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Abstract: In this paper, generalized intuitionistic fuzzy matrices eonsidered as matrices over a special type of semiringhwki
called path algebra. We introduce the concept of trangitof generalized intuitionistic fuzzy matrices. Some &lgac properties of
generalized intuitionistic fuzzy matrices are develop&do, we develop some properties of transitivity.
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1 Introduction

In real life scenario, we frequently deal with the infornoativhich is some times vague, some times inexact or imprecise
and occasionally insufficient. Zadeh's classical concéfupzy sets [] is strong enough to deal with such type of
problems. In fuzzy set theory, the membership of an elenemt fuzzy set is a single value between zero and one.
However in reality, it may not be always true that the degrfegon-membership of an element in a fuzzy set is equal to 1
minus the membership degree because there may be soméitvesitgree. To overcome, these difficulties, Atanassov
[2,3] developed the theory of intuitionistic fuzzy sets (IFSs)pageneralization of fuzzy sets. Lot of research works were
done by several researchers on the field of IFSs.

Matrices play a vital role in various areas of science andifg®ging. The classical matrix theory can not solve the
problems involving various types of uncertainties. Thatetpf problems are solved by using fuzzy matrix (FM) Kim

and Roush] developed the concept of Generalized Fuzzy Matrices (QFMansitive matrices are an important type
of generalized matrices which represent transitive matafb, 7,8,9,10]. Transitive relation plays an important role in
clustering, information retrieval, preference, and so 8r11,12]. The transitivity problems of matrices over some
special semirings have been discussed by many autii@r$415,16,17,18,19,20]. Hashimoto L5 presented the
concept of transitive FMs and considered the convergengmwers of transitive FMs. Hashimotd §] studied the
canonical form of a transitive FM. Xin2[l,22] studied controllable FMs. Koodziejczyl]] gave the concept of
s-transitive FMs and considered the convergence of powesgransitive FMs. Tan19,20] discussed the convergence
of powers of transitive lattice matrices. Jiar&g] studied the transitive incline matrices. Some elemenpaoperties and
characterizations for transitive GFMs are establishedtearthitivity of powers of a GFM were discussedl]. Pal [25]
introduced intuitionistic fuzzy determinant. Pal, et §26] studied intuitionistic fuzzy matrices (IFMs). Khan andl Pa
[27] studied intuitionistic fuzzy tautological matrices anldastudied interval-valued IFM28]. Bhowmik and Pal 29,

30] introduced some results on IFMs and intuitionistic cientl FMs and GIFMs. Khan and P&1] introduced the
concept of generalized inverse for IFMs. Hong and N2@ ktudied some properties of canonical form of transitive
IFM. Some algebraic properties of GIFMs are presented oigrilaltive lattice B3]. Some results are investigated
regarding the group inverse of IFM84]. Several authors3b,36,37,38,39,40,41,42,43,44,45,46,47,48] worked on
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IFMs and obtained various interesting results which arg wseful in handling uncertainty problems in our daily life.
An interesting problem in the theory of IFM is the transityof GIFM. Many authors worked on this problem.

2 Definitions

Definition 1. [2] An Intuitionistic Fuzzy Set (IFS) A in X (universal set) idimed as an object of the following form
A= {{X, Ua(X), va(x))/x € X}, where the functionsiis : X — [0,1] and va : X — [0, 1] define the membership function
and non-membership function of the elemeatX respectively and for everyeX : 0 < pa(x) + va(x) < 1.

In short we write(x,x’) as an intuitionistic fuzzy element witk4- X' <. For (x,X), {y,y') € IFS, Atanassov introduced
operations(x,x) v (y.y) = (max(x,y},min{x.y'}), (x.X) A (y,y') = (min{x,y},max{x.y}), if (xx) < (y.y) means
x<yX >y and (x,X) < (y,y) if x <y andx >y, in this case we sayx,X),(y,y’) are comparable. For any two
comparable elementg, X), (y,y') € IFS, the operation&, X') — (y,y') and(x,X) < (y,y') are defined by

(X)) i (X)) > (v,
aX, A 7>/ = (1)
D)= o) {al i (xX) < ().
1,0) if (xx) = {yy),
X) ¢
(xX) (YY) = {X,X, i 00 < (vy) (2)

Definition 2. [26] Let X={xq,X2,...Xxm} be a set of alternatives and=¥ {y1,y»,...yn} be the attribute set of each element
of X. An IFM is defined by A= (((Xi,Yj), Ha(Xi,Yj), Va(Xi,yj))) fori=1,2..mand j=1,2,...n,wherepa : X x Y — [0, 1]
andva : X x Y — [0,1] satisfy the conditio® < pa(xi,y;j) + va(xi,yj) < 1. For simplicity we denote an IFM is a matrix
of pairs A= (<ajj & >) of non negative real numbers satisfying-aaj < 1 for all i, j. We denote the set of all IFM of
order mx n by %m, and.%, denotes the set of IFM of ordernn.

Definition 3. For intuitionistic fuzzy matrices A (<a”-,a{j >), B= (<bij,bi’j >), C= (<Cij ,Clj >) € Zmn .-
Some matrix operations are given below
AAB= ((aij /\bij,a,-’j \/b-/->)
n
AxC=(\/ (((ai,a)) A ((ckj,&;))))
k=1

A~ B= ((aj.a) « (b, bij))

Definition 4. For IFMs A= ((aij, & ) (mx1) and C= ((Cij, Cjj )(nx1) OVer X, A«- C is defined as follows

A«C= </\ (i, &) <ijaCi<j>)>

k=1 (mx1)

Definition 5. An intuitionistic fuzzy algebra (IFA) is a mathematical tgys (A, vV, A) with two binary operations/, A
defined on a set A satisfying the following properties.

(1) Idempotencéa,a) Vv (a,@) = (a,a'), (a,@) A (a,@) = (a,a)
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(2) Commutativitya,a’) v (b,b’) = (b,b') v (a,&), (a,a) A (b,b') = (b,b’) A (a,&)

(3) Associativity(a,a’) v ({b,b’) v (c,c)) = ((a,@) Vv (b,b')) v {c,C),
(a,@) A ((b,b)) A (c,c) = ((a.&) A (b,b)) A (c,C)

(4) Absorption{a, @) v ((a,a) A (b,b)) = (a,d), (a,@) A ((a,&) v (b,b)) = (a,&)

(5) Distributivity (a,&) Vv ({(a,a) A{c,c)) = ((a, @) v (b,b")) A ({(a,@) Vv (c,C)).
(a,@) A ((aa) Vv (c,c)) = ((ad)A(b,b))V((aa)Alcc)).

(6) Universal bounds

(a,@)Vv(0,1) = (a,@), (a,@) v(1,0) = (1,0), (a,@) A (0,1) = (0,1), (a,a’) A (1,0) = (a,&)

3 Results

In the IFA, we omit some of the condition and we define the feitg and study some important results using this new
structure.

Definition 6. Let X be a setand a fe{@,1), (1,0) and all (x,X), (y,y'), (z,Z) € X, operations\ andV satisfy the following
properties

XX)VY) EX,  (xX)A{yY)eX

(X (0 = (Y ) (X

(X DV (22) = () () (22)

() A Y DA (22) = () A (Y A (22)
XXYANYYYV(ZZ)) = (XY AWY ) V()XY A (z2,Z)),
(XYY WA (ZZ) = ((xX) A (2Z))V{y,Y) A (z2Z)),
XYV (X ) = (x,X)

(%X)Vv(0,1) = (x,X)

(xX)YA(0,1) = (0,1) A (x,X) = (0,1)

(%X'y A (1,0) = (L0) A (%, X) = (x,X)

Note 1The Definition 6, does not contair, X') A (y,Y') = (V, ¥ ) A X, X}, (X, X) A (X, X') = (x,X') and(x,X') v (1,0) = (1,0)

Definition 7. For every(x,X), {y,y') € X, (x,X) < {y,y') ifand only if (x,X') VV {y,y') = (y,¥'). Here it is not necessary that
XX)A(Y) = (X X).

Definition 8. A< B if and only if( . &; ) < (aij,a; ) foralli, .
RemarkLet Q be IFMn x noverX, thenQ is transitive iff Q> = Q x Q < Q.

RemarkLetQ = (<qij e >) be ann x nIFM over X is transitive if and only if( g, ofj ) A <qkj,q|’(j> = <qij ,qi’j> for all
k.

RemarkAn IFM which satisfies the conditions of Definition 6, only ialied GIFM.
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Lemma 1.The following results are trivial from Definition 6. Lét,X),(y,Y),(z,Z),{(u, U}, {(v,V') € X
(@) if (xX) 2 (yY).(y,Y) = (zZ) then(x,X) = (zZ),

(b) if (6 X) = {y,y),(u ) 2 (vV) then(x,X) v (u,0') 2 (y,y) V(v V), (6X) AU, U) 2 (yY) A{wY),

(©) if (xX) X (Y).(nY) =X (xX), then(x,x') = (y,y'),
Theorem 1.Let (x,X') % (y,y') € X be an operation such that

(O6X)* (Y D) A ((uU)  (vV)) = (O6X) AU, u)) = ((yY) AVV))

and if (x,X) < (y,y),(u,u') < (v,V), then(x,X)  (u,u’) < (y,y) * (v,V') for every(x,x) ,(y,¥), (u,u), (v,V) € X
If Q and S are transitive then €S, is transitive, where S is defined component-wise.

Proof. SinceQ andSare transitive, we have

(Gl i) A (> Gkj) = (i Gy )» (Siks Sk A (S Skj) = (S )
By applying the properties &,

((Glik- Gk ) A (G Ok ) * ((Siks Sk ) A (Skjr Sk)) =< (i o) * (8,5}
so that

(s Gic) A (Sks Sike)) * ({Qjs G A (S Sj)) = (ij Gy ) * (S S )

From Remark 2Q * Sis transitive.

Example 1.X = {(x,X'}|(0,1) < (x,X') < (1,0},

(XY V(y,Y) = (min{x,y},max{x,y'})

(XY A(y,Y) = (min{x+y,1},max{1— (X +y),0})

(%X ) (y,y) = (maxx,y},min{x,y'}) for every (xX),(y,y)eX. Then
()

=<(y,y) if and only if (xX)>(yy)
(%X ) # (Y D) A (U + (v V) < ((6X) AU U)) * (1Y) A (v V))

Corollary 1. Let Q and S be i n transitive IFMs A is commutative, then @S is transitive.

Corollary 2. Let f((x,X)) € X be a function such that

Fx X)) ATY) =2 (X)) A YY)

and if (x,X') < (y,y) then f((x,X)) < f((y,y')) for all (x,X), (y,y) € X. If Q is transitive, then f(Q) is transitive, where
F(Q) = [f({aij, )]

Example 2.Let X = {(x,X)[(0,1) < (x,X) < {(1,0)}.

Let (,X) v (y,¥') = (max{x,y}, min{x,y'}) and (x,X') A (y,¥') = (. X)(y;¥') = (xy,Xy')
f((x, X)) =(c,c)(x,X) = (cx,cX), (c,c) € X forall (x,X),(y,y) € X. = (x,X) 2 (y,y) i
F((x X)) A T(nY)) = (e.c)(xX)(c.c)yy) = (2,2 (xX)y,Y), and f ((x,X) A {y.Y))
Thusf((xX) A (YY) = F6X) A YY)).

iff (x,x) < (v,y)
= (c,c) (%X} {yy).

(© 2017 BISKA Bilisim Technology



NTMSCI 5, No. 4, 172-181 (2017)www.ntmsci.com BISKKA 17

Proposition 1.1f {x,X), (y,¥), (u,u') , (v,V') € X, (x,X) % (X, X) = (x,X), (X)) (y,y) (XX, XX)*(y,¥Y) (YY),
and (x,X) < (y,y), (u,u) 2(vV), = (xX)* (u,u) Z(y,y) = (v,V), then
(x
u') *

@) X, X) = (,Y) = (%Y) = (x,X),

(b) ((x,X) # {y,y)) A ((u,U) + (v, V') < ({6, X) A (u,u)) = ((VLY') A (v V)

(©) (xX) = {yY) = (xX)*(y,Y) = (x,X)

Proof. (a) By (x,X) * {y,¥') X {y,Y), and{x,X') = {y,y') < (x,X), we get
(X)) + (6 X) * (0 Y)) S ((Y) * (%,X)) = ((6X)* (VY)) 2 (YY) * (X.X)).

%
Similarly we can prové(y,y') = (x,X'}) = ({x,X) * (y,¥)). Hence(x,X) x {y,y') = (y,¥') * (x,X).
(b) (x,X) * (y,y') = (%X}, and(u,u’) * (v, V') < (u,u’), we get({x,X) = (y,y')) A ((u, ') * (v, V')) = ({(x,X') A (u,U))
Similarly we can prove that{x, X'} = (y,¥')) A ({u,u’) = (v,V)) X ((y,¥') A{v,V))
Hence(x,X') * (y,¥) A (u,u) % (v, V) < ((6X) AU, U)) + ((LY) AW V).
(c) Let{x,X) < (y,y) we get, We know thatx,X') x (x,X') = (x,X'),
= (%X # (X X) 26X (YY) 2 (X) = (X X) x (X,X), = (%, X) *(y,Y) = (X,X) * (X,X).
Hence(x,X) x (y,y') = (x,X).

Definition 9. An operation{x,X') < (y,y') € X satisfies the below condition, for everyx'), (y,y'),(z,Z) € X, if (x,X) =<
,y), then(x,x) — (y,y') = (0,1), (z2) — (y,¥) 2 (2Z) — (xX), () X) — (2Z) 2 (YY) — (27)

Lemma 2.1f for every (x,X'), (y,¥'), (u,u), (v,V) € X, (x,X') < {y,y') and
(U,U/> = <Vv\/>’ then(x, XI) < > — <y )/> N (U,U/>

Proof. By the Definition 9, we getx,x') — (v,V') < (x,X) — (u,u’) < {y,y") — (u,u’)

Lemma 3.Let A be idempotent andL, 0) v (x,x') = (1,0) for all (x,X') € X, then for everyx,X), {y,y') € X

@) (XY A (YY) =Y,

(0) (6 X) A (yY) = (%,X)

©) XA YY) = (1Y) A (X)

(d) 6 X) 2 {yY) = (XX)AYY) = (%X)

Proof. (a) From(1,0) v (x,X') = (1,0) we get(x,X) < (1,0), = (X, X} A {y,Y) = (1,00 A(y,Y) = (y,Y).
(b) From(1,0) v (y,y') = (1,0), we get(y,y) = (1,0), s0 that(x,x) A (y,y') < (xX) A (1,0) = (x,X).
(c)-(d) From (&), (b) and Proposition 1.

Obviously, if (x,X) A{y,Y) < (y,y') for every(x,X), {y,y') € X, then(x,x;) A (1,0) < (1,0), so that{1,0) v (x,X') = (1,0)

Theorem 2. Let < be connected that igx,X') =< {y,y') or (y,y) =< (x,X) for every(x,X),{y,y) € X, A is idempotent,
(1,0) v (x,X) = (1,0) for all (x,X) € X and if nx n IFMs Q and S over X are transitive and®S, then Q= S' is
transitive IFM, where S is the transpose of S.

Proof. Let Q = ({(dj,qj;)) andS= ((sj,s)), we have to prove that,
(G, Gic) < (- Si)) A ({0 Gy = (SikrSi)) = (@370 < (S31,51) (3)
Case (1){sji,Sji) = (0kj, qu) (Qik, i) - Since(ik, Gy ) =< (S, S) by Lemma 3 and transitivity of S,
(Siji, Sji) = (Sii» Sji) /A (Sks Sik) = (Sjk: S) (4)

By transitivity of Q,
(Glik: Glik) A (Okj» Gk = (Gij ) (5)
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so that(gkj, ;) = (Gij, o). By using Lemma 2, we gétcj, o) < (Sik, Sj)) = ({Gij, 0fj) < (Sji. i)
By Lemma 3 we get (3).

Case (2){s;i,Sj) = (G, Gi) = (Gkj> i) - Since(a;, i) = (Skj, ;)
(Sii» Sji) = (Skj» Sj) A (Sii, Sji) = (S Si) (6)

By (4) (G, ) = (alj, ;). Hence((di, i) — (S Sq)) = ({0} ;) < (sji.S};))- Thus we get (3)
Case (3){0kj, Gij) = (Sii>Sji) = {Glik; i) OF {Ckj Oj) = <q|k,qk> = (sji,sji), then

(G Gk = ((Sii» Sji) A (Sk, Sik)) = (Sik» Sik) (7)

= ({Gij: Gkj) ~ (Sik: Si)) = ((0,1)).
Case (4){0ik, di) = (Sji>Sji) = (G Gk;) OF (dlik, Gi) = (Gkj, Akj) = (Sji»Sji)- Then

<q|kaq|k> (<SKJ5$< > <Sjivslji>) = <Skia$<i>a (8)
= (G ) — (SairSi)) = ((0,1)).

Obviously, by the conditions of Theorem@;< ST is irreflexive, that is, all diagonal elements &6€e1).

Example 3.Consider Q and S transitive IFMs
o_ l<o.3, 0.6) <o.1,o.8>] s l<o.4, 0.5) (0.2,0.7) (0.4,0.5) (0.5, 0.4>] |
(0.4,0.5) (0.3,0.6) (0.5,0.4) (0.4,0.5) (0.2,0.7) (0.4,0.5)
0l g _ [<0.3, 0.6) (0.1, O.8>] c l<o.4,o.5> (0.5, o.4>] 0l g _ [ (0,1) (0, 1>]
(0.4,0.5) (0.3,0.6) (0.2,0.7) (0.4,0.5) | (0.3,0.6) (0,1)
ThereforeQ < ST is transitive IFM.

. ClearlyQ=<S § = [

Example 4.We define
X= {(xx)[{0,1) < {x,x) <(1,0)},

(9)

<Xaxl> v <ya)/> = <ma){Xay}7min{X,a)/}>
X X) A (yY) = (min{x,y}, max{x,y'})

for every(x,xX'), (y,y') € X.That means above operatiogx') — (y,y') satisfies the conditions of Remark 1. An operation
(x,X) ~— (y,Y') also satisfies the properties as below;

<x,%>ﬁ<y,>/>{<x’*”> it (6X) > (¥,

g (10)
0,1) if (xX) < (yy).

Proposition 2. 1f (x,X') < (y,y) implies{x,X) A {y,y') = (x,X) for all (x,X'),{y,y’) € X and if an nx n IFM Q over X is
transitive and symmetric, that is®X Q, Q" = Q, then G = Q.
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Proof. Let an IFM Q = (g}, qf;) over X be transitive and symmetric, we g, df;) A (dij, o) = (qjj,dj;), So that
aij, o) A (aij» o) < (a3, o) From (aij, o) = (ij. o), we get(dij.df;) < (q;j, ;). Then

n n

k\:/l(<qik,qi’k>A<qkj,q’kj>) =V _(<Qik7qi/k>/\<qkj,q{<j>)]\/((qij,qi’j>/\<q“7qjj>)

k=1k#]
n

=V (<qik,qi’k>A<qk,-,qL,->) =[ Vv _(<qikaqi/k>/\<qkjaq|/<j>)]\/<qijvqi/j>)
k=1 k=1,k]
Therefore(q;j,d/;) < v <<Qik7Qilk> A <qkj,q{<j>) , = Q< Q% butwe haveQ? < Q. Thus,Q* = Q
k=1

Definition 10. An operation(x,x') < (y,y) € X is defined as below: For evefy,x), (y,y'),(z,Z) € X
(a) <Xaxl> = <yay,> then<y7yJ> A <X7X/> = <1a O>
(0) (X} = (YDA (YY) = (2Z)) =2 () X) = (zZ).

Example 5.Let X= {(x,X')[(0,1) < (x,x) < (1,0)},

<X7Xl> N <y7)/> = <maX{X7y}a mln{x’,)/}>
<X7Xl> A <y7)/> = <min{X7y}a max{x’,)/}>

)= <10/> ff xX) > (y,y), (1)
(xx) if (X, X) <(%,Y).

for every(x,x'), (y,y') € X. Then(x,x') < (y,y') if and only if (x,x') < (y,y’),
((6X) = YDA WY) = (22) = () X) = (2Z).

Proposition 3. For every(x, X'}, (y,¥'),(z Z) € X, if (x,X) =< {y,y'), then
(22) (YY) 2 (22) < (xX), (xX) < (22Z) 2 (yY)  (22),
Proof. From definition({z,Z) + (y,Y)}) A ({y,Y) + ) 2{(zZ) + (X, X).

-~ ><
><\
~

so that(z,Z) + (y,Y) 2 (zZ) «+ (x,X),
=2{yY) <« (zZ), sothat(x,X) + (z.Z) X({y,Y) + (z.Z).
,if (u

(u,U) = {y,y), then

%
Since(x,X) 2 (y,y'), we have(y,y') + (x,X') = (1,0),
In the same way(y,y') <= (x,X)) A ((x,X) = (2.Z))

Lemma 4.For every(x, X}, {y,y), (u,u'), (v,V') €
((xX) < (YD) A (U W) = (vV) = (6X) = (WV).
Proof.Let (x,X) + (y,y) = (x,X) + (u,u’), we get
(%X} = (Y) A (U U) = (V) 2 ((6X) 4= (U U) A ((UU) = (V) = (X X) = (WV).

Theorem 3.Let A and B be nx n IFMs over X. If A< B andA is commutative, then A- BT is transitive.

Proof.LetA= ((aj,&))), B= [(bij,b};)], andQ = [(gij, q;)] = A« B'. Then

n
qIJ qu /\ alk alk ((bikvb,jk>))'
k=1

By commutativity ofA

n

(an,di) Adai,ai) = A (((aiak)) < (b, b)) A ((an alk)) < ((bjk, b))
ket
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Using Lemma 4;

(@, &k)) < (b, b)) A (((@ aik)) < (bjk, b)) = (@i aik)  (bjk, bj) (12)

Therefore
(G, o) A (ary, i) = (aij, o)

Example 6.Let A= ClearlyA < B.

(0.2,0.7) <o.1,o.8>] AndB — [<o.4,o.5> (02,07)]
(0.3,0.6) (0.3,0.6) (0.5,0.4) (0.4,0.5)

BT l<0.4, 0.5) (0.5,0.4) (0.1,0.8) (0.1,0.8)
(0.2,0.7) (0.4,0.5) (0.3,0.6) (0.3,0.6)

] . Now,A«< BT = [ = A« BT is transitive.

4 Conclusion

In this paper problem of transitivity of GIFMs over path dige is discussed and some important properties are obtained
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