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1 Introduction

The differential geometry of tangent bundles has valualdenity in the differential geometry because it provides
numerous innovative problems in the study of modern difféa¢ geometry. Numerous investigators made valuable
contributions on differential geometry of tangent bundiesuding Yano and Ishihara8], Davies PB], Yano and Davies
[10]. The complete, vertical and horizontal lifts of tensordbnd connections on any manifold M to tangent manifold
TM has been studied by Yano and IshihaBh [Furthermore, Das and the authd] jhave obtained almost product
structure by means of the complete, vertical and horizdiftal of almost r-contact structures on tangent bundles.
Tekkoyun p] produced almost para-complex structures on tangent bumdusing lifting theory. The second authdy [

7] has studied lifts of hypersurface with connections to @artgundles and Kahler manifold. In the present work, we
recall tangent bundle, complete lift, vertical lift, almgsoduct structure and almost product structure in se@iorhe
section 3 is devoted to study complete lift of Lorentzian @dtpara contact structure in the tangent bundle. In the last
section, the horizontal lift of the structure in tangent dleris also studied.

2 Preiminaries

Let M be an n-dimensional differentiable manifold of cl&5andT,(M) be the tangent space bf at a point ofV.. Then
the set

T(M) = {J Tp(M)

peM

is called the tangent bundle over the manifnid4].

2.1 Vertical lifts

If fis a functioninM, we write f¥ for the function inT (M) obtained by forming the composition af: T(M —)M and
f:M — R, sothat
¥ = forr
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thus, if a pointpz T 1(U) has induced coordinaté¢g”, y") then

tY(p) = f¥(xy) = for(p) = f(p) = f(x)

thus the value ofV(p) is constant along each fibfig(M) and equal to the valug(p). We call fV the vertical lift of the
function f . Vertical lifts to a unique algebraic isomorphism of thesgenalgebrdal(M) into the tensor algebra(T(M))
with respect to constant coefficients by the conditions

PRQY=P'®@Q",(P+RY =P"+R'

P,Q andR being arbitrary elements &f(M) [4].

2.2 Complete lifts

If fis afunctioninM, we write f€ for the function inT (M) defined by
fC =i(df)
and callf€ the complete lift of the functiori. The complete liftfC of a functionf has the local expression
fC=yaf=0f
with respect to the induced coordinatesTitM), whered f denotes/d; f. Suppose thaX € [03(M). We define a vector
field X© in T(M) by
XCfC = (X )¢

f being an arbitrary function iM and callX® the complete lift ofX in T(M). The complete lifX® of X with components
x1in M has components
XN
XC: [

axn

with respect to the induced coordinatedi(M).

Suppose thaX € O3(M) Then a 1-formw® in T (M) defined by
w©(X%) = (w(X))©

X being an arbitrary vector field ikl. We callw® the complete lift ofw.

The complete lifts to a unique algebra isomorphism of thedemlgebral(M) into the tensor algebra(T(M)) with
respect to constant coefficients, is given by the conditions

PRQC =P eQ+P'eQ% (P+RC=P°+R°

P,Q andR being arbitrary elements &f(M).
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2.3 Horizontal lifts

The horizontal litf of f € O(M) to the tangent bund€(M) by
fH=fC_O,f

wherel, f = y(Of). LetX € O§(M). Then the horizontal lifX" of X defined by
xH =x¢—-g,x

in T(M), whered, X = y(OX). The horizontal liftx" of X has the components

xH - X"
' *I_ihXi

with respect to the induced coordinatesi(M), where
rh—yi r, hj
The horizontal liftS? of X a tensor fieldS of arbitrary type ifM to T(M) is defined by
g'=5-0,s

For anyP, Q € O(M). We have
Oy(P©Q) = (O,P) 2 Q" +P' @ (0,Q)

or
(P®Q)H — PH ®QV+PV®QV

2.4 Almost Product Structure

Let M" be an n-dimensional differentiable manifold of cl&S5 If there exists oi€*®, a tensor field= of type (1,1) and of
classC” such that
F2=1

wherel denotes the unit tensor field, we say that F gives to an almmodupt structure3].

3 Completelifts of almost product structure and Lorentzian almost para contact structurein
the tangent bundle

LetM be an &+ 1-dimensional differentiable manifold of cla€& andT(M) denotes the tangent bundlebf Suppose
there is given irM , a tensor field~(1,1), vector fieldJ and 1-formsw satisfying

FP=1+UQw (1)

(© 2018 BISKA Bilisim Technology
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where
() FU=0
(i) woF=0
(i) wU)=1 (2)

thus the manifoldvl satisfying conditionsX), (2) will be said to possess Lorentzian almost para contaattstre [1].

Theorem 1. LetM be a differentiable Manifold endowed with Lorentzian a$ingara contact structurér,U, ). Prove
that
J=F*+Uow -Uceu"

is almost product structure on(M).

Proof. From (1) and @), we have
FE2=1+UVow*-Uow) (3)

and

() FCUV =0, FCU®=0
(i) @/ oFC=0, wCoFY =0, w*oFC =0, @)

(i) ¥ (UY)=0, /' (U% =1, o°UY) =1, o“(U°)=0.
Let us define an elemedtof J(T(M)) by
J=F°+Uow -Uea" (5)
then we find by 8), (4) and 6),
thusJ'is an almost product structure T{M).

In view of equation$), we have
IXY = —(FX)V + (w(X))VUC

IXE = —(FX)® = (w(X))"U° = (w(X))U® (6)

In particular, we have
IXV = —(FX)V, JXC=—(Fx)© 7)
JuV =uc¢, Juc=u° (8)

X being an arbitrary vector field ikl such thato(X).

Theorem 2. Let the tangent bundle (M) of the manifold M admit§ defined in §), then for vector fields X such that
w(Y) =0, we have

(i) (L IYY =0,

(i) (L I)YC = —((AF)Y) + (HKw)Y)'UC
(iii) (LY = (AU ©)
(V) (L IUC = —(KFU)Y + (Zw)U)'u°
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() (LYW =—(HKF)Y) + (Lw)Y)'UC,

(i) (Led)YC = —((HF)Y)C - (LKw)Y)'UC + (Lw)YU©

(i) (Led)UY = (LF)U)C+X,U]C+ (Lw)u)'U°C (10)
(V) (LU = ((LF)U)® = [X,UJ° - (Lw)U) U+ (Lw)u)U°

Proof. The proof follows early from4), (6), (8), and B].

4 Horizontal lifts of Lorentzian almost para contact structure

Let (F,U, w) be Lorentzian almost para contact structurblimith an affine connection therYand @) and 3], we have

(FM2 =(1+U®w)"
FMY2 =1+ U w!

FM2=1+UM 0w’ +UY @ " (11)
Also,
(i) FHuH =0, FHUV =0
(i) UM =0 HUY)=1 U™ =1 (12)
(iin whoFH =0, woF"=0.

Let us define a tenser fielli of type (1,1) inT(M) by

then it is easy to show that

thusJ* is an almost product structure T(M).

Theorem 3. Let(F,U, w) be Lorentzian almost para contact structureMnwith an affine connectionl. ThenJ* is almost
product structure in TM).
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