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Abstract: The Schur complement theory is very important in many araehl as statistics, matrix analysis, numerical analysid, an
control theory. Itis a powerful tool to discuss many sigmifitresults. This paper deals with the inequalities invig\block Hadamard
product of positive definite matrices. By using the defimitémd the properties of block Hadamard product, we obtaifulisequalities

on the Schur complement of the block Hadamard product of tegitipe definite matrices and their inverses. Finally, weegome
numerical examples which confirm our theoritical analysis.
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1 Introduction

Let M be the space afn x n matrices with complex entries arp q(Mmn) be the space op x q block matrices
A= (Ao,,[;)B:l"”’p whosea, 8 entry belongs tdmp, for m,n, p,q € Z*. If m=n, then we denot#, , by M, andp=q

a=1,...,
we denoteM , g by M. Also we denote th@n x pnidentity matrix ad . If A > 0, we say thaA is positive definite, and

if A>BorB < A, we say thalA — B > 0 for positive definite matriceA andB.

Leta c {1,2,...,p}, B € {1,2,...,q} be the index sets and® = {1,2,...,p}\a , B = {1,2,...,q}\B be the
complements ofr andf, and their cardinalities afer| and|B|.

Let A(a, B) denote the block submatrix & with the block rows indexed bg and the block columns indexed I8y As
usual we writeA(a) for A(a, a).

By using the definition of Schur complement introduced4y yve will give the block form of the Schur complement as
follows:

If |a| =|B| andA(a, B) is nonsingular then the block of the Schur complemek@, ) in Ais
A/A(a,B) = Aa®,B°) — A(a®, B)(A(a, B)) 'A(a, B%).

It is often convenient to writd/a for A/A(a).
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Definition 1. Let A= (A4p), B = (Byg) € Mpq Where each block is an x n matrix with complex entries. The block
Hadamard product oAfAandBis

=1,..,

ACIB = (AqsBqp)h 31

where A, 3B, g denotes the usual matrix produé, B].

If every n x n block of A commutes with every x n block of B then we call these matrices block commuting and we
denote this byA,B.

Gunter and Klotz 1 in Proposition 3.4 proved the inequality
(AOB)1 < A-10B. Through the following lemma, we will prove this inequalitya different way.

2 Theory and main results

Lemma 1.LetA, B € My(My) andC, D € M 4(M) be positive definite matrices such ti#gtB andC;,:D. Then

(COD)(ADB) }(COD)* < (CAC*)0(DB1D%). (1)
In particular
(AOB) 1 <A lOB? (2)
and
(COD)(COD)* < (CC*)0(DD*). 3)
Proof. Let

- A C " B D*
A= B—
(c CA10*> ’ (D DBlD*>

ThenA andB are positive semidefinite and

~_ - (ADB c'OD*
= >
ALB <CDD (CA1C*)D(DBlD*)> =0

Taking the Schur complement ¢f, 1) block in ACIB
(CA-c)O(pB 1D*) — (COD)(AOB) }(C*OD*) >0

and
(COD)(ADB) }(C*D*) < (CA~1C*)J(DB~!D*)

are obtained. By using the block form i8] [and choosing the matric€andD as the identity matrikq in the inequality
(1) , we have
(AOB) 1 <A lOB L.

Similarly, when we writd q instead ofA andB in (1) ,

(COD)(COD)* < (CC*)CI(DDY).
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is obtained. O
Theorem 1.Let A B € Mp(M;) be positive definite matrices such tifa:B. Then

(AOB)/a > A/alB/a. 4)

A A; B; B,
A = B =
(As A4) <53 34)

ALB — (Almsl AZDBZ) |

Proof. Consider the partition

and

A3[1B3 A4[1B,
Since there exists a permutation matdxsuch thalJTAU /A(a) = A/a, we useA/a = A/A; andB/a = B/B; and
(AOB)/a = (AOB)/A;C0B;. Then
(ACB)/A100B; = AqIB4 — (AsIB3) (A100By ) H(A201By)
by the Lemmal we get
(ACB)/A100B; > A4IB, — (AgA; "A2)0(B3B; 'By)

and since
AsA['A;=As—A/A; >0  B3B;'B,=B4—B/By >0

(ACIB)/A1CIB, > AyCIB, — (AgA; *A2)C)(B3B; 'By)
= A400Bs — (As—A/A;1)0(B4—B/B4)
= (A/A1)OB4 + (As—A/A1)(B/By)
> (A/AJOB,)
> (A/A))D(B/By)

and therefore, (4) follows. O

Corollary 1. Let A B € My(M,) be positive definite matrices such ti#g:B. Then

() (ADB)™/a < [(AUB)/a]™L < (A/a O B/a)~* < (A/a)0(B/a)~
(i) (ADB)Y/a < (A"Y/a)0(B~Y/a) < (A/a)0(B/a)

Proof. (i) SinceA ! /a < (A/a)~!, then
(AOB)*/a < [(ADB)/a] ™.

The second inequality
[(ADB)/a]™* < (A/a O B/a)™

follows from Theorend . The last inequality is a consequence of Lenfina

e~

(i) Let us partitionA andB as in Lemmal . To avoid the confusion, we shall use the nota#qnlB,, that is used in3],
in place of(ACIB)/a, which is the Schur complement ¢, 1) block of ACB andA;, B; are the Schur complements of
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the (1,1) blocks of A B. Similarly, A:,/B: andA:ﬁE“ mean that the Schur complement(@ 2) block of A, B and

ACIB, respectively. Hence
—~-1 ~1
A71 _ A4 * B,]_ _ B4 *
- —~-=11> - —~—-1
* A]_ * B]_

(AOIBy) _x
* (A10By) 1

and

(AOB) 1= (

where * denotes entries irrelevant to our discussion, that i

e~
e~

(AOBs) L= (AOB);},  (A4OIBy) 1= (ADB) ]

or .
(AfCBy)-! = AOB,.
(A4TIBy) 1 = (AJTIBy) L < A,'0IB,
_ ’A‘-’471|:| ?B‘-‘;fl
= (AH)10B )
=(A/a)0(B /a).
By using Theoeren ,

(AY/a)O(BY/a) < (A OB Y)/a

is written. For the last inequality , we partitidkr ‘0B~ as follows

1 M N
A 0B "= _—1 1
N*A; 0B,
M andN any matrices. Then
(A OB Y /a = (A10B™Y),
—A, 0B "—N'M-IN
~1 1
<A; 0OB;
= (AJa) 'O(B/a)™t.
O
Corollary 2. LetA>0,B > 0& My(Mpn) andAy,B. Then
(ACB)/a] < (A'0BY)/a
Proof. According to Theoremt ,

[(ADB)/A0IBy] > (A/Aq)0By,t
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then

[(ADB)/A(OBy] ! < [(A/AL)TBy)

(A/A)DC(B™/By) 171

A/A) 0B 1/By)

A0(B1/By)

AC(B™1/By) +AO[(B/By) * —B1/By).

[
[
(

IN

IN

SinceAy B, the right hand side of the last inequality equals
(B™/B1)0As+[(B/B1) * —B™/Bi|0A,.
Then
[(ADIB)/A100By]~* < (B™*/B1)DAs+[(B/By) ™ — B~*/ByJJAs < (A 0B ) /A1IBy.

This completes the proof.O0

Example 1.Suppose thah, B € M»(M,) be positive definite matrices such that

52.10 31-10

23.01 12.01

A:<A11A12): R (BnBlz): o
Aot Az 10.52 Bo1 B2 10.31
01-23 01-12

For the Theorem, let
a={1}, B={1}, a°={2}, B°={2}.

By using this partition, we find that

_ (107/55 24/55
(AOB)/a —A/alB/a = <24/55 83/55)

is a hermitian matrix with eigenvaludg = 1.2394, A, = 2.2151 and the proof is completed.

Example 2.Let us apply the Corollar§ and2 using the matrices in the Exam#e. By computations we find that

(ACB)/a] ! = < 47/279 —56/279>, (ATB)/ar ( 8/55 —9/55)

—56/279 103279 —9/55 17/55
- o1 (17/44 -6/11 o (17/44 -6/11
(A/o)0B/a)™ = <6/11 41/44)’ (A/aCIB/a) ™ = (6/11 41/44)

_ _ [ 8/55 —9/55 o ~ (18/55 —9/20
(A /a0 /a) = <9/55 17/55)’ (A~0B™)/a = <9/20 171/220)

(© 2017 BISKA Bilisim Technology


www.ntmsci.com

247 BISK A M. Ozel and A. lleri: Several Schur complement inequaliiesblock Hadamard product

47/279 —56/279—16/279 25279
—56/279 103279 25279 —41/279
—16/279 25279 47/279 —56/279
25/279 —41/279-56/279 103279

(AOB) 1=

Since the matrix

[(ADB)/a] "~ (ADB)*/a =

0.023004 —0.037081
—0.037081 0060085

is a hermitian matrix with eigenvaluds = 0.000087 and A, = 0.083002, the first inequality hold§)( Similarly, the
second and third inequalities are verified. The accuracyhefinequalities ini{) can be easily seen from the above
calculations.

Furthermore, we obtain that

o (0159 —0.249
(A7'0B™)/a — [(AOB)/a] " = <_o_249 0408> °

is a Hermitian matrix with eigenvalugds = 0.0051A, = 0.5619 , this result gives the inequality in the Coroll@ry

In this paper, we investigate the relation between the Smmiplement theory and the block Hadamard product to produce
various kinds of matrix inequalities. We obtain useful inalities on the Schur complement of the block Hadamard
product of two matrices and their inverses. Future reseaiitfocus on improving the inequalities of the eigenvalaesl
estimation for the lower bound of the minimum eigenvaluehefiblock Hadamard product of two matrices.

Competing interests

The authors declare that they have no competing interests.

Authors’ contributions

All authors have contributed to all parts of the article. &lithors read and approved the final manuscript.

References

[1] M. Ginther, L. Klotz, Schur’s theorem for a block Hadah@roduct, Linear Algebra and its Applications, 437(20928-956.

[2] R. A. Horn, R. Mathias, and Y. Nakamura, Inequalilities fUnitarily Invariant Norms and Bilinear Matrix Productspear and
Multilinear Algebra, 30(1991), 303-314.

[3] B. Wang, F. Zhang, Trace and eigenvalue inequaities fdinary and Hadamard products of positive semidefinite Htieam
matrices, SIAM J. Matrix Anal. Appl., 16(1995) 1173-1183.

[4] F. Zhang, Matrix Theory: Basic results and techniquesijriger, 2011.

(© 2017 BISKA Bilisim Technology



	Introduction
	Theory and main results

