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Abstract: In this article, the author considered certain non-homogeneous time fractional heat equation which is a generalization of the
problem of a viscous ring damper for a freely processing satellite. Transform method is a powerful tool for solving partial fractional
differential equations. The result reveals that the transform method is very convenient and effective.
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1 Introduction

Fractional differential equations arise in the unification of diffusion and wave propagation phenomenon. The time
fractional heat equation, which is a mathematical model of a wide range of important physical phenomena, is a partial
differential equation obtained from the classical heat equation by replacing the first time derivative of a fractional
derivative of order. In recent years, it has turned out that many phenomena in fluid mechanics, physics, biology,
engineering and other areas of the sciences can be successfully modeled by the use of fractional derivatives. That is
because of the fact that, a realistic modeling of a physical phenomenon having dependence not only at the time instant,
but also the previous time history can be successfully achieved by using fractional calculus. In this work, we consider
methods and results for the partial fractional diffusion equations which arise in applications. Several methods have been
introduced to solve fractional differential equations, the popular Laplace transform method, [1,2,3]. Atanackovic and
Stankovic [4,5] and Stankovic [13] used the Laplace transform in a certain space of distributions to solve a system of
partial differential equations with fractional derivatives, and indicated that such a system may serve as a certain model
for a visco-elastic rod. Wyss [15] and Schneider [12] considered the time fractional diffusion and wave equations and
obtained the solution in terms of Fox functions. In recent years, the implementations of extended G/G- method for the
solutions of nonlinear evolution equations, nonlinear Klein - Gordon equations, Boussinesq equations have been

well-established by researchers [14].

1.1 Definitions And Notations

Definition 1. The left Caputo fractional derivative of order o (0 < o < 1) of ¢(¢) is as follows [8]

Di“0() = g || g (E M)
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Definition 2. The Laplace transform of function f(t) is defined as follows
20} = /0 e Flt)dt = F(s) )
If L{f(t)} = F(s), then £~ {F(s)} is given by

1 Cc+ioco
F0) =5 [ (s, 3)

270 Je—ioo

where F (s) is analytic in the region Re(s) > c¢. The above integral is known as Bromwich complex inversion formula

Lemma 1. Let £{f(t)} = F(s) then, the following identities hold true.

L2 ) = b e R e,
2.0 = f - (0cosBT) gin(wrP sinB ) )(Jo e T " dT)dr,
3. 27 NF(s%)) = lfo Fw) [ et eosansin (ur®sinaun)drdu,
4.2 P(VB) = 5 I w8 flu)d

Proof. [1,2]

Example 1. By using an appropriate integral representation for the modified Bessel’s functions of the second kind of order
v, Ky (s), show that

2 CB(f_q)_ b?
71{1(,7 (ar/s—H) Kv(b\/s—kﬁ)} (1B} /t =1l % (t— 1)V le B—7)- 35 e @
v =e .
(s—m?  (s+p)? 0 (o)t (261
Solution 1. It is well known that Ky (a+/s) has the following integral representation [6]
(ay5) [ & df
Ko(as) = G [ 5)
At this stage, using complex inversion formula for the Laplace transforms and the above integral representation we get
n(avs), | 1ol (a5 e e dg
R = [ S [ R s ©
§2 2m Jooiwo s 20 0 gn
Changing the order of integration and simplifying to obtain
& r5— @8
—1 Knlays) = et 1 et
L — 4N i -
The value of the inner integral is 8 (¢ — %), we have the following
Kn(avs), o [ e* a
TR = [ s gg)dd. ®

making a change of variable (r — Z—‘:) = u and using elementary properties of Dirac - delta function, we arrive at

2
| (Kn(ay/s) Mle= %
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Finally, using the shift and convolution theorem we obtain

az — —T)— bz
1 Kn@s =) KOs +B)y _ up A A ) Y (10)
-t (+p)? 0 (a)li (2b)1+ |

Definition 3. The The Laplace transform of Caputo fractional derivatives of order non integer. Forn—1 < a < n, we
have the following identity [15]

L{GD} f(1)} Zs“ i (11)

Definition 4. The The two-parameter function of the Mittag-Leffler type is defined by the series expansion

12
,;) I'(an+p)’ (12)

when o, B,z € C. We have the following relationship

p—1 o “p L
L{t""Eqp(+at™)} = = (Re(s) > |a|=. (13)
Definition 5. The simplest Wright function is given by the series
oo 2

w ) =) —————, 14
(@,B:2) n;)n!r(awrﬁ) (19

when o, B,z € C. We have the following relationship

a—p

[L{P ™ g p(ar®)} = (Re(s) > |al ). (15)

s¥Fa

Lemma 2. The following identities hold true for 0 < v < 1.

—(1+50m

g(t) :.z—l(/oa ¢ dn) = ..

stk
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Proof. Let us assume that F(s) = [¢' “—7—dn

by complex inversion formula for the Laplace transforms, we have

1 cHioo o [ e*(l‘Fﬁ)n
== — d dA
(1) 2m./c_im e </0 S dnds,

changing the order of integration which is permissible by Fubini’s theorem, leads to

"a n 1 'C+i°°e”_skf&d 4
f(t)—'/oe G [ Sdoan.
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in the inner integral by making change of variable s + k = &, we obtain

kn
a1 e ST
0= [Fenin [ gagyn,

the value of the inner integral is Jo(2+/kt1) [7,8] so that

fy=e [e @y /mn,
0
using part three of (1) and theorem of Titchmarsh [8] leads to

g(t):e’kt/ /ef"Jo(Z\/ktu)(/ e COSEY i (Y singt. v )dr)du)dn.
0o Jo 0

2 Main Results

In this section, the authors considered certain non-homogeneous time fractional heat equations which is a generalization
of the problem of a viscous ring damper for a freely processing satellite studied by P.G.Bahuta [8]. In this study, only
the Laplace transformation is considered as it is easily understood and being popular among engineers and scientists. The
basic goal of this work has been to implement the Laplace transform method for studying the above mentioned problem.

The goal has been achieved by formally deriving the exact analytical solution.

2.1 Non homogeneous time fractional heat equation

Problem 1. Let us solve the following partial fractional differential equation

ca, 19, du
Df =~ (r5) —Au+p, (16)

A,u>00<r<au(r0)=PB,ulat)= exp —w’t,

limy_so|u(r,t)| <M.

Solution 2. Solution: In order to obtain the solution of the fractional heat equation, the Laplace transform is applied to

PDE and boundary conditions to obtain
o oa—1 1 U
s%U(r,s)—Bs* ' = ;(Ur(r,s)—FrUrr(r,s))—/'LUr,s)—i—;, (17)
after simplifying, we get the following

Un(78) + 5 Ur (1) — (8% + A)U (5s) = —(Bs% + ) as)

Hence, the homogeneous equation is

[Urr(r,s)—F%Ur(r,s)—(sa—|—l)U(r,s) =0. (19)

(© 2018 BISKA Bilisim Technology


www.ntmsci.com/jacm

37 BISKA A. Aghili.: Non-homogeneous timefractional heat equation

The equation (19) is modified Bessel differential equation of order zero. The general solution is

Up(r,s) =Aly(rvs*+A) +BKo(rvs*+1). (20)

The function Ky for some r, is unbounded. However, U, (r,s) is a bounded function. Therefore B = 0 and (20) read

Up(r,s) =Aly(rvs*+21). 21

Now, in order to obtain the solution of nonhomogeneous equation (16), we suppose that U, (r,s) = 7 is the solution to non-
homogeneous equation.
Then we get the following

Soc—l ﬁ +%
Ue(r,s) = sy 7 (22)
From relations (21) and (22), we obtain
sOTIg B
U(r,s) =Uy(r,s) +Uc(r,s) :Alo(r\/s“—ﬁ—l)—i—w (23)
In order to obtain constant A, in relation (23), we use boundary condition to get
1 . s“TIp4 K
U(a,s):m:Alg(a Sa+l)+ﬁ7 (24)
from the above relation, we get the value of constant A as below
1 @I+ £ 1
A=( Prs (25)

stw? 5%+ )Io(a\/s“—i—/l)'

By substitution of the value of A in relation (23), we obtain the general solution to non - homogeneous equation in the

following form

1 s B4 E Io(rv/s®+2)  s*'B+E

U = 26
(r:5) (s+a)2 sE+A T Iy(av/s® }{,)+ SE+A (26)
In case o = 1, we have
1 + & Ih(rvs+A +£
U(rs) = (—— — P o(rvs + )+ﬁ s 7)
s+ s—i—k I(avs+A)  s+A
At this stage, the Bromwich’s integral is utilized to invert U(r,s) as follows.
1 et ] +E.01 A
u(r,t)z—./ 2_13 ) b(rvs+2) ﬁ S)“ds— 28)
27 Jemieo 5+ @ s+l Ip(a s+l) +A
rs+A) B+ H
=Y (Res[(( 5 — ) o ) + )e’s],s = Sk, )-
B s+ s+7t havVs+2d) s+2
2
The singularities of the integrand are s = 0,5 = —A,5 = —@?,s = —i—’;,n =1,2,3,..., then the residues at the singularities

of (28) are as follows

1. At s =0, we have

. L B VTR B B
bl _ lim,_ _ S s s — (1= .
—1=lim >0((S+a)2 s+ A )Io(a s+A) M) Jse A( IO(“‘/I)
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2. At s = —A, we have
) 1 +E D(rvs+A +£
By = tim (o B WA By )
s+ o s+A Iy(aVs+A)  s+A
3. Ats = —®?, we have
1 B+E5 Io(rvs+A +£ I(rVA — o2
bilzlimv—>—w2(( 2 )0(7 s ) s)(5+w2)ets: olr ) o
‘ s+ s+ Iya s—|—l) Ilavi — ®?)
4.1f ky,ky, k3, ..... are the roots of the function Jo(&) , then Jy(k,,) =0 forn=1,2,3,.... Using the fact that Io(& ) = Jo (i€),

2 2
one gets & = —ik,, the roots of Iy(av's+A), are s, = —(A + %) Finally, the residues at s, = —(A + %) are At

2
—(A+ %), we have

4o 1 B+E b(rvs+A) B+E5 s _
by _llms—>—(7t+:—§)((s—|—a)2 s+A I(avs+A) + s+A Js+A)e™ =

“:e,@%)h(gkﬂxﬁ—%x%—mumﬁ— 2)—ﬁ(l+f§—w2)(%).
D T

Let us suppose that A = 4 = 0 and 3 = 1. Hence, u(r,?) is in the following form

L

e @ Jo((£)kn)
; .

© kn(a? — 51y (k)

In case a = 0.5, (semi - derivative) we have

B B
Ulrs) = ( 1 _$+% Io(ry/v/s+ 1) L +5&
’ s+ sHAIy(a/\/s+A) \/ A’
the above relation can be re-writen as below
Uiy~ BYotH VSTA)  Bys+u o(r/v5+ )

_s(\/§+7t)+s+(x)210a Vs+A)  s(VsHA) Ip(a/\s+A)

At this point, we find inversion of the above relation term wise, so that

-1 1 o] \/§+7L

_ o B -
unt) =L H(——"——)+27 e o/

n
(/54 ) S5+ )

Bvs+u Io(ry/Vs+A)
S(Vs+4) Iy(ay/\/s+A)

)+ Z

+
>

,1(

Let us introduce the following

Bvs+u I(r \/54-A
G(r\/s) = (\f+l (@ \/§+/1

then
Bs+u Iy(rvs+21)
(s4+2) I(avs+A)

G(rs) = ( );

(29)

(30)

3D

(32)

(33)

(34)
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and
g(rt) =27 1G(rys)]. (35)

At this point, in order to invert (33), we may use the tables of inverse Laplace -transforms or part four of (1) to get

2
+°°ne I}ﬁ

~Jo 2t\/>

in order to invert (34), we need to evaluate the residues at all the singularties. The singularties of (34) are as follows

g(r,m)dn,

1. A simple pole at s = —A.
2. If ky,kp, ...ky, .. are the roots of the function Jy(x), thus for Jo(k,) = 0.and Iy(x) = Jo(ix) therefore, ik, are the roots

2 2
of Ip(x). Hence, the roots of Ip(av/s+ 1) are s, = — = )Z;k” .
At this point, we use the Bromwich’s integral to invert (35) the residue at simple pole s = —A is (35) the residue at
simple pole s = — A is
@
) s+u Iyrvs+A
Py =tim, (s YD BUVEER
(s+2A) [ L(avs+A)
2.2
the residue at poles s = — Aa T s,
a
(i)

Ad®+k2 Bs+u Io(rvs+2)

b =1li
st e =T e
the above limit can be written as follows
b2 —lim ) Z(BS+“)(IO(VVS+)‘)ESI 1 )
-1 s—>—7M ;rk” (S—F/l) Ip(av/s2) Iy (ikn) .
¢ A.,(,M)

a2

By using the relations, Io(x) = Jo(ix) and J), = J;, we obtain

(To(aV/s+2)) = Uoliav/s+A)) = ——2_(Jy (ia/s+2).

2vVs+ A
At this stage, let us take the limit as s tends to s, = —%, we arrive at
&
limg_~s, (Io(aV/s+A)) = ﬁJl (kn).

Finally, we may find the residue bal as below

a?Atkn

2
B, =2 CE g Byl

by following the same procedure, we may find 5> | as below

1 Io(rVs+ ) 3 . A+ Do(rvVs+ ),
gl =b =1 n st
Ctavsrr) =00 a2 O G S
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after simplifying we get

(Pl K2 Jo(ny
B =22 )’(u—ﬁfl—ﬁz RS
a (55 )1 (k)

After substitution of the value for each term in relation (32), we get the formal solution as follows

r A2
u(rt) = B Erfe(ayi) + A [MCEFCAVN)

=TV 4+
VT Jo Vi—1 1

n=--o0 _ a?A+kn Ji rhy
..... I Z P CRIND Pl o )l#f
n=1 (2“7")]1 (k")
n=too ahthy BK2 JO(%) &2 _ (g+a®a)¢

)

(e, - % 1 - e W pe)
¥ o2 e pa T HO | e

a2

In the above relation * is convolution for the Laplace transform and H(.), stands for the Heaviside unit step function.

3 Conclusions

The main purpose of this work is to develop a method for finding an exact analytic solution of the time fractional heat
equation. In this work, the author considered the time fractional heat equation (Time fractional in the Caputo sense). Many
linear boundary value and initial value problems in applied mathematics, mathematical physics, and engineering science
can be effectively solved by the use of the Fourier transform, the Laplace transform, the Fourier cosine/sine transform.
The Fourier and Laplace type integral transform are wonderful alternative methods for solving different types of PDEs
of fractional order. There are a lot of applications of PFDEs in the field of Visco elasticity as well.The paper is devoted
to study applications of one dimensional Laplace transforms in details. One dimensional Laplace transforms provides a
powerful method for analyzing linear systems. The transform method introduces a significant improvement in this field
over existing techniques. We hope that it will also benefit many researchers in the disciplines of applied mathematics,

mathematical physics and engineering.
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