t

13, x(t) /
I' a

a

whereda € (—,) is called the Riemann-Liouville fractional integral of @da. In the same manner far € (0,1)

t
1 d X(8)
D —
"”X( )= rl-a dt[(t—s)"
is called the Riemann-Liouville fractional derivative atler a.

Note that ifx(a) = 0, then we can write

t
1
Dax(t) = F(la)l(t—s)“ ds
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here,

F(a):/s"’le’sds (a>0).
0

Consider initial value problem for Bagley-Torvik equation

dZ)Egt) +Dg+x(t)+a(t)x(t) =f(t),0<t<T,

O<a<l,
x(0) = 0,X (0) = 0.

Actually, fractional differential equation correspondghe Bagley-Torvik problemd).

We now shortly describe the organization of the paper. Ini@@2, we give the basic definitions of fixed point,
contraction and the basic concepts we need. In section 3btaéna sufficient condition for existence and uniqueness of
problem and establish the theorem on existence and unigsiene

2 Fixed point and contraction
Definition 2. Let E= (E,d) be a metric space. A fixed point of a mappinglA— E of set E into itself is an element

x € E which is mapped onto itself, that is, Axx, the image Ax coincides with x

Here note that the Banach fixed point theorem to be stated/li®bn existence and uniqueness theorem for fixed points of
certain mappings, and it also gives a constructive proeefturobtaining better and better approximations to thetgmiu
of the equation

X=AX

Actually, we choose an arbitrarg € E and determine successively a sequepeé,,_, defined by the relation
Xy = A¥%,_1,neN. 1)

This procedure is called an iteration. Iteration proceduesused in many fields of applied mathematics. Banach’s-fixed
point theorem gives sufficient conditions for the existeand uniqueness of a fixed point of a class of mappings, called
contractions.

Definition 3. A maping A E — E s called a contraction on E, if there is a positive real nianb< 1 such that for all
x,yeE
d (Ax Ay) < cd(x,y).

Theorem 1.[13] Assume that E£ @ is complete and let A be a contraction mapping onTEen A precisely one fixed
point.

For proof of the following result,14] can be looked at.

Corollary 1. Under the assumptions of Theorem 4, the squgmgk,_, defined by recursive formula (1) with arbitrary
Xo € E converges to the unique fixed point x of the mappingréor estimates are a pirior estimate

Cn
l-c

d (%n,x) < d(x0,X1), NEN,
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and a posteriori estimate
c

d (Xn,x) < 1 ¢

d(Xn—-1,X1), n€N.
Now, we state the existence uniqueness theorem the mosttempapplication of the Fixed Point Theorem to ordinary
differential equations. We will consider the initial valpeoblem of the form

dx(t)
dt

= f (t,x(1)),|t —to] <a, x(to) = Xo.

The problem for ordinary differential equations will be gernted to an integral equation, which defines a mappirand
the conditions of the theorem will imply thatis a contraction such that its fixed point becomes the saiutfgroblem.

Theorem 2.[13] Assume that f is continuous on the rectangle
D={(t,x):|t—to] <a|x—xo| <b}

and thus bounded on D, i.e,
[f (t,x)| <k forall (t,x)eD.

Suppose that f satisfies a Lipschitz condition on D with refsteeits second argument, that is, there is a constant | such
that for (t,x), (t,y) € D
If(t,x)—fty)l<Ix=yl

Then, initial value problem has a unique solution x definedt erty| < 3, where

. b1
B<m|n{a,E,|—}.

This function x is the limit of iterative sequeng},,_, defined by the recursive Picard iteration formula
t
Xat) =%+ [ 1(s%-1(9) ds ne N,
to

where x (t) is an arbitrary continuous function. Error bounds are

Cn
—C
c e,2cL

c d(X—-1,X1), NEN,

d (%, %) < ——€%d (x0,%1),

=

d (X, X) <

=

where c=18.

3 Main results

Definition 4. Let C[lo 7] be the complete space of all continuously differentiabtefions defined on the intervl, T] with

the metric d defined by

80| o

d(xy) = max |x(t) —y(t)| + max —— i

t€[0,T] te[0,T]
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Now, we consider the following initial value problem for BagTorvik equation.

P 1 DZx(1) +at)x(t) = f(t)
O<t<T, O<ax1l 3)

/

x(0)=0, x(0)=0
Theorem 3.Let f and a functions are continuous on
P={(t,xy): te[0,T], [x—Xo| <o, [y—Yyo| <o} CR,

and|f (t)] <k, |a(t)] < msuchthatk- 0and m> 0 forallt € [0,T]. Moreover, f satisfies a Lipschitz condition on P with
respect to its second and third arguments, i.e, there is #&ipezonstant | such that for arbitrargt,x,u), (t,y,w) € P

[Ftxu) = f(ty,w)| <T(x=y+u—wl]) 4)
is valid. Moreover, let

T-9+3 mT?2

and suppose that
g(a,T,Im <1 (5)

Then, Bagley-Torvik problem (3) has a unique soluti(ﬁ‘oﬁJ 1"

Proof. By integrating both sides of Bagley-Torvik equation (3), @#ain integral equation

V‘d2 (
/ a2 dp+/D0x dp+/ p)dp= /f p,x(p),u dp
0
—|—/D0x dp+/ p)dp= /f p,x(p),u(p))dp
/ dv+//D0x dpdv+// p)dpdv= //f p.x(p),u(p))dpdv

tvp

1 .

x(t):_m[/{ dsdpdv—// dpdV+//f (p.x(p),u(p))dpdv  (6)

This functionx is the limit of the iterative sequende},,_, defined by the recursive Picard iteration formula

dt

t v

xn<t>=—ﬁ///p<p— X1 ( dsdpdw// )% 1(p dpdv+//f p.Xa-1(P),u(p))dpdyn e N
0

0’0
(7
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wherexg (t) is an arbitrary continuous function. Error bounds are

gn
1-g

d (%n,x) < d (o, X1),

«

d (Xn, )<1—_gd(xn 1L,X) ,NEN

whereg < 1. We see that initial value problem (3) can be written in theieajant integral form (6), which is in the form
x = Ax, whereA : C[%)-,T] — C[%)-,T] is an operator defined by
\

t
/ dsdpdw// dpdv+/
0 0

wheref is continuous function oR. Under assumptions of theorem, by using (2), we have

it ] - s Jatoanae | frosco. dpd{

AX(t) = f( (p))dpdy  (8)

O\F’
O\U
O\<

[AX(t)| =

1 tvp t v t v
p—s s)dsdpd // p)dpdv + //f p,x(p),u(p))dpd
o) {M( A + / /]
1 t v P
_F(l—a)//</|(p TR d8>dp+//|a |dpdv+//|f p.X(p),u(p))|dpdv
00 \'0 A
1 t v p
—I'(l—a)// (/Ips|"sg[1€%(]’ ds)dp+// max Ix(p)| |a(p |dpdv+//|f p,x(p),u(p))|dpdv
00 \'0
r?(%’w (s)‘ tv (p—g)-a+t p
se[0, —(p—
- rl-a 4{( —a+1 O>dp+ fggt_)r( Ix(p |//mdde//Cdpdv
*Sggg%(]’x S‘ e — max |x( )|m§+cﬁ
- FT(l-a) (—a+1)(—a+2)(—a+3) peoT) 2 2

Thus, we hawe show thétx € C[lO 1] if xe C[%-T]; i.e,Amaps the se(t[lo 1] itself. Now, we show thatA is a contraction

map orIC[lQT] . Applying the Lipschitz condition (4), we get

\

t
|AX(t) — Ay(t)| = ‘ 1 p /// p—>s) "’x dsdpdv—//a dpdv+//f p,x(p),u(p))dpdv
0

000

+ﬁ777 s)dsd pdv— /7 dpdv+//f 0.y (p),w )dpd%

000
t v

P

t
+/|f<p,x<p>,u<p>>—f<p,y<p>,w<p>>|dp
0

Y () dsdpdw//|x p)lla(p)|dpdv
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tvp
1 , , B

< P e max X (s)y(s)\{MKpsn dsdpdv
+ max x(p) - l//Wa Idpdvh/ﬁ p.X(p).u(p)) — 1 (p.y(p) W(p)|dp
-1 max |X () -y (s)‘ o

I (1—a)soT (—a+1)(—a+2)(—a+3)

2

+ max [x(p) — (p)lm%“t(IX(IO)*Y(p)|+lu(p)*W(p)l)

pe(0.T]

t—a+3 t2

STFA-a)(—atl)(—a+2)(—a+3) d(xy)+m= d(xy)+tld(xy)

t—a+3 2
~(FaacarrararaTs e )

Taking maximum from both sides we have

t—a+3

+m— +t|>d(x,y)

T-0+3 T2
<"(1—0!)(—a+1)(—a+2)( ar3 M2 +T')d(x’y)

<g(a,T,I,md(xy)

From (5) we see that(a,T,I,m) < 1, so
d(Ax Ay) < gd(x,y).

Thus,A is a contraction on“,[loﬂ. Therefore A has a unique fixed pointe C[l0 TP that is, a continuous function d@, T]
satisfyingx = Ax. By (7), we have

x(t) = 1 ) ]// (p—9s) x depd\F// dpdv+//f p,X(p),u(p))dpdv 9)

000

Example 1Solve initial value problem for Bagley-Torvik equation

dt§)+D X(t) — 555t Ix(t) =2,

O<t<T, (20)

/

x(0)=0, x(0)=0

by the iteration method.

Solution 1. By integrating both sides of Bagley-Torvik equation (10),

tvp

x(t):—%r///(p—s) ( dsdpdw //p 2x( dpdv+//2dpdv
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Sincea(t) = f—t” f(t)=20<t<T,a=3, we havethat=1. Letxg(t) = 0. Now, x, (t) is defined by formula
NG 2

\

t

forne N. Then,

o~——mT
—
©
\

oy dsdpdw// D) X1 ( dpdv+//f p.%n-1(p),u(p))dpdy

tvp t v t v
1 ,; 8 _1
=—r [ -9 e >dsdpdwﬁ//p sz<p>dpdv+//f(p,xo<p>,u<p>>dpdv
27700
1 tvp 8 t v
/// p—s) 2 0dsdpdv —— //p ?Odpdv+//2dpdv—t2
\/ﬁooo VLG
1 tvp
xa (t . /// ~972x,(9dsdpdvi o= //p b (p dpdv+//f p.x1(p),u(p))dpdv
r(3) A
1 tvp
\/ﬁ/// 225dsdpdw //p p dpdv+//2dpdv
oo 0

3 2
/{ dpdv+3\/_//p dpdv+//2dpdv t

tvp 8 t‘v t
/// )2 X, (s) dsd pdvi- \/ﬁ//p by (p)dpdv+/
000 00 0

In similar manner, it can be showed

=

T f(p.x2(p),u(p))dpdv="t?,

o'\_<

—~

l
2

Hence,

X(t) = lim xn(t) = anWtZ =12

4 Conclusion

In this work, we consider initial value problem for Bagleg#Vik equation. We obtain a sufficient condition for existen
and uniqueness of this problem and establish the theoremisterce and uniqueness. This approach permit us to use
fixed point iteration method to solve problem for differah&quation involving derivatives of nonlinear order.
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