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Abstract: In this paper, generalized intuitionistic fuzzy matrices are considered as matrices over a special type of semiring which is
called path algebra. We introduce the concept of transitivity of generalized intuitionistic fuzzy matrices. Some algebraic properties of
generalized intuitionistic fuzzy matrices are developed.Also, we develop some properties of transitivity.
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1 Introduction

In real life scenario, we frequently deal with the information which is some times vague, some times inexact or imprecise

and occasionally insufficient. Zadeh’s classical concept of fuzzy sets [1] is strong enough to deal with such type of

problems. In fuzzy set theory, the membership of an element to a fuzzy set is a single value between zero and one.

However in reality, it may not be always true that the degree of non-membership of an element in a fuzzy set is equal to 1

minus the membership degree because there may be some hesitation degree. To overcome, these difficulties, Atanassov

[2,3] developed the theory of intuitionistic fuzzy sets (IFSs) as a generalization of fuzzy sets. Lot of research works were

done by several researchers on the field of IFSs.

Matrices play a vital role in various areas of science and Engineering. The classical matrix theory can not solve the

problems involving various types of uncertainties. That type of problems are solved by using fuzzy matrix (FM) [4]. Kim

and Roush [5] developed the concept of Generalized Fuzzy Matrices (GFMs). Transitive matrices are an important type

of generalized matrices which represent transitive relation [6,7,8,9,10]. Transitive relation plays an important role in

clustering, information retrieval, preference, and so on [9,11,12]. The transitivity problems of matrices over some

special semirings have been discussed by many authors [13,14,15,16,17,18,19,20]. Hashimoto [15] presented the

concept of transitive FMs and considered the convergence ofpowers of transitive FMs. Hashimoto [16] studied the

canonical form of a transitive FM. Xin [21,22] studied controllable FMs. Koodziejczy [17] gave the concept of

s-transitive FMs and considered the convergence of powers of s-transitive FMs. Tan [19,20] discussed the convergence

of powers of transitive lattice matrices. Jiang [23] studied the transitive incline matrices. Some elementaryproperties and

characterizations for transitive GFMs are established andtransitivity of powers of a GFM were discussed [24]. Pal [25]

introduced intuitionistic fuzzy determinant. Pal, et al.,[26] studied intuitionistic fuzzy matrices (IFMs). Khan and Pal

[27] studied intuitionistic fuzzy tautological matrices and also studied interval-valued IFMs [28]. Bhowmik and Pal [29,

30] introduced some results on IFMs and intuitionistic circulant FMs and GIFMs. Khan and Pal [31] introduced the

concept of generalized inverse for IFMs. Hong and Nae [32] studied some properties of canonical form of transitive

IFM. Some algebraic properties of GIFMs are presented over distributive lattice [33]. Some results are investigated

regarding the group inverse of IFMs [34]. Several authors [35,36,37,38,39,40,41,42,43,44,45,46,47,48] worked on
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IFMs and obtained various interesting results which are very useful in handling uncertainty problems in our daily life.

An interesting problem in the theory of IFM is the transitivity of GIFM. Many authors worked on this problem.

2 Definitions

Definition 1. [2] An Intuitionistic Fuzzy Set (IFS) A in X (universal set) is defined as an object of the following form

A= {〈x,µA(x),νA(x)〉/x∈ X}, where the functions:µA : X→ [0,1] andνA : X→ [0,1] define the membership function

and non-membership function of the element x∈ X respectively and for every x∈ X : 0≤ µA(x)+νA(x)≤ 1.

In short we write〈x,x′〉 as an intuitionistic fuzzy element withx+ x′ ≤ . For 〈x,x′〉,〈y,y′〉 ∈ IFS, Atanassov introduced

operations〈x,x′〉 ∨ 〈y,y′〉 = 〈max{x,y},min{x′,y′}〉, 〈x,x′〉 ∧ 〈y,y′〉 = 〈min{x,y},max{x′,y′}〉, if 〈x,x′〉 ≤ 〈y,y′〉 means

x ≤ y,x′ ≥ y′ and 〈x,x′〉 < 〈y,y′〉 if x < y and x′ > y′; in this case we say〈x,x′〉,〈y,y′〉 are comparable. For any two

comparable elements〈x,x′〉, 〈y,y′〉 ∈ IFS, the operations〈x,x′〉↽ 〈y,y′〉 and〈x,x′〉 ← 〈y,y′〉 are defined by

〈

x,x′
〉

↽
〈

y,y′
〉

=







〈x,x′〉 if 〈x,x′〉> 〈y,y′〉,

〈0,1〉 if 〈x,x′〉 ≤ 〈y,y′〉.
(1)

〈x,x′〉 ← 〈y,y′〉=







〈1,0〉 if 〈x,x′〉 ≥ 〈y,y′〉,

〈x,x′〉 if 〈x,x′〉< 〈y,y′〉.
(2)

Definition 2. [26] Let X= {x1,x2, ...xm} be a set of alternatives and Y= {y1,y2, ...yn} be the attribute set of each element

of X. An IFM is defined by A= (〈(xi ,y j),µA(xi ,y j ),νA(xi ,y j)〉) for i = 1,2...m and j= 1,2, ...n, whereµA : X×Y→ [0,1]

andνA : X×Y→ [0,1] satisfy the condition0≤ µA(xi ,y j)+νA(xi ,y j) ≤ 1. For simplicity we denote an IFM is a matrix

of pairs A= (
〈

ai j ,a′i j

〉

) of non negative real numbers satisfying ai j +a′i j ≤ 1 for all i , j. We denote the set of all IFM of

order m×n byFmn andFn denotes the set of IFM of order n×n.

Definition 3. For intuitionistic fuzzy matrices A= (
〈

ai j ,a′i j

〉

), B= (
〈

bi j ,b′i j

〉

), C= (
〈

ci j ,c′i j

〉

) ∈Fmn .

Some matrix operations are given below

A∧B= (
〈

ai j ∧bi j ,a
′
i j ∨b′i j

〉

)

A×C= (
n
∨

k=1

(

(〈aik,a
′
ik〉)∧ (〈ck j,c

′
k j〉)
)

)

A
c
↽ B= (〈ai j ,a

′
i j 〉

c
↽ 〈bi j ,b

′
i j 〉)

Definition 4. For IFMs A= (〈ai j ,a′i j )(m×l) and C= (〈ci j ,c′i j )(n×l) over X, A←C is defined as follows

A←C=

(

n
∧

k=1

(

〈aik,a
′
ik〉 ← 〈ck j,c

′
k j〉
)

)

(m×l)

.

Definition 5. An intuitionistic fuzzy algebra (IFA) is a mathematical system (A,∨,∧) with two binary operations∨, ∧

defined on a set A satisfying the following properties.

(1) Idempotence〈a,a′〉∨ 〈a,a′〉= 〈a,a′〉, 〈a,a′〉∧ 〈a,a′〉= 〈a,a′〉
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(2) Commutativity〈a,a′〉∨ 〈b,b′〉= 〈b,b′〉∨ 〈a,a′〉, 〈a,a′〉∧ 〈b,b′〉= 〈b,b′〉∧ 〈a,a′〉

(3) Associativity〈a,a′〉∨ (〈b,b′〉∨ 〈c,c′〉) = (〈a,a′〉∨ 〈b,b′〉)∨〈c,c′〉,

〈a,a′〉∧ (〈b,b′〉∧ 〈c,c′〉) = (〈a,a′〉∧ 〈b,b′〉)∧〈c,c′〉

(4) Absorption〈a,a′〉∨ (〈a,a′〉∧ 〈b,b′〉) = 〈a,a′〉, 〈a,a′〉∧ (〈a,a′〉∨ 〈b,b′〉) = 〈a,a′〉

(5) Distributivity 〈a,a′〉∨ (〈a,a′〉∧ 〈c,c′〉) = (〈a,a′〉∨ 〈b,b′〉)∧ (〈a,a′〉∨ 〈c,c′〉).

〈a,a′〉∧ (〈a,a′〉∨ 〈c,c′〉) = (〈a,a′〉∧ 〈b,b′〉)∨ (〈a,a′〉∧ 〈c,c′〉).

(6) Universal bounds

〈a,a′〉∨ 〈0,1〉= 〈a,a′〉, 〈a,a′〉∨ 〈1,0〉= 〈1,0〉, 〈a,a′〉∧ 〈0,1〉= 〈0,1〉, 〈a,a′〉∧ 〈1,0〉= 〈a,a′〉

3 Results

In the IFA, we omit some of the condition and we define the following and study some important results using this new

structure.

Definition 6. Let X be a set and a few〈0,1〉,〈1,0〉 and all〈x,x′〉,〈y,y′〉,〈z,z′〉 ∈X, operations∧ and∨ satisfy the following

properties

〈x,x′〉∨ 〈y,y′〉 ∈ X, 〈x,x′〉∧ 〈y,y′〉 ∈ X
〈

x,x′
〉

∨
〈

y,y′
〉

=
〈

y,y′
〉

∨
〈

x,x′
〉

(
〈

x,x′
〉

∨
〈

y,y′
〉

)∨
〈

z,z′
〉

=
〈

x,x′
〉

∨ (
〈

y,y′
〉

∨
〈

z,z′
〉

)

(
〈

x,x′
〉

∧
〈

y,y′
〉

)∧
〈

z,z′
〉

=
〈

x,x′
〉

∧ (
〈

y,y′
〉

∧
〈

z,z′
〉

)
〈

x,x′
〉

∧ (
〈

y,y′
〉

∨
〈

z,z′
〉

) = (
〈

x,x′
〉

∧
〈

y,y′
〉

)∨ (
〈

x,x′
〉

∧
〈

z,z′
〉

),

(
〈

x,x′
〉

∨
〈

y,y′
〉

)∧
〈

z,z′
〉

= (
〈

x,x′
〉

∧
〈

z,z′
〉

)∨ (
〈

y,y′
〉

∧
〈

z,z′
〉

),
〈

x,x′
〉

∨
〈

x,x′
〉

=
〈

x,x′
〉

〈

x,x′
〉

∨〈0,1〉=
〈

x,x′
〉

〈

x,x′
〉

∧〈0,1〉= 〈0,1〉∧
〈

x,x′
〉

= 〈0,1〉
〈

x,x′
〉

∧〈1,0〉= 〈1,0〉∧
〈

x,x′
〉

=
〈

x,x′
〉

Note 1.The Definition 6, does not contain〈x,x′〉∧〈y,y′〉= 〈y,y′〉∧〈x,x′〉 , 〈x,x′〉∧〈x,x′〉= 〈x,x′〉 and〈x,x′〉∨〈1,0〉= 〈1,0〉

Definition 7. For every〈x,x′〉,〈y,y′〉 ∈ X, 〈x,x′〉 � 〈y,y′〉 if and only if〈x,x′〉∨〈y,y′〉= 〈y,y′〉. Here it is not necessary that

〈x,x′〉∧ 〈y,y′〉= 〈x,x′〉 .

Definition 8. A� B if and only if
〈

ai j ,a′i j

〉

�
〈

ai j ,a′i j

〉

for all i , j.

Remark.Let Q be IFMn×n overX, thenQ is transitive iffQ2 = Q×Q�Q.

Remark.Let Q= (
〈

qi j ,q′i j

〉

) be ann×n IFM overX is transitive if and only if
〈

qik,q′ik
〉

∧
〈

qk j,q′k j

〉

�
〈

qi j ,q′i j

〉

for all

k.

Remark.An IFM which satisfies the conditions of Definition 6, only is called GIFM.
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Lemma 1.The following results are trivial from Definition 6. Let〈x,x′〉 ,〈y,y′〉 ,〈z,z′〉 ,〈u,u′〉 ,〈v,v′〉 ∈ X,

(a) if 〈x,x′〉 � 〈y,y′〉,〈y,y′〉 � 〈z,z′〉 ,then〈x,x′〉 � 〈z,z′〉 ,

(b) if 〈x,x′〉 � 〈y,y′〉,〈u,u′〉 � 〈v,v′〉 ,then〈x,x′〉∨ 〈u,u′〉 � 〈y,y′〉∨ 〈v,v′〉 , 〈x,x′〉∧ 〈u,u′〉 � 〈y,y′〉∧ 〈v,v′〉 ,

(c) if 〈x,x′〉 � 〈y,y′〉,〈y,y′〉 � 〈x,x′〉 , then〈x,x′〉= 〈y,y′〉 ,

Theorem 1.Let 〈x,x′〉∗ 〈y,y′〉 ∈ X be an operation such that

(
〈

x,x′
〉

∗
〈

y,y′
〉

)∧ (
〈

u,u′
〉

∗
〈

v,v′
〉

)� (
〈

x,x′
〉

∧
〈

u,u′
〉

)∗ (
〈

y,y′
〉

∧
〈

v,v′
〉

)

and if 〈x,x′〉 � 〈y,y′〉,〈u,u′〉 � 〈v,v′〉, then〈x,x′〉 ∗ 〈u,u′〉 � 〈y,y′〉 ∗ 〈v,v′〉 for every〈x,x′〉 ,〈y,y′〉 ,〈u,u′〉 ,〈v,v′〉 ∈ X.

If Q and S are transitive then Q∗S, is transitive, where Q∗S is defined component-wise.

Proof.SinceQ andSare transitive, we have

〈qik,q
′
ik〉∧ 〈qk j,q

′
k j〉 � 〈qi j ,q

′
i j 〉, 〈sik,s

′
ik〉∧ 〈sk j,s

′
k j〉 � 〈si j ,s

′
i j 〉

By applying the properties of∗,

(
〈

qik,q
′
ik

〉

∧
〈

qk j,q
′
k j

〉

)∗ (
〈

sik,s
′
ik

〉

∧
〈

sk j ,s
′
k j

〉

)�
〈

qi j ,q
′
i j

〉

∗
〈

si j ,s
′
i j

〉

so that

(
〈

qik,q
′
ik

〉

∧
〈

sik,s
′
ik

〉

)∗ (
〈

qk j,q
′
k j

〉

∧
〈

sk j ,s
′
k j

〉

)�
〈

qi j ,q
′
i j

〉

∗
〈

si j ,s
′
i j

〉

From Remark 2;Q∗S is transitive.

Example 1.X = {〈x,x′〉 | 〈0,1〉 ≤ 〈x,x′〉 ≤ 〈1,0〉},

〈

x,x′
〉

∨
〈

y,y′
〉

=
〈

min{x,y},max{x′,y′}
〉

〈

x,x′
〉

∧
〈

y,y′
〉

=
〈

min{x+ y,1} ,max
{

1− (x′+ y′),0
}〉

〈

x,x′
〉

∗
〈

y,y′
〉

=
〈

max{x,y},min{x′,y′}
〉

for every
〈

x,x′
〉

,
〈

y,y′
〉

∈ X. Then
〈

x,x′
〉

�
〈

y,y′
〉

if and only if
〈

x,x′
〉

≥
〈

y,y′
〉

(
〈

x,x′
〉

∗
〈

y,y′
〉

)∧ (
〈

u,u′
〉

∗
〈

v,v′
〉

)� (
〈

x,x′
〉

∧
〈

u,u′
〉

)∗ (
〈

y,y′
〉

∧
〈

v,v′
〉

)

Corollary 1. Let Q and S be n×n transitive IFMs,∧ is commutative, then Q∧S is transitive.

Corollary 2. Let f(〈x,x′〉) ∈ X be a function such that

f (〈x,x′〉)∧ f (〈y,y′〉)� f (〈x,x′〉∧ 〈y,y′〉)

and if 〈x,x′〉 � 〈y,y′〉 then f(〈x,x′〉) � f (〈y,y′〉) for all 〈x,x′〉, 〈y,y′〉 ∈ X. If Q is transitive, then f(Q) is transitive, where

f (Q) = [ f (〈qi j ,q′i j 〉)]

Example 2.Let X = {〈x,x′〉|〈0,1〉 ≤ 〈x,x′〉 ≤ 〈1,0〉} .

Let 〈x,x′〉∨ 〈y,y′〉= 〈max{x,y} ,min{x′,y′}〉 and〈x,x′〉∧ 〈y,y′〉= 〈x,x′〉〈y,y′〉= 〈xy,x′y′〉

f (〈x,x′〉) = 〈c,c′〉〈x,x′〉= 〈cx,c′x′〉, 〈c,c′〉 ∈ X for all 〈x,x′〉,〈y,y′〉 ∈ X.⇒ 〈x,x′〉 � 〈y,y′〉 iff 〈x,x′〉 ≤ 〈y,y′〉

f (〈x,x′〉)∧ f (〈y,y′〉) = 〈c,c′〉〈x,x′〉〈c,c′〉〈y,y′〉= 〈c2,c′2〉〈x,x′〉〈y,y′〉, and f (〈x,x′〉∧ 〈y,y′〉) = 〈c,c′〉〈x,x′〉〈y,y′〉.

Thus f (〈x,x′〉)∧ f (〈y,y′〉)� f (〈x,x′〉∧ 〈y,y′〉).
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Proposition 1.If 〈x,x′〉 ,〈y,y′〉 ,〈u,u′〉 ,〈v,v′〉 ∈X, 〈x,x′〉∗ 〈x,x′〉= 〈x,x′〉, 〈x,x′〉∗ 〈y,y′〉 � 〈x,x′〉, 〈x,x′〉∗ 〈y,y′〉 � 〈y,y′〉,

and〈x,x′〉 � 〈y,y′〉, 〈u,u′〉 � 〈v,v′〉,⇒ 〈x,x′〉 ∗ 〈u,u′〉 � 〈y,y′〉 ∗ 〈v,v′〉, then

(a) 〈x,x′〉∗ 〈y,y′〉= 〈y,y′〉 ∗ 〈x,x′〉,

(b) (〈x,x′〉 ∗ 〈y,y′〉)∧ (〈u,u′〉 ∗ 〈v,v′〉)� (〈x,x′〉∧ 〈u,u′〉)∗ (〈y,y′〉∧ 〈v,v′〉)

(c) 〈x,x′〉 � 〈y,y′〉 ⇒ 〈x,x′〉 ∗ 〈y,y′〉= 〈x,x′〉

Proof. (a) By 〈x,x′〉 ∗ 〈y,y′〉 � 〈y,y′〉, and〈x,x′〉∗ 〈y,y′〉 � 〈x,x′〉, we get

(〈x,x′〉 ∗ 〈y,y′〉)∗ (〈x,x′〉 ∗ 〈y,y′〉)� (〈y,y′〉 ∗ 〈x,x′〉)⇒ (〈x,x′〉∗ 〈y,y′〉)� (〈y,y′〉∗ 〈x,x′〉).

Similarly we can prove(〈y,y′〉 ∗ 〈x,x′〉)� (〈x,x′〉∗ 〈y,y′〉). Hence〈x,x′〉 ∗ 〈y,y′〉= 〈y,y′〉 ∗ 〈x,x′〉.

(b) 〈x,x′〉 ∗ 〈y,y′〉 � 〈x,x′〉, and〈u,u′〉 ∗ 〈v,v′〉 � 〈u,u′〉, we get(〈x,x′〉 ∗ 〈y,y′〉)∧ (〈u,u′〉 ∗ 〈v,v′〉)� (〈x,x′〉∧ 〈u,u′〉)

Similarly we can prove that,(〈x,x′〉∗ 〈y,y′〉)∧ (〈u,u′〉 ∗ 〈v,v′〉)� (〈y,y′〉∧ 〈v,v′〉)

Hence〈x,x′〉 ∗ 〈y,y′〉∧ 〈u,u′〉 ∗ 〈v,v′〉 � (〈x,x′〉∧ 〈u,u′〉)∗ (〈y,y′〉∧ 〈v,v′〉).

(c) Let 〈x,x′〉 � 〈y,y′〉 we get, We know that〈x,x′〉 ∗ 〈x,x′〉= 〈x,x′〉,

⇒ 〈x,x′〉 ∗ 〈x,x′〉 � 〈x,x′〉 ∗ 〈y,y′〉 � 〈x,x′〉= 〈x,x′〉 ∗ 〈x,x′〉,⇒ 〈x,x′〉 ∗ 〈y,y′〉= 〈x,x′〉∗ 〈x,x′〉.

Hence〈x,x′〉 ∗ 〈y,y′〉= 〈x,x′〉 .

Definition 9. An operation〈x,x′〉↽ 〈y,y′〉 ∈ X satisfies the below condition, for every〈x,x′〉,〈y,y′〉,〈z,z′〉 ∈ X, if 〈x,x′〉 �

〈y,y′〉, then〈x,x′〉↽ 〈y,y′〉= 〈0,1〉, 〈z,z〉↽ 〈y,y′〉 � 〈z,z′〉↽ 〈x,x′〉, 〈x,x′〉↽ 〈z,z′〉 � 〈y,y′〉↽ 〈z,z′〉

Lemma 2. If for every〈x,x′〉,〈y,y′〉,〈u,u′〉,〈v,v′〉 ∈ X, 〈x,x′〉 � 〈y,y′〉 and

〈u,u′〉 � 〈v,v′〉, then〈x,x′〉↽ 〈v,v′〉 � 〈y,y′〉↽ 〈u,u′〉

Proof.By the Definition 9, we get〈x,x′〉↽ 〈v,v′〉 � 〈x,x′〉↽ 〈u,u′〉 � 〈y,y′〉↽ 〈u,u′〉

Lemma 3.Let∧ be idempotent and〈1,0〉∨ 〈x,x′〉= 〈1,0〉 for all 〈x,x′〉 ∈ X, then for every〈x,x′〉,〈y,y′〉 ∈ X

(a) 〈x,x′〉∧ 〈y,y′〉 � 〈y,y′〉,

(b) 〈x,x′〉∧ 〈y,y′〉 � 〈x,x′〉

(c) 〈x,x′〉∧ 〈y,y′〉= 〈y,y′〉∧ 〈x,x′〉

(d) 〈x,x′〉 � 〈y,y′〉 ⇒ 〈x,x′〉∧ 〈y,y′〉= 〈x,x′〉

Proof. (a) From〈1,0〉∨ 〈x,x′〉= 〈1,0〉 we get〈x,x′〉 � 〈1,0〉,⇒ 〈x,x′〉∧ 〈y,y′〉 � 〈1,0〉∧ 〈y,y′〉= 〈y,y′〉.

(b) From〈1,0〉∨ 〈y,y′〉= 〈1,0〉, we get〈y,y′〉 � 〈1,0〉, so that〈x,x′〉∧ 〈y,y′〉 � 〈x,x′〉∧ 〈1,0〉= 〈x,x′〉.

(c)-(d) From (a), (b) and Proposition 1.

Obviously, if〈x,x′〉∧〈y,y′〉 � 〈y,y′〉 for every〈x,x′〉,〈y,y′〉 ∈ X, then〈x,x;〉∧〈1,0〉 � 〈1,0〉, so that〈1,0〉∨〈x,x′〉= 〈1,0〉

Theorem 2.Let� be connected that is,〈x,x′〉 � 〈y,y′〉 or 〈y,y′〉 � 〈x,x′〉 for every〈x,x′〉,〈y,y′〉 ∈ X, ∧ is idempotent,

〈1,0〉 ∨ 〈x,x′〉 = 〈1,0〉 for all 〈x,x′〉 ∈ X and if n× n IFMs Q and S over X are transitive and Q� S, then Q
c
↽ ST is

transitive IFM, where ST is the transpose of S.

Proof.Let Q= (〈qi j ,q′i j 〉) andS= (〈si j ,s′i j 〉), we have to prove that,

(〈qik,q
′
ik〉

c
↽ 〈ski,s

′
ki〉)∧ (〈qk j,q

′
k j〉

c
↽ 〈sjk,s

′
jk〉)� (〈qi j ,q

′
i j 〉

c
↽ 〈sji ,s

′
ji 〉) (3)

Case (1):〈sji ,s′ji 〉 � 〈qk j,q′k j〉 � 〈qik,q′ik〉. Since〈qik,q′ik〉 � 〈sik,s′ik〉 by Lemma 3 and transitivity of S,

〈sji ,s
′
ji 〉= 〈sji ,s

′
ji 〉∧ 〈sik,s

′
ik〉 � 〈sjk,s

′
jk〉 (4)

By transitivity of Q,

〈qik,q
′
ik〉∧ 〈qk j,q

′
k j〉 � 〈qi j ,q

′
i j 〉, (5)
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so that〈qk j,q′k j〉 � 〈qi j ,q′i j 〉. By using Lemma 2, we get(〈qk j,q′k j〉
c
↽ 〈sjk,s′jk〉)� (〈qi j ,q′i j 〉

c
↽ 〈sji ,s′ji 〉)

By Lemma 3 we get (3).

Case (2):〈sji ,s′ji 〉 � 〈qik,q′ik〉 � 〈qk j,q′k j〉. Since〈qk j,q′k j〉 � 〈sk j ,s′k j〉

〈sji ,s
′
ji 〉= 〈sk j,s

′
k j〉∧ 〈sji ,s

′
ji 〉 � 〈ski,s

′
ki〉 (6)

By (4) 〈qik,q′ik〉 � 〈qi j ,q′i j 〉. Hence(〈qik,q′ik〉
c
↽ 〈ski,s′ki〉)� (〈qi j ,q′i j 〉

c
↽ 〈sji ,s′ji 〉). Thus we get (3)

Case (3):〈qk j,q′k j〉 � 〈sji ,s′ji 〉 � 〈qik,q′ik〉 or 〈qk j,q′k j〉 � 〈qik,q′ik〉 � 〈sji ,s′ji 〉, then

〈qk j,q
′
k j〉 � (〈sji ,s

′
ji 〉∧ 〈sik,s

′
ik〉)� 〈sjk,s

′
jk〉 (7)

⇒ (〈qk j,q′k j〉
c
↽ 〈sjk,s′jk〉) = (〈0,1〉).

Case (4):〈qik,q′ik〉 � 〈sji ,s′ji 〉 � 〈qk j,q′k j〉 or 〈qik,q′ik〉 � 〈qk j,q′k j〉 � 〈sji ,s′ji 〉. Then

〈qik,q
′
ik〉 � (〈sk j ,s

′
k j〉∧ 〈sji ,s

′
ji 〉)� 〈ski,s

′
ki〉, (8)

⇒ (〈qik,q′ik〉
c
↽ 〈ski,s′ki〉) = (〈0,1〉).

Obviously, by the conditions of Theorem 2;Q
c
↽ ST is irreflexive, that is, all diagonal elements are〈0,1〉.

Example 3.Consider Q and S transitive IFMs

Q=

[

〈0.3,0.6〉 〈0.1,0.8〉

〈0.4,0.5〉 〈0.3,0.6〉

]

, S=

[

〈0.4,0.5〉 〈0.2,0.7〉

〈0.5,0.4〉 〈0.4,0.5〉

]

. ClearlyQ� S ST =

[

〈0.4,0.5〉 〈0.5,0.4〉

〈0.2,0.7〉 〈0.4,0.5〉

]

,

Q
c
↽ ST =

[

〈0.3,0.6〉 〈0.1,0.8〉

〈0.4,0.5〉 〈0.3,0.6〉

]

c
↽

[

〈0.4,0.5〉 〈0.5,0.4〉

〈0.2,0.7〉 〈0.4,0.5〉

]

, Q
c
↽ ST =

[

〈0,1〉 〈0,1〉

〈0.3,0.6〉 〈0,1〉

]

Therefore,Q c
↽ ST is transitive IFM.

Example 4.We define

X= {〈x,x′〉|〈0,1〉 ≤ 〈x,x′〉 ≤ 〈1,0〉} ,

〈x,x′〉↽ 〈y,y′〉=







〈x− y,y′− x′〉 if 〈x,x′〉> 〈y,y′〉,

〈0,1〉 if 〈x,x′〉 ≤ 〈y,y′〉.
(9)

〈x,x′〉∨ 〈y,y′〉= 〈max{x,y},min{x′,y′}〉

〈x,x′〉∧ 〈y,y′〉= 〈min{x,y},max{x′,y′}〉

for every〈x,x′〉,〈y,y′〉 ∈ X.That means above operation〈x,x′〉↽ 〈y,y′〉 satisfies the conditions of Remark 1. An operation

〈x,x′〉↽ 〈y,y′〉 also satisfies the properties as below;

〈x,x′〉↽ 〈y,y′〉=







〈x,x′〉 if 〈x,x′〉> 〈y,y′〉,

〈0,1〉 if 〈x,x′〉 ≤ 〈y,y′〉.
(10)

Proposition 2. If 〈x,x′〉 � 〈y,y′〉 implies〈x,x′〉∧ 〈y,y′〉 = 〈x,x′〉 for all 〈x,x′〉,〈y,y′〉 ∈ X and if an n×n IFM Q over X is

transitive and symmetric, that is Q2�Q, QT = Q, then Q2 = Q.
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Proof. Let an IFM Q = 〈qi j ,q′i j 〉 over X be transitive and symmetric, we get〈q ji ,q′ji 〉 ∧ 〈qi j ,q′i j 〉 � 〈q j j ,q′j j 〉, so that

〈qi j ,q′i j 〉∧ 〈qi j ,q′i j 〉 � 〈q j j ,q′j j 〉. From〈qi j ,q′i j 〉 � 〈qi j ,q′i j 〉, we get〈qi j ,q′i j 〉 � 〈q j j ,q′j j 〉. Then
n
∨

k=1

(

〈qik,q′ik〉∧ 〈qk j,q′k j〉
)

= [
n
∨

k=1,k6= j

(

〈qik,q′ik〉∧ 〈qk j,q′k j〉)]∨ (〈qi j ,q′i j 〉∧ 〈q j j ,q j j 〉
)

⇒
n
∨

k=1

(

〈qik,q′ik〉∧ 〈qk j,q′k j〉
)

= [
n
∨

k=1,k6= j

(

〈qik,q′ik〉∧ 〈qk j,q′k j〉)]∨〈qi j ,q′i j 〉
)

Therefore,〈qi j ,q′i j 〉 �
n
∨

k=1

(

〈qik,q′ik〉∧ 〈qk j,q′k j〉
)

,⇒Q≤Q2, but we haveQ2≤Q. Thus,Q2 = Q

Definition 10. An operation〈x,x′〉 ← 〈y,y′〉 ∈ X is defined as below: For every〈x,x′〉,〈y,y′〉,〈z,z′〉 ∈ X,

(a) 〈x,x′〉 � 〈y,y′〉 then〈y,y′〉 ← 〈x,x′〉= 〈1,0〉

(b) (〈x,x′〉 ← 〈y,y′〉)∧ (〈y,y′〉 ← 〈z,z′〉)� 〈x,x′〉 ← 〈z,z′〉.

Example 5.Let X= {〈x,x′〉|〈0,1〉 ≤ 〈x,x′〉 ≤ 〈1,0〉} ,

〈x,x′〉∨ 〈y,y′〉= 〈max{x,y},min{x′,y′}〉

〈x,x′〉∧ 〈y,y′〉= 〈min{x,y},max{x′,y′}〉

〈x,x′〉 ← 〈y,y′〉=







〈1,0〉 if 〈x,x′〉 ≥ 〈y,y′〉,

〈x,x′〉 if 〈x,x′〉< 〈y,y′〉.
(11)

for every〈x,x′〉,〈y,y′〉 ∈ X. Then〈x,x′〉 � 〈y,y′〉 if and only if 〈x,x′〉 ≤ 〈y,y′〉,

(〈x,x′〉 ← 〈y,y′〉)∧ (〈y,y′〉 ← 〈z,z′〉)� 〈x,x′〉 ← 〈z,z′〉.

Proposition 3.For every〈x,x′〉,〈y,y′〉,〈z,z′〉 ∈ X, if 〈x,x′〉 � 〈y,y′〉, then

〈z,z′〉 ← 〈y,y′〉 � 〈z,z′〉
c
↽ 〈x,x′〉, 〈x,x′〉 ← 〈z,z′〉 � 〈y,y′〉 ← 〈z,z′〉,

Proof.From definition(〈z,z′〉 ← 〈y,y′〉)∧ (〈y,y′〉 ← 〈x,x′〉)� 〈z,z′〉 ← 〈x,x′〉.

Since〈x,x′〉 � 〈y,y′〉, we have〈y,y′〉 ← 〈x,x′〉= 〈1,0〉, so that〈z,z′〉 ← 〈y,y′〉 � 〈z,z′〉 ← 〈x,x′〉,

In the same way(〈y,y′〉 ← 〈x,x′〉)∧ (〈x,x′〉 ← 〈z,z′〉)� 〈y,y′〉 ← 〈z,z′〉, so that〈x,x′〉 ← 〈z,z′〉 � 〈y,y′〉 ← 〈z,z′〉.

Lemma 4.For every〈x,x′〉,〈y,y′〉,〈u,u′〉,〈v,v′〉 ∈ X, if 〈u,u′〉 � 〈y,y′〉, then

(〈x,x′〉 ← 〈y,y′〉)∧ (〈u,u′〉 ← 〈v,v′〉)� 〈x,x′〉 ← 〈v,v′〉.

Proof.Let 〈x,x′〉 ← 〈y,y′〉 � 〈x,x′〉 ← 〈u,u′〉, we get

(〈x,x′〉 ← 〈y,y′〉)∧ (〈u,u′〉 ← 〈v,v′〉)� (〈x,x′〉 ← 〈u,u′〉)∧ (〈u,u′〉 ← 〈v,v′〉)� 〈x,x′〉 ← 〈v,v′〉.

Theorem 3.Let A and B be m×n IFMs over X. If A� B and∧ is commutative, then A← BT is transitive.

Proof.Let A= (〈ai j ,a′i j 〉), B= [〈bi j ,b′i j 〉], andQ= [〈qi j ,q′i j 〉] = A← BT . Then

〈qi j ,q
′
i j 〉=

n
∧

k=1

(

(〈aik,a
′
ik〉)← (〈b jk,b

′
jk〉)
)

.

By commutativity of∧

〈qil ,q
′
il 〉∧ 〈ql j ,q

′
l j 〉=

n
∧

k=1

(

(〈aik,a
′
ik〉)← (〈blk,b

′
lk〉)∧ (〈alk,a

′
lk〉)← (〈b jk,b

′
jk〉)
)
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Using Lemma 4;

((〈aik,a
′
ik〉)← (blk,b

′
lk〉))∧ ((〈alk,a

′
lk〉)← (b jk,b

′
jk〉))� 〈aik,a

′
ik〉 ← 〈b jk,b

′
jk〉 (12)

Therefore

〈qil ,q
′
il 〉∧ 〈ql j ,q

′
l j 〉 � 〈qi j ,q

′
i j 〉.

Example 6.Let A=

[

〈0.2,0.7〉 〈0.1,0.8〉

〈0.3,0.6〉 〈0.3,0.6〉

]

andB=

[

〈0.4,0.5〉 〈0.2,0.7〉

〈0.5,0.4〉 〈0.4,0.5〉

]

. ClearlyA� B.

BT =

[

〈0.4,0.5〉 〈0.5,0.4〉

〈0.2,0.7〉 〈0.4,0.5〉

]

. Now,A← BT =

[

〈0.1,0.8〉 〈0.1,0.8〉

〈0.3,0.6〉 〈0.3,0.6〉

]

⇒ A← BT is transitive.

4 Conclusion

In this paper problem of transitivity of GIFMs over path algebra is discussed and some important properties are obtained.
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