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Abstract: This paper is about obtaining the fractional integral inequalities obtained for p-convex functions with the help of functionals.
Firstly, definitions and theorems necessary for our study are given. In the findings of the work, the left sides of the Hermite-Hadamard
and Hermite-Hadamard-Fejér inequalities obtained using Riemann-Liouville fractional integrals for p-convex functions were obtained
through functionals.
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1 Introduction

Definition 1. A function f : I C R — R is said to be convex if the inequality

flax+(1=0)y) <tf (x)+(1=1)f(y)

is valid for all x,y € I and t € [0, 1] If this inequality reverses, then f is said to be concave on interval I # 0 This definition
is well known in the literature.

It is well known that theory of convex sets and convex functions play an important role in mathematics and the other pure
and applied sciences.
If f: 1 — R is a convex function on the interval /, then for any a,b € I with a < b, we have the following double inequality

f(“;b)gbia/abf(xwxsw )

This double inequalities is known in the literature as Hermite—Hadamard integral inequalities for convex functions. Note
that some of the classical inequalities for means can be derived from (1) for appropriate particular selections of the
mapping f. Both inequalities hold in the reversed direction if f is concave. For some results which generalize, improve
and extend the inequalities (1) we refer the reader to the recent papers [1,2,3,4,5,6,10,17,18,19,20,21,22] and references
therein.

Definition 2. Let I C R\ {0} be a real interval. A functionf : I — R is said to be harmonically convex, if

(1=1)y

Sorall x,y € I andt € [0, 1] If this inequality is reversed, then f is said to be harmonically concave. [6]
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Definition 3. Ler I C (0,%0) be a real interval and p € R\ {0}. A function f : I — R is said to be a p-convex function, if

1
£ (I + (1=0y7) ) <tf () +(1=1) £ ()
forall x,y € I andt € [0,1]. If this inequality is reversed, then f is said to be p -concave. [9]

According to this definition, It can be easily seen that for p = 1 and p = —1, p-convexity reduces to ordinary convexity
and harmonically convexity of functions defined on I C (0,0), respectively.
Hermite-Hadamard inequality for the p-convex function is following,

Theorem 1. Let f: 1 C (0,00) — R be a p -convex function, p € R\ {0} and a,b € I with a < b. If f € L[a,b] then we
have [9]

2 “br—al Jg x17P

1
PpPp b
f<[ +b ” < P[0, S@HE)
These inequalities are sharp [13, 14]. If these inequalities are reversed, then f is said to be p-concave. We refer the reader
to the recent papers related to p-convexity [12,15,16,17,18,19,20,21] and references therein.

Theorem 2. Let f is convex on [a,b].Then H is convex, increasing on [0, 1),and for all t € [0,1], we have [2]

1
b—a

f<a+b> <H(0)<H()<H(1)<

! [ rwa @

where
a+b

H(r) = bla/abf<tx+(l —z)2> dx.

An analogous result for convex functions which refines the second inequality of (1) is obtained by G. S. Yang and M. C.
Hong in [22] as follows.
G. S. Yang and K. L. Tseng in [21] established some generalizations of (2) based on the following results.

Theorem 3. [2]] Let f : [a,b] — R be a convex function, 0 < a <1, 0< B < 1

A=oa+(1—a)b, up= (b—a)min{laﬁ,lga}

and let h be defined by
h(t)=(1—=B)f(A=Br)+Bf(A+(1-B)),

fort € [0,up). Then h is convex, increasing on [0,ug) and for all t € [0, uo]
flaa+(1—a)b) <h(r) <af(a)+(1—a)f(b).

It is remarkable that M. Z. Sarikaya et al. [19] proved the following interesting inequalities of Hermite-Hadamard type
involving Riemann-Liouville fractional integrals.

Theorem 4. [2]] Let f : [a,b] — R be a positive function with a < b and f € Ly [a,b]. If f is a convex function on [a,b)
then the following inequalities for fractional integrals hold

7(“57) = g s @455 (@) < 950 ®)

with o« > 0.

We remark that the symbols JZ, f and J* f denote the left-sided and right-sided Riemann-Liouville fractional integrals
of the order o > 0 with a > 0 which are defined by

T f () = %a) [ w=0"pwar, x>a
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and

b
Jf‘,f(x):ﬁ/x (=0 f(@O)dr,  x<b

respectively. Here, I" () is the Gamma function defined by I" (@) = [ e~ "t%Ldt.

Theorem 5. [7] Let a,b € [ witha < b f : 1 C (0,00) — R be a function and f € L[a,b] then the following inequalities for
fractional integrals holds

f (aZj—bb) < F(a2+1) (ba_ba>°‘ [J;a (fog) (;) —1—]‘%"+ (fog) (;)} < M.

where o0 >0and g(x) =1, xe [1 1]

X’

Ruiyin Xiang [20] proved the following Lemma and Theorem for interesting inequalities of Hermite-Hadamard type
inequalities for convex functions via Riemann-Liouville fractional integrals.

Lemma 1. Let f : [a,b] — R be a convex function and h be defined by

-3 (E)-8) () 4)

Then h(t) is convex, increasing on [0,b — a] and for al It € [0,b— a],

F(255) <hi < LOE10)

Theorem 6. Let f : [a,b] — R be a positive function with a < b and f € L{a,b]. If f is a convex function on |a,D] ,then
WH is convex and monotonically increasing on [0, 1] and

I'la+1)
2(b—a)®

f (a+b> =WH(0) <WH(t) <WH(1) =

; 2 £ (b)+ I8 f(@)]

with o« > 0, where

a+b

WH (1) = z(bi‘a)a/abeHa—t) ) [(b—x)“*w(x—a)“*l}dx.

Hermit-Hadamard-Fejér type inequalities obtained for convex and harmonically convex functions via fractional integrals
are given as follow

Theorem 7. [8] Let [ : [a,b] — R be a convex function with a < b and f € La,b]. If w: [a,b] — R is nonnegative,
integrable and symmetric to # , then the following inequalities for fractional integrals holds

/ (?’) e w(B) + 75 w(@)] < [J (fw) (0) + T (fw) (a)]
= M dw (0) + 5 w(a)],

with o > 0.
Theorem 8. [11] Let f : [a,b] — R be a harmonically convex function with a < b and f € L[a,b]. If w: [a,b] — R is

nonnegative, integrable and symmetric to %, then the following inequalities for fractional integrals holds

£(220) o wow (1) 492 o) ()| = ot (rwor) (1) 8w ()]

<HO g oo (3) 4100 (5)]

with ot > 0 and g(x) = %, xe |

]

Q=

i

Se—=
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In this paper, we establish some new Hermite-Hadamard type inequalities for convex functions via Riemann-Liouville
fractional integrals which refine the inequalities of (3).

2 The left hand sides of the Hermite-Hadamard and Hermite-Hadamard-Fejér inequalities via
functionals

Throughout this section, ||w||,, = sup;c(, ;) [w (#)| for the continuous function w : [a,b] — R.

1
.gs . . . . . . Ppl | P
Definition 4. [13] Let p € R\ {0}. A function w : [a,b] C (0,00) — R is said to be p -symmetric with respect to {%}
if
1
wx)=w ([aerbp fxpﬁ)

holds for all x € [a,b].

I
. .. . . PipP | P

Lemma 2. []3] Let p € R\ {0}, o > 0and w: [a,b] C (0,00) — R is integrable, be p -symmetric with respect to [%] ,

then

G)If p>0

TS (wog) (b7) = J%_ (wog) (a”) = =

3 75 (wog) (57) +J55._ (wog) ()],

with g (x) :x%, x€[aP ,bP].
(i) Ifp <0,

Top 4 (wog) (a”) = Jgp_ (wog) (D) = % [Jio 4 (wog) (a”) + g5 (wog) (b7)]

with g (x) = )cllf’7 xe[bar.

1
Lemma 3. [9] Let p > 0. If f : [a,b] C (0,00) — R is p-convex function, then function g : [a’,bP] =R, g(t) = f (t5>
is convex for p < 0.

Lemma4. Let p >0, f: [a,b] C (0,00) — R be a p -convex function and h : [0,b” —aP] — R, (p < 0) be defined by

(52 ] (5) )]

Then h(t) is convex, increasing on [0,bP — aP] and for all t € [0,bP — a”]
1
P pP\ »
f<<a e )v) <niy < L0

1
Proof. If the function f : [a,b] C (0,00) — R is p-convex, then according to the Lemma 3 the function g(z) = f (t 1’) is

convex on [a?,bP] for p < 0. Then the function % defined by
h(t)*l a’?+b"\ t n a”+b1’+£
2% 2 2) "8 2 2
1 1
| a? +bP  t\r a’ +bP £\
2 [f (57 3) ]*4(( > )+3) H
is convex and increasing on [0,b” — a”| and for all t € [0,bP — aP]

f((ap-;bp)p> <hi) < f(a)—zkf(b).

(© 2018 BISKA Bilisim Technology
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Theorem 9. Let f : [a,b] C (0,00) — R be a function and f € L[a,b]. If the function f is p -convex on [a,b), then

W, :0,1] — R defined by

s 81 (s 10 (25)) <[00 a0

W, (1) = 1
’ s S f {((tan (1-n(252))) P] x [(e= 7)o (a7 = x)* ] dx, p <0

is convex and monotonically increasing on [0,1] and

f((apsz>p> =W, (0) < W, (1) < W, (1)

forallt €[0,1].Where g (x) :xll’, x € [aP,bP] and o0 > 0.

st [ (fog) (b7) + g5 _ (fog) (a”)], p >0,
st [ (fog) (a”) +J%_ (fog) (b7)], p <0,

Proof. Firstly, let t1,1,, B € [0, 1]. For p > 0, we need to show that

W, (1=B)t1+Br2) < (1—B)W, (t1) +BWp (1)

Using the definition of W),, we can write the following

o

Wy (1= B)tr +Br) = ﬁ/ FAIT =By + Bro)x

=B (1=1) + B(1-n)] (ap;bp)];}

X ((bp—x)a71+(x—ap)a71)dx

= Z(b,,fa,,)a/;pf{ [(I—B) [t1x+(1—t1) (ap;bpﬂ

ol (252

X ((b’7 —x)a71+(x—ap)a71) dx.

Since the function f is p-convex, we get

W, ((1=B)t1 +Br2) < ﬁ/azﬂ [(bpfxp)a_lJr(xpiap)a—l}
{ f<<t1x+ (1—1) (ap;rbp)>']'>
o7 (- (£52)) Y s

={1=B)W, (1) + BW,(t2)

from which we get W, is convex on [0, 1]. By elementary calculus, we have

(© 2018 BISKA Bilisim Technology
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W, (t) = M/;pf (tx+(1 —1) (af’_;bﬂ>);l:]

X [(bp —x)* (x—ap)afl} dx

= (tx+(1—t) (ap;bp»ﬂ

s e
g Lot (00 (#5)) ]

X [(b” —x)* 4 (x—a”)a_l} dx

>
2(b? —aP)® Jar

f

o bP—aP
~ 2(bP —ar)® ./0
y bP—ap+u a71+ P —a?  u\*! @
2 2 2 2 2
1
o bP —aPl -
T
2(bP —aP)* Jo

P —a?  u\%! b —a?  u\*"| du
X(z _2) +<z +z> 2

_L/bﬂ—al’lf a”+bp_t£% n a"’—l—bp_kl;ul
T 2(br—ar)® Jo 2 2 2 2 2
P —a?  u\*! b —a?  u\*! d
(57-3) ~(553) |«
a bP—aP | a? + b tx y a? +bP  ix ,
a2 (TS
P —al  x\*! bP—al  x\*! d

It follows from Lemma (4) that function

(2o )

o—1 o—1
is increasing on [0,b” —a”]. Since (# - %) + (l’”g“” + %) } is nonne-gative, hence W, (¢) is monotonically

W,,(O)f((ap;bpy))

\_N/
—_

X

increasing on [0, 1]. Finally, from

(© 2018 BISKA Bilisim Technology
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and

W, (1) = z(bpa_cﬂ,)(x/;pf(xllv) [(bl’—x)“*] + (x_ap)a—l} dx

bP bP
- W Uﬁ (b7 —x)*"" (fog) (X)dx+/ap (x—a”)* " (fog) (x)dx
- m [J% 4 (fog) (b7)+J5h_(fog) (a”)]

This completes proof of theorem. Similar proof can be made for p < 0.

In Theorem (9), If we take p = 1, then we get the following result for convex functions.

Corollary 1. Let f : [a,b] C (0,00) = R, f € Lla,b]. If f is convex, then

sy 1[0 (42))

X {(b—x)o‘*l + (x—a)afl}dx.

Moreover

((32)) —m@=wo <ma)

I'(a+1)
= 2b—a)” &S (B) + T f (@)] -
Remark. The inequality obtained in Corollary (1) gives us the left hand side of the inequality obtained in Theorem (4).

In Theorem (9), If we take p = —1, then we get the following result for harmonically convex functions.

Corollary 2. Let f : [a,b] C (0,00) = R, f € Lla,b]. If the function f is convex, then
at+b\\ "'
t 1—1t
(oo (5)) |
o1
+ (l —x) ] dx.
a

Moreover

where g (x) = %

Remark. The inequality obtained in Corollary (2) gives us the left hand side of the inequality obtained in Theorem (5)

Theorem 10. Let f : [a,b] C (0,00) — R be a function and f € Lla,b). If the function f is p -convex on [a,b] and w :

[a,b] = R is integrable, nonnegative and p -symmetrically according to (%bp) " If the function f is convex, then

(© 2018 BISKA Bilisim Technology


www.ntmsci.com/jacm

29 BI s K A Imdat Iscan at all.: Refiniments of fractional integral inequalities obtained for p-convex functions

Wyt [0,1] — R defined by
1
b aP +bP P
oran)® Jar f{(fx-F(l—t) (;b))z]
x [(bp —0)* 4 (x—a?)*! W(x%)d)m p>0

W%Xf,f’ff{(rxjum_t) <apgbp))1}
x [ =67+ (@ =) w(xr)dx, p<0

is convex and monotonically increasing on [0, 1] and

(i) Let g(x) = x'/7, a > 0. If p > 0,

f (( sz> ) [765. (wog) (b7) + . (wog) (a”)]
= Wpow (0) < Wy (1) < Wy (1)

PO, (o) 07) 55 (o) @)

forall ¢ € [0,1].
(i) Let g(x) =x'/?, a > 0. If p <0,

/ (( ) ) 55 (wog) (@) + 7% (wog) (57)]
=Wyw (0) < Wp.w (1) < Wp.w (1)

o s (fw0g) (@) + 75 (o) (07)]

forall ¢ € [0,1].

Proof. (i) Firstly, suppose that p > 0. Let t;,1,, 8 € [0, 1]. We need to show that

W (8) (1= B) 11+ Ba) < (1= B)Wp (11) + BW, 0 (12)
Using the definition of W), ,, we can write the following

o
2(b? —ar)* Ja

+H(=B)(1=n) + p(1-n) (ap;bpﬂp)
< (67 =0 (3 a?)

= 2(bpa_pap)a/;p [(bpfx)a—l + (x—ap)a_l]

xf([(lﬁ) [tlir(lt]) <“p;bp)]

1Bt (1- 1) (“‘f””)} ;> (P )

Wp (1) (1= B)t1 +Br2) = j S =B)n+Pr)x

(© 2018 BISKA Bilisim Technology
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Since the function f : [a,b] C (0,00) — R is p-convex, we get

Wo (0)(1=B)11+B) < 55— | " [ =) e

<
= 2(bP —aP)® Jar

. {(l—ﬁ)f<<t1x+(1_tl) (ap;bp)y)
+Bf<<t”‘+<1—fz>(apgbp»’l’)}wxmdx

= (1 _ﬁ)Wp,w (tl) +ﬁWP7w (tZ)

from which we get W), ,, is convex on [0, 1]. By elementary calculus, we have
bP

WP’W(I)ZWL,, ¥ (tH(l_t)(aP;bp))L]

X [(b" —x)* 4 (xfap)a_l} w(x%)dx

BN (tx+<1_t>(“p;”p))’l’]

(04 2
T 2(br—ar)® /a,, f

X [(b" —x)a_l + (x—ap)a_l} w(xll’)dx

¢ " a’ +b? ’
+W/Mf (tx+(1—z)<2)> 1

1

X [(b" —x)* 4 (xfap)a_l} w(x?)dx

B o /bp—“pf RN
~2(bP —ar)* Jo 2 2
o bP —aP +u a_1+ bP —aP —u\ %! alP +bP —u % @
2 2 v 2 2
1
o bP—aP aP+bP  tulr
+2(bp—ap)°‘/o f([ 2 +2] )
BP —aP —u\ %! BP —aP +u\ %! aP +bP +u % du
x((——) +(—— wll——) | =
2 2 2 2

1
Since the function w is p-symmetrically according to the (“pgbp) !

(ESIRES)

o bP—aP @b ix]7 a1 bP 1x]?
W”‘W(t)zz(bp—aﬂ)“/o 2[’0([ 2 _2} >+f<[ 2 +2] )]
bP —aP —x\ %! bP —aP +x\ %! al +bP +x ’ J
A=) ) ) )

So

(© 2018 BISKA Bilisim Technology


www.ntmsci.com/jacm

31 BI s K A Imdat Iscan at all.: Refiniments of fractional integral inequalities obtained for p-convex functions

1
It follows from Lemma (4) that h (x) = 3 {f ([“”;”p ”‘} ) +f ( [“p”’p 2} p)} is increasing on [0,b? — a”]. Since

bP—ab oa—1 bP—ab a—1
(2 -3)" (M)

by monotonically increasing of W), ,, (¢), we have

is nonnegative, hence W), ,, (¢) is monotonically increasing on [0, 1]. Finally, using

[ —

f (( gbp> ) [Tab - (wog) (b) +J55_ (wog) (a)] = Wiaw (0) < Wiy (1) < Wy (1)

(ii) Similar proof can be made for p < 0.
We have completed the proof.

In Theorem (10), If we take p = 1, then we get the following result for convex functions.

Corollary 3. Let f : [a,b] C (0,00) — R be a function and f € Lla,b] and w : [a,b] — R is integrable, nonnegative and
symmetrically according to #. If the function f is convex, then Wy, : [0,1] — R defined by

Wl,w(r)—z(bf‘a)a/abf[(rx+<1f) (a;b»}

X {(b—x)oc*1 + (x—a)ail} w(x)dx

is convex and monotonically increasing on [0, 1] and

£((“37)) b @)+ wi@)] = Wi 0) < W 6) < Wi (1)

I'loe+1)
“—a® & (fw) (B) + T3 (fw) (a)]
where g (x) = x and o > 0.
Remark. The inequality obtained in Corollary (3) gives us the left hand side of the inequality obtained in Theorem (4).

Corollary 4. Let f : [a,b] C (0,00) — R be a function and f € L[a,b] and w : [a,b] — R is integrable, nonnegative and
“’;b. If the function f is convex, then W_ ,, : [0, 1] — R defined by

ron ()

1

W,l,w(t):L/ff

2P

is convex and monotonically increasing on [0, 1] and

(28 .o (2) o o 3]

=Wo1,w(0) SWoy, (1) S Wy, (1)

=3 pe e () 0o )]

a

where g(x) = % and a > 0.

Remark. The inequality obtained in Corollary (4) gives us the left hand side of the inequality obtained in Theorem (8).

(© 2018 BISKA Bilisim Technology
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3 Conclusion

In this paper, we obtain some new Hermite-Hadamard and Hermite-Hadamard-Fej ér type inequalities for p-convex
functions via Riemann-Liouville fractional integrals. We conclude that the results obtained in this work are the
refinements of the earlier results. An interesting topic is whether we can use the methods in this paper to establish the left
side hand of Hermite-Hadamard and Hermite-Hadamard-Fejér inequalities for p-convex functions via Hadamard
fractional integrals.
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