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Abstract: This paper studies the Jacobi-Perron algorithm over the formal power series fieldFq((X−1)), following E. Dubois. Let
Fq[X][ρ] be any formal power series field extension with degree(n+1), wheren∈ N. This should be concerned with the periodicity of
the vector(ω1,ω2, . . . ,ωn) ∈ (Fq[X][ρ])n under the iteration of the Jacobi-Perron algorithm. We proved that there is a vector
(ω1,ω2, . . . ,ωn) ∈ (Fq[X][ρ])n, which is periodic by the Dubois version of the Jacobi-Perron algorithm.

We also proved that there is no algebraic formal seriesω such that the vector(ω,ω2) is 2-periodic by Jacobi-Perron algorithm.
Besides, we gave a characterization of the vector(ω,ω2) which is 1 and 3-purely periodic. These results are the analogous of those in
the real case. We also conjectured that there is no vector(ω,ω2) which is 2n-purely periodic by Jacobi-Perron algorithm and the
odd-purely periodic is the same with the cases of 1 and 3-purely periodic.

Keywords: Jacobi-Perron Algorithm, Dubois version, Pisot element, algebraic extension, periodic.

1 Introduction

In 1907, since Perron introduced the Jacobi-Perron algorithm, which is the simple generalization of continued fractions
to finite sets of real numbers, the following conjecture of characterizing the periodicity is still open.

Conjecture 1.Let K be a real number field of degreen+ 1. Let (α1, . . . ,αn) ∈ K be such that 1,α1, . . . ,αn are linearly
independent overQ. Then then-tuple(α1, . . . ,αn) is, eventually becomes periodic by the Jacobi-Perron algorithm.

The casen= 2 is a special one, since the characteristic equation is irreducible ( see [14,15]).

Due to Dubois and Paysant-Le Roux [2] it is proved that for any cubic extension of the fieldQ, there is a pair of numbers
α1,α2 such that their expansion by Jacobi-Perron algorithm is periodic.

Bouhamza, in [7,8] was able to prove that there is no natural numberm> 0 such that the Jacobi-Perron algorithm of
( 3
√

m, 3
√

m2
) is purely periodical. He proved also that for any extension of the fieldQ, of degree 4 there is a triple of

numbersα1,α2,α3 such that their expansion by Jacobi-Perron algorithm is periodic.

Again, R. Paysant-Le Roux and Dubois [3] proved that for any real number field there exists a basis forwhich we have
periodicity. This result depends on properties of the Pisotnumber.

In the formal power case, Dubois [4] gave a New version of Jacobi-Perron algorithm. He proved that the simultaneous
Diophantine properties of the algorithm are stronger than in the real case. But He did not characterize the system of
formal power series whose expansion by Jacobi-Perron algorithm is periodic. Furthermore he characterized the vector
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(ω1, . . . ,ωn) which is 1-periodic by his version of Jacobi-Perron algorithm.

In this paper we are able to prove that over any formal power series field extension of degree(n+1), Fq[X][ρ ], there is a
vector(ω1,ω2, . . . ,ωn) in (Fq[X][ρ ])n, which is periodic by the Dubois version of the Jacobi-Perronalgorithm.

we prove also that there is no algebraic formal seriesω such that the vector(ω ,ω2) is 2-purely periodic by the
homogenous version of Jacobi-Perron algorithm and we give acharacterization of the vector(ω ,ω2) which is 1 and
3-purely periodic by it. We conjecture that this result holds for 2n and 2n+1.

This paper is organized in the following way. Insection2, we present a brief review of the field of formal power series
and we present the basic notions and notations needed throughout the work.. Insection3, we give the main results and
propose a weaker conjecture which concerns purely periodicvector byJ.

2 The field of formal power series

LetFq be a field withq elements of characteristicp, Fq[X] the set of polynomials of coefficients inFq andFq(X) its field
of fractions. The setFq((X−1)) of formal power series overFq is defined as follows

Fq((X
−1)) = {ω =

+∞

∑
j=s

a jX
− j : a j ∈ Fq, as 6= 0 with s∈ Z}.

Let ω =
+∞

∑
j=s

a jX
− j ∈ Fq((X

−1)), we denote its polynomial part by[ω ] and {ω} its fractional part. We state that

ω = [ω ]+ {ω}.

A Pisot elementω ∈ Fq((X−1)) is an algebraic integer overFq[X] such that|ω | > 1 whose remainder conjugates in
Fq((X−1)) have an absolute value strictly smaller than 1. For more information about Pisot element see [13,6,9,10,11,
12].

Recall that Fq((X−1)) contains Pisot elements of any degree overFq(X). Indeed, consider the polynomial
Yd −aXYd−1−1, wherea∈ Fq\{0}, it can be seen easily, considering its Newton polygon, that the polynomial, which is
irreducible overFq(X), has a rootω ∈ Fq((X−1)) such that| ω |> 1 and all of its conjugates inFq((X−1)) have an
absolute value strictly smaller than 1.

Notations: In all this paper, we denote byJ the Jacobi-Perron algorithm and byD its Dubois version.

The Jacobi-Perron Algorithm: Let M0 = {ω ∈ Fq((X−1))n : | ω |< 1} andM = M0\{0}×Mn−1
0 the Jacobi-Perron

algorithm is defined, for allf = ( f1, . . . , fn) ∈ M, by

J( f ) = (
f2
f1
−
[

f2
f1

]

, . . . ,
fn
f1
−
[

fn
f1

]

,
1
f1
−
[

1
f1

]

) ∈ Mn
0. (1)

We setM∗ = { f ∈ M : Js( f ) is well defined for alls≥ 1}. Let f ∈ M∗, we definef (t) = ( f (t)1 , . . . , f (t)n ) = Jt( f ) and

k(t)( f ) = (k(t)1 , . . . ,k(t)n ) = (

[

f (t−1)
2

f (t−1)
1

]

, . . . ,

[

1

f (t−1)
1

]

), for all t ≥ 1. We notice thatM⋆ = { f ∈ M : for all s≥ 1, f (s)1 6= 0}.

We claim that the sequence(k(t)) is unique. In fact, iff ∈ M∗, we have
1

f (t)1

=

[

1

f (t)1

]

+

{

1

f (t)1

}

, let k(t+1)
n =

[

1

f (t)1

]

and
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f (t+1)
n =

{

1

f (t)1

}

. As Fq(X−1) = Fq[X]
⊕

M0, the decomposition is unique. The relationf (t+1)
i =

f (t)i+1

f (t)1

−
[

f (t)i+1

f (t)1

]

defines

in an unique wayf (t+1)
i andk(t+1)

i , for all 1≤ i ≤ n−1, thereforek(t+1)
n has an unique value, so the sequence(k(t)) is

unique.

The version of J introduced by Dubois. Let E = (Fq((X−1)))n. In order to have an algorithm defined in the whole
spaceE a version of (1) is introduced in [4]. For all f = ( f1, . . . , fn) ∈ E , f1 /∈ Fq[X], we define the map

D( f ) =

(

f2− [ f2]
f1− [ f1]

, . . . ,
fn− [ fn]
f1− [ f1]

,
1

f1− [ f1]

)

∈ E. (2)

Let f ∈ E⋆ = { f ∈ E : Ds( f ) is well defined for alls≥ 1}. For all t ≥ 1, we setf (t) = Dt( f ) = ( f (t)1 , . . . , f (t)n ) and

a(t)( f ) = (a(t)1 , . . . ,a(t)n ) = ([ f (t−1)
2 ], . . . , [ f (t−1)

n ], [ f (t−1)
1 ]). (3)

3 Results

Theorem 1.Any finite algebraic extension forFq(x) in Fq((X−1)) can be generated by a Pisot element.

To prove this theorem, we need the following results ( see [13,10]).

Theorem 2.( Theorem 1.2, p 597, [13]) Let K be an arbitrary field. Then any finite separable extension ofK(X) which is
contained inK((X−1)) can be generated by a Pisot element.

Lemma 1. ( Lemma 1.1, p 599, [13]) If K is a perfect field, then any algebraic element ofK((X−1)) is separable over
K(X).

Lemma 2.LetK be an arbitrary field. IfK is finite, then it is perfect i.e. all finite extension ofK is separable.

Proof.Assume that there is an algebraic element ofK whose minimal polynomialP is in Fq[Xp], then we write

P(X) = a0+apX
p+a2pX

2p+ . . . ∈ Fq[X
p].

If we setQ(X) = σ−1(a0) +σ−1(ap)X +σ−1(a2p)X2 + . . . ∈ K[X], whereσ is the automorphism defined overK by
σ : x→ xp, we obtainP= Qp, which contradict the fact thatP is irreducible. ♦

Proof. ( Theorem1) As Fq is a finite field, then, by lemma2, it is perfect. Using Lemma1, any algebraic element of
F((X−1)) is separable overF(X). Using Theorem2, the theorem is proved. ♦

Now we are ready to prove one of our results.

Theorem 3.Let b0,a0, . . . ,an ∈ Fq[X] be such that(a0,b0) = 1, | an |>| ai | and a0 divides ai+1, for all 0≤ i ≤ n−1. Let
ρ , where| ρ |> 1, be a root of the polynomial

b0Y
n+1−b0anY

n− . . .−b0a1Y−a0. (4)

Let f ∈ M⋆ be the vector defined by
fn = ρ
fn−1 = ρ2−anρ
...
f1 = ρn−anρn−1− . . .−a2ρ .

(5)
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(i) If a0 6= b0, then f is periodic by D with period n+1.
(ii) Let h∈ M⋆, then D(h) = h if, and only if, h= f which is defined by a Pisot element for (4) with a0 = b0. Moreover,

the partial quotient vector a( f ) = (a1, . . . ,an).

Proof. (i) Let a0 6= b0. By (4) and (5),

fn = ρ = an+
an−1

ρ
+ . . .+

a1

ρn−1 +
a0

b0ρn .

As | ρ |> 1 and| an |>| ai |, for all 0≤ i ≤ n−1, we have that| ρ |=| an |. Using again| ρ |> 1 and| an |>| ai |, for
all 0≤ i ≤ n−1, we conclude that[ fn] = an. Analogously, for all 1≤ j ≤ n−1,

f j = ρn+1− j −anρn− j − . . .−a j+1ρ = a j +
a j−1

ρ
+ . . .+

a1

ρ j−1 +
a0

b0ρ j

which implies that[ f j ] = a j .
Let D( f ) = ( f ′1, . . . , f ′n), we have, for 1≤ i ≤ n−1,

f ′i =
fi+1− [ fi+1]

f1− [ f1]
=

fi+1−ai+1

f1−a1
and f ′n =

1
f1−a1

.

On the other handf1−a1 =
a0

b0ρ
=

a0

b0 fn
and fi+1−ai+1 =

ai

ρ
+ . . .+

a0

b0ρ i+1 =
fi
ρ

which give

f ′i = fi
b0

a0
and f ′n = fn

b0

a0
. (6)

We have, for all 1≤ i ≤ n, asa0 dividesai ,

[ f ′i ] = [ fi
b0

a0
] = [(ai +

ai−1

ρ
+ . . .+

a0

b0ρ i )
b0

a0
] = [b0(

ai

a0
+

ai−1

a0ρ
+ . . .+

a0

a0b0ρ i )] = b0
ai

a0
.

We assume that, for 1≤ i ≤ n−1,

Di+1( f ) = f (i+1) = ( f1
b0

a0
, . . . , fn−i−1

b0

a0
, fn−i+1, . . . , fn).

We have, for all 2≤ j ≤ n− i −1,

f j
b0

a0
− [ f j

b0

a0
] =

b0

a0
( f j − [ f j ]) =

b0 f j

a0ρ
and f1

b0

a0
− [ f1

b0

a0
] =

b0

a0
( f1− [ f1]) =

1
ρ

and conclude that

f (i+2)
j−1 =

f (i+1)
j − [ f (i+1)

j ]

f (i+1)
1 − [ f (i+1)

1 ]
=

b0 f j

a0ρ
ρ =

b0

a0
f j−1.

Besides, forn− i ≤ j ≤ n,

f (i+2)
j−1 =

f (i+1)
j − [ f (i+1)

j ]

f (i+1)
1 − [ f (i+1)

1 ]
= ( f j − [ f j ])ρ =

f j−1

ρ
ρ = f j−1.

We have obtained that, for 1≤ i ≤ n−2,

Di+2( f ) = ( f1
b0

a0
, . . . , fn−i−1

b0

a0
, fn−i , . . . , fn)
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which implies thatDn+1( f ) = f andDk( f ) 6= f , for all 1≤ k≤ n.
(ii) Let a0 = b0 and f be given by (5), thenD( f ) = f by (6). Conversely assumeD(h) = h, whereh∈ M⋆. Let b j = [h j ],

for all 1≤ j ≤ n, thus
| bn |>| bi |, for all 1≤ i ≤ n−1.

Let f be defined by(5.5) using a1 = b1, . . . ,an = bn anda0 = b0 = 1. ThereforeD( f ) = f , and moreover the
sequenceH(t)

0 ,H(t)
1 , . . . ,H(t)

n is the same forh and f . As Dubois algorithm converges [4], the uniqueness of the limit
givesh= f . ♦

According to ( Theorem1), the above theorem assure the following result.

Theorem 4.Over any formal power series field extension of degree(n+1), Fq[X][ρ ], there is a vector(ω1,ω2, . . . ,ωn)

in (Fq[X][ρ ])n, which is periodic by the Dubois version of the Jacobi-Perronalgorithm.

In the real case, Bouhamza [7] characterized the vector of form(α,α2) which is 1-periodic by Jacobi-perron algorithm
of pre-period 2. Note that he uses a different form of Jacobi-Perron algorithm (see [7]). He obtained also the following
results.

Theorem 5.There is no algebraic realα, of degree3, such that the vector(α,α2) is 2-purely periodic by J.

Theorem 6.There is no realα such that the vector(α,α2) is 1- purely periodic by J.

Remark.Theorem6 is correct ifα > 1. But if 0 < α < 1 then one uses a slightly different form which is given in (1).

We give the analogous of these results in the case of formal power series.

Theorem 7. Let ω ∈ M∗, the vector(ω ,ω2) is purely 1-periodic by J if and only ifω is the inverse of a Pisot cubic
element v such that v3−Av−1= 0, where A∈ Fq[X]\Fq.

Theorem 8.There is no vector(ω ,ω2) which is purely 2-periodic by J.

Remark.The proof of theorem7 and theorem8 is left as an exercise for the interested reader.

Theorem 9. Let ω ∈ M∗. The vector(ω ,ω2) is 3-purely periodic by J if and only if w is the inverse of a Pisot cubic
element v such that Av3+ABv−B= 0, where A,B∈ Fq[X]\Fq.

Proof.Let ω ∈ M∗, the vector(ω ,ω2) is purely 3-periodic byJ, then

J(ω ,ω2) =

(

ω ,
1
ω

−
[

1
ω

])

. (7)

J2(ω ,ω2) =























{

1
ω

}

w















,

{

1
ω

}









. (8)

and

J3(ω ,ω2) =



























{

1
ω

}















{

1
ω

}

w















,















ω
{

1
ω

}









































= (ω ,ω2)

. (9)
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then,

ω2 =















ω
{

1
ω

}















=
ω

1
ω

−
[

1
ω

] −









ω
1
ω

−
[

1
ω

]









which gives

[

1
ω

]

ω3+









ω
1
ω

−
[

1
ω

]









[

1
ω

]

ω −









ω
1
ω

−
[

1
ω

]









= 0

Let v=
1
ω
, we setA=









ω
1
ω

−
[

1
ω

]









andB=

[

1
ω

]

, thus, we have

Av3−ABv2−B= 0

it is clear thatA, B∈ Fq[X]\Fq. Now, assume thatv is the root of the polynomialP(Y) = AY3−ABY2−B with A, B∈
Fq[X]\Fq, such that| v |> 1, it is clear that[v] = B and we haveAv2(v−B) = B so,

A =
[v]

v2{v}
=

1
v{v}

[v]
[v]+ {v}

=
1

v{v}
1

1+
{v}
[v]

=
1

v{v}

(

1− {v}
[v]

+
{v}2

[v]2
−·· ·

)

=
1

v{v} −
1

v[v]
+

{v}
v[v]2

−·· ·

. (10)

which implies thatA=

[

1
v[v]

]

.

J

(

1
v
,

1
v2

)

=

({

1
v

}

,{v}
)

. (11)

J2

(

1
v
,

1
v2

)

= (v{v} ,{v}) . (12)

J3

(

1
v
,

1
v2

)

=

({

1
v

}

,

{

1
v{v}

})

=

(

1
v
,

1
v2

)

. (13)

This proves the Theorem. ♦

It is natural to conjecture that the same claim holds for vectors(ω ,ω2) which is(2n)-purely periodic byJ.

Remark.Take(ω ,ω2) whereω is the root ofω3 +X2ω −X = 0, then it has a 3− periodic expansion. The difference
seems to be thatA andB can have common divisor.

Conjecture 2.There is no vector(ω ,ω2) which is(2n)-purely periodic byJ.

We assume characterize the vector(ω ,ω2) which is purely(2n+1)-purely periodic byJ.

c© 2018 BISKA Bilisim Technology



NTMSCI 6, No. 1, 145-152 (2018) /www.ntmsci.com 151

Remark.Note that forn = 2, the conjecture (2) is wrong for the real Jacobi-Perron algorithm : takeω as the root of
2ω3+ω2+2ω = 1 which gives a 4−periodic expansion.

4 An application

Let ω = [X,X2, · · · ,X2s
, · · · ] = X+

1

X2+
1

· · ·+ 1
X2s + · · ·

∈ F2((X
−1)) be a root of the cubic polynomial

P(Y) =Y3−XY2−1.

We will show that the expansion of the vectorω(0) = (
1
ω
,

1
ω2 ) by J is purely 1-periodic. We remark that(ω −X)ω2 = 1

which implies that

ω = X+
1

ω2 ,

thus[ω ] = X. We can applyJ at ω(0) and denoteω(t) = Jt(ω(0)). We haveω(1) = (
1
ω
, ω −X) = (

1
ω
,

1
ω2 ). So,ω(1) =

ω(0). Hence, the expansion is purely 1-periodic.
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