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Abstract: In this paper, we aim to discuss several the basic arithmetic structure of Bianchi groups. In particularly, we study fundamental
domain and directed orbital graphs for the group PSL(2,0_).
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1 Introduction

It is known that the study of the group PSL(2,C) := {T|T : C.o. — Cw, T(z) = ‘C‘;ts, a,b,c,d € C andad —bc =1}
consisting of all fractional linear transformations of the projective plane of points at infinity, with complex coefficients,
was one of the major topics of mathematics in the 19th century and played an important role in the development of
hyperbolic geometry. The group PSL(2,C) has a natural action on 3-dimensional hyperbolic space H> which may be
described in geometric terms. An element 7 € PSL(2,C) induces a biholomorphic map of the Riemann sphere CU {eo}.
Jules Henri Poincare (1854-1912) observed that PSL(2,C) can be identified with the group of orientation preserving
isometries of H>. As in the study of the hyperbolic plane, the importance of finding discrete groups of hyperbolic
isometries of H* was emphasized. Starting with an example by Emile Picard (1856-1941) and pursued by Luigi Bianchi
(1856-1928) one particularly interesting class of discrete subgroups of PSL(2,C) was considered. It is constructed in the
following arithmetic way: Denote by O, the ring of integers of an imaginary quadratic number field Q(\/ZI ) withd <0
and square free. Then O, gives rise to a discrete group I; := PSL(2,04) < PSL(2,C) consisting of fractional linear
transformations with coefficients in O;. From [1,2] we can say that each subgroup 7 of finite index in I; operates
properly discontinuously on H? and a fundamental domain for this 7 action on hyperbolic 3-space in noncompact but of
finite volume. From various reasons, this class of arithmetically defined discrete groups of hyperbolic motions has gained
new vivid interest in recent years. Beside that the Bianchi groups I; are also of interest in their own group theoretical
right. In [3,4], the structures of directed and undirected graphs were investigated. The relation between graphs and
permutation groups was examined. In [5], authors mentioned permutation groups, primitivity and their applications to
graph theory. In these papers [7,8,9, 10] authors investigated some properties of suborbital graphs for the modular group,
Picard group, the simple groups and SL(3,Z) group. And also in [6], the author discussed suborbital graphs for the
normalizer of I)(N) in PSL(2,R) group.

This paper is devoted to a computer aided analysis of subgoups of small index in I;, in particular, we will deal as
properties with subgroups of small index in I; for d = —1,—2,—3,—5,—7. There is a fruitful interaction between
geometric-topological, group theoretical and arithmetic questions and methods.

2 The action of PSL(2,C) on H?

Consider the hyperbolic 3-space H? = {(z,£) € C xR | ¢ > 0}, that is, the unique connected, simply connected Riemann
manifold of dimension 3 with constant sectional curvature -1. A standard model for H? is the upper half space model H?3

\V/dx? +dy? 4 di?
t

ab
with the metric coming from the line element ds = with z = x+iy. Every element (c d) of PSL(2,C)
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acts on H? as an orientation preserving isometry via the formula,

ab e t)_<(az+b)(cz+d)+a6y2 y )
cd) lez+dP +cPy? ez+d] +[elPy?

where (z,#) € H>. It is well-known that every orientation preserving isometry of H?* arises this way.The group of all
isometries of H? is generated by PSL(2,C) and complex conjugation (z,¢) +— (Z,¢), which is an orientation reversing
involution.

Indeed, the group PSL(2,C) acts transitively on the points of H? so that the stabiliser of any point in H? is conjugate to
the stabiliser of (0,0, 1). Therefore H> and its geometry can be obtained from SL(2,C) as its symmetric space as SU (2, C)
is a maximal compact subgroup. Likewise, the action on the sphere at infinity is transitive so that point stabilisers are

0a!

so be conjugate to a subgroup of SO(3,R). As such, it will either be cyclic, dihedral or conjugate to one of the regular
solids groups and isomorphic to A4, As or Sy. The action of PSL(2,C) on H? leads to an action of SL(2,C).

a b
conjugate to I’ = { < ) | a#0anda,b e (C}. Any finite subgroup of PSL(2,C) must have a fixed point in H* and

I o 0-1
Lemma 1. The group SL(2,C) is generated by the elements §; = (O | > &= (1 0 ) where o € C. These generators

operate on H? as follows

la 0-1 -7 r
<o 1>(Z”):(Z+°"”)’ (1 0>(Z7r):(|z|2jr2’|22+r2)'

ab
Proof. Suppose T = (C d) € SL(2,C). If ¢ # 0, we have

(-67) 06

and for ¢ = 0 we obtain the factorization
a b a 0 1a'b
0a'] " \oat)\o 1 )

n
We thus conclude that the matrices §;, (> together with the matrices W, := 0n

But the elements W;, may be represented as products of the matrices {j, > as is evident from the following formulas

0= 6" ) ) ) (40)
()= ()60 (6
(2 5)-(00) (00

The first mathematical works on non-Euclidean geometry were published by N. Lobachevski (1829) and J. Bolyai
(1832). E. Beltrami (1868) introduced the upper space model, the unit ball model and the projective disc model of n
dimensional hyerbolic geometry, Milnor (1982). These models were well-known to the classical writers who used them
in their investigations on discontinuous groups, e.g. Bianchi (1952), Fricke (1914), Klein (1897), Humbert (1919), Picard
(1978), Poincare (1916). The upper-space model of three dimensional hyperbolic geometry is presented by Beardon

0
1), n € C\ {0}, generate SL(2,C).
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(1983) and Magnus (1974).
The formulas of elementary hyperbolic geometry become particularly nice if we represent the points of hyperbolic
3-space by matrices in SL(2,C). It is know that the following formalism is due to H. Helling.

3 Bianchi groups and fundamental domain
Definition 1. A quadratic number field is a field F C C such that F has dimensional 2 as a vector space over Q. Such a

field takes the form F = Q(y/n) = {p+qv/n: p,q € Q and n > 1square-free}. If n is positive then F is a real quadratic
number field, and if n is negative then F is an imaginary quadratic number field.

The trace function of F is the additive homomorphism
tr:F —Q, trla)=a+a.
The norm function of F is the multiplicative homomorphism
N:F*—Q, N(a)=aua.

Specifically, N(p + g+/n) = p* — ¢*n. The integers of the quadratic field F = Q(y/n) are

1+2\/ﬁ if n=1(mod4),

Or =7Zg], g=
4 el & vn o if n=2,3(mod4).

n if n=1(mod4),
The discriminant of F is Ap = an if n=2,3(modd).

Thus we see that every quadratic number field is of the form Q(+/d), where d is any square free integer. For any natural
number m, define Oy ,, := Z + m@Z where

LVd i § =3 (mod4),

PTENVE i d#3(mod4).

For simplicity, denote Oz 1 by O4. We also define O := Z.

d [0) N(p+qw) | trace | Elements of norm 1
—1 i P+q 2p +1,+i

2| V=2 PP +24% 2p +1
3| P ipg+g® | 2p +1,+0,+0?
5| V-5 p*+5¢4° 2p +1

—7 | =T 2 ypg+24t | 2p +1

Let d is rational number. We examine Q(v/d) = {p+¢Vd : p,q € Q} C C. Clearly if vd € Q ord = 1, then Q(v/d) = Q.
Ford = -1, Q(v/-1) =Q(i) = {p+gv—1: p,q € Q} is called Gaussian numbers. Also we may say that rational

numbers within the root can be arranged. For instance, Q(4/ ﬁ) = (@(% %) =Q(4/ 3%) =Q(V3).

Definition 2. Let d < 0, square free integer and let O denote the ring of integers in Q(v/d). The groups Iy = PSL(2,0,)
are called as the Bianchi groups. When d = —1,—2,—3,—7,—11 the rings Oy have an Euclidean algorithm and the 1
groups are known as the Euclidean Bianchi groups.

Theorem 1. Let K be an imaginary quadratic field of discriminant Ax < 0, and let Oy be its ring of integers. Then the
group PSL(2,0,) has following properties:

(i)PSL(2,0,) is a discrete subgroup of PSL(2,C).

(ii)PSL(2,0,) has finite covolume, but is not cocompact.

(i))PSL(2,0,) is a geometrically finite group.

(iv)PSL(2,0,) is finitely presented.
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We fix an imaginary quadratic number field K may construct now a fundamental domain Fx C H? for group PSL(2,0,)
where Oy is the ring of integers in K.

Lemma 2. The fundamental domain Fyy; for PSL(2,0_,) is described by
. 3 1 I _ .,
Fow ={z+1j el [ 0<|Rez| < 2, 0<Imz < 5, zz+17 2 1}
Fg(;) is a hyperbolic pyramid with one vertex at e and the other four vertices in the points P, = —5 + ? Js
Py=1 43 p=1yig V2jand Py =14 Lit ¥2).

For PSL(2,0_,), the Picard group, the region exterior to all isometric spheres, is the region exterior to all unit spheres
whose centres lie on the integral lattice in C. The stabiliser PSL(2,0_1 ) is an extension of the translation subgroup by a
rotation of order 2 about the origin. We thus obtain the fundamental region shown in figure.

Fig. 1: Fundamental domain for I,

The Bianchi group I; defined by I := PSL(2,0,) = SL(2,04)/{+I} is a discrete subgroup of PSL(2,C) viewed as the
group of orientation preserving isometries of the 3-dimensional hyperbolic space H’. Hence I; acts properly
discontinuously on H’. Fundamental domains for this action can analyze for small values of d.

Lemma 3. The fundamental domain Fgy /=, for PSL(2,0_3) is described by
V3
3

, V3
Fo=) ={z+tj€ H? | 0< |Rez], TRez <Imz,Imz < —(1 —Rez)}

1 3 3
U{zeC | 0<Imz < X —gRez <Imz< %Rez}.
The picture of Fg /= is closed quadrangle with corners in the points Q1 =0, Q> = % - @, 03 = %-ﬁ- @ and
0y =45,

Now, we give examples about generator of Bianchi groups. We note that in here Fdab commutator factor group of I;.
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Example 1. (I) The group I is generated by the matrices

a=(o1) 5= (1) e (o). = (o)

where i = +/—1. A presentation of I is given by the following relations
B*=(AB)=ACA™'C"' = (AE)* =1,

E* = (CE)*> = (BE)* = (CBE)* =1

and we have I _“{’ = Z%. (ID) The group I, is generated by the matrices

) o) e ()

where @ = v/ —2. A presentation of I, is given by the following relations
B> = (AB)* =AcA™'c™' = (BC7'BC)* =1

and again we can compute I’ fzb =7 X Z,. (IIT) The group I3 is generated by the matrices

) ) e )

L+ @ A presentation of I3 is given by the following relations

Where 0 = —3
B2 = (AB)} =ACA'C™ ! = (ACBC?B)* =1,

(ACBC™'B)> =A=2C"'BCBC'BC™'BCB =1
and then one may finds I ff = Z3. (IV) The group I7 is generated by the matrices

a=(01) o=(10 ) e=(o?)

Where w = @ A presentation of I is given by the the following relations
B> = (AB)* =AcA™'C™! = (BACT'BC)* =1

and one computes I f7b =7ZDZs>.

4 Congruence subgroups and digraphs

It is known that number theoretic interest in the Bianchi groups has centered primarily on the congruence subgroups and
the congruence subgroup property. There has also been a considerable amount of work on quadratic forms with entries in
O, and their relation to I;. If ¢ is an ideal in Oy then the principal congruence subgroup modo, I;(o) consists of those
transformations in Iy corresponding to matrices in SL(2,0,) congruent to +Imodc.

Ij(0) ={£T : T € SL(2,0,),T = Imodoc}.

I;(o) can also be described as the kernel of the natural this map y : SL(2,0,) — SL(2,04/06) modulo +I. Thus each
principal congruence subgroup is normal and of finite index. A congruence subgroup is a subgroup which contains a
principal congruence subgroup. Notice that in the Euclidean cases each ideal is principal and a formula in M. Newman
allows us to compute the index of a principal congruence subgroup. Namely if @ € Oy, d € {—1,—-2,—-3,—7,—11} then
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I Ti(a)| = plaf e (1— 1%) where p runs over the primes dividing & and p = 1 if t|2 or p = 1 otherwise.

Now we say some subgroup
a b
W = { (c a) e SL(2,C) ] aeC, b,ceR},

a —b

W = { (_C _a> € SL(2,C) ] aeC,b,ceR},
a bi

wo={ . ) esLe0) ‘ acC,bceRb.
Cl —a

The group SL(2,C) acts on Wy by @ — MoM " for o € Wy, M € SL(2,C). Similarly, the group SL(2,C) acts on W; and
W>. The full congruence subgroup is

I'(c):= { (i g) e SL(2,04) ‘ (i g) = (é ?) modG}

where o is a non zero ideal in the ring of integers O,. Note that e is a cusp of I'(7).

Another subgroup is
of
li(0):=1 |, 5 | €SL2.00) ‘ Y=0 modc .

Some of the groups Bianchi are subgroups of discrete groups which can be generated by hyperbolic reflections. The
relationship of the Bianchi to reflection groups is studied in Shvartsman (1987), Shaikheev (1987), Vinberg (1987) and
Ruzmanov (1990).

We can give applications for PSL(2,0_1), hence we will obtain an extension of suborbital graphs.

Theorem 2. PSL(2,0_1) acts transitively on £ := Q(v/—1) U {oo}. We represent e as £§ where € is 1 or i.

Proof. We can show that the orbit containing o is X. If f € X, then as (x,y) = 1, there exist «, f € Z[i] with ay — Bx = 1.

o x
Then the element ([3 y) of PSL(2,0_1) sends 0 to 3

Lemma 4. The stabilizer of 0 in PSL(2,0_1) is the set

10
PSL(2,0_1)o:=I"10= { (A 1) ‘ A eZ[i]}.

Proof. The stabilizer of a point in X is a infinite cyclic group. As the action is transitive, stabilizer of any two points
0 ab\ (0 0
are conjugate. Hence it is enough to examine the stabilizer of 0 in PSL(2,0_). T <1> = (c d) <1> = (1) and so

10

b 0
<d> = <]> .Thenb=0,d =1 and as detT = 1, a = 1. Therefore ¢ = A € Z[i]. Thus T = (A ]>. Indeed this shows

10
that the set PSL(2,0_1)o is equal to < <1 1) >

Definition 3.PSL(2,0_)°(N) :=T'% (N) = {T € PSL(2,0_1) |b=0(modN), N € Z[i]}

(© 2018 BISKA Bilisim Technology


www.ntmsci.com/jacm

(_/
69 BISKA Murat Besenk: A comment on the bianchi groups

Itis clear that I ;o < T’ f)] (N) < I';. We may use an equivalence relation ~ induced on X by I"_;.

rox . .
Now let —, — € X. Corresponding to these, there are two matrices
sy

*x r * X
Sliz %8 ,5222 *y

in I_; for which $;(0) = I, $2(0) = % Therefore - ~ ~ if and only if
s y sy

. s —r\ [*x * SX—T1Yy 0
S S = . * wy] T le eI (N).

Definition 4. Let G be a graph and a sequence vy,vy, ..., vy of different vertices. Then form vi — vy — ... —> vy —> vy,
where k > 2 and k positive integer, is called a directed circuit in G.

So sx — ry =0 (modN).

Definition 5. Let (I'_1,X) be transitive permutation group. Then I acts on XXX by @ : T | X (2 x X) — X x X,
O(T, (a1, 00)) = (T(), T()), where T € Iy and a1, 0 € X. The orbits of this action are called suborbitals of I'_.

Now we investigate the suborbital directed graphs or digraphs for the action I on X. We say that the subgraph of vertices

form the block |
x
[o] := [6} - {§ ex ‘ x=1 (modN),y:O(modN)}

is denoted by F, y := F(%7 ) where (u,N) = 1.

Theorem 3. There is an edge NG F, N if and only if there exists a unit € € Z[i] such that x = eur (modN),
S y

y = teus (modN) and ry — sx = €N.

. r X . .
Proof. Suppose that there exists an edge - — = € F,, y. Hence there exist some 7 € I such that sends the pair (eo, %)
s y ’

to the pair (£, 7). Clearly T () = £ and T' () = . For T'(z) = “h we have that ¢ = - and 400 = 3+ Then there exist

the units &),& € Z[i] such that a = gr, ¢ = &s and au + bN = €x, cu + dN = €y. So, we can write

cd ON €S €1y

from the determinant ry — sx = €N is achieved.

ab 1 u &r €1x
= . Finally, taking with € = g¢;, we get that x = +eur (modN), y = teus (modN). And also

Conversely, we can take the plus sign. Therefore there exist b,d € Z[i] such that x = gur + bN, y = eus+dN. If we choose

ab 1 u erx
a= ¢erand c = &s, then we find x = au+bN and y = cu+dN.So T (e, i) = <c d) (O N) = (&v y).As e(ry—sx)=N

r X, i . .
we have ad —bc=1and T € I_;. Hence - — — in F,, 5. Similarly, minus sign case may shown.
s y

Theorem 4. F, y contains directed hyperbolic triangles if and only if there exists a unit € € Z[i] such that e’ —eut+l=
0(modN) and €*u® + gu+1 = 0(modN).

Proof. We suppose that F, y contains a directed hyperbolic triangle. Since the transitive action, the form of the directed

hyperbolic triangle can written like this

1_>u_>r_>l
0 N N 0
u

As the edge condition in above the theorem, we have to be provided for the second edge y; — ¥, thatis u—r =¢

and r = +eu® (modN). Then we have er = £€%u? (modN). Therefore F&2u? + er = 0(modN) and eu — er = €2 = +1
are obtained. Hence there are two cases. The first case is —&%u” + &r = 0(modN) and &r = eu — 1. The second case is
€2u* +er =0 (modN) and er = eu+ 1. Finally we may say that for & € Z[i] these equations £2u? — eu+ 1 = 0(modN) and
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£2u? + eu+1=0(modN) are satisfied. Conversely, we can solve these equations only with special conditions. Let & € Z][i]
be a unit such that £2u?> — eu+ 1 = 0(modN). Above the theorem implies that there is a directed hyperbolic triangle

1_>£_>u—l 1
0 N N 0

in F,, . Similarly, we can find another directed hyperbolic triangle for £u? + gu+ 1 = 0(modN), in this case

1 u u—i—é 1
- — — —
0 N N

in Fu,N'
Now we get example for first equation.

Example 2. Let N = 1 + 6i. If we take u = 2 + i, then this equation (3 +4i)e? — (2 +i)e + 1 = 0mod(1 + 6i) is achieved
for € = i. Hence we get this directed hyperbolic triangle as

1 2+1 2 1

0 " 1+6i 1+6i 0

in F>4; 116i- And also, it is clear that (2+i,146i) =1 and ry — sx = N.
Similarly, let N = i. Again we choose u = —1, then €2 + £+ 1 = 0mod(i) is held if and only if € = —i. So, directed triangle

18
oo —i—14i—> o0

in F_y;.

—

e et

Fig. 2: Circuits in F>; 146; and F_
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2,2
_ Eu"Feu+tl
Eu N

Corollary 1. The transformation y := ( eN euFl
— u

) which is defined by means of the congruence €*u’> F eu+1=

0(modN) is an elliptic element of order 3. Obviously that dety = 1, W3 = I and tr(y) = F1. Moreover, it is easily seen

R ORI R MR R

2.2
gu teu—1 1 u

—&u
_eN Susil has detn = —1 andtr(n) = +1. Furthermore, n ol =Nl

()= () 3= (57) 2 (3] (55 1 (3) = (5 ) () - (757)

where n > 0 positive integer and F,, Fibonacci numbers. It is known that Fy =0, F| = 1 and F,1» = F,, + F,,+1. That is,
two directed paths

Corollary 2. The transformation 1 :=

uF < UTF 5= UF = UF = uTF
u T T 2 T3 FTe YT ERae
N N N N N N

are obtained.

Example 3. Let N = 41 and u = 7. We consider first case. If we take € = —1 then we have this directed path

L 7 T4l T4y T3 743 _>7+@
0 41 41 41 41 a1 v a

References

[1] Grunewald E., Schwermer J., Subgroups of Bianchi groups and arithmetic quotients of hyperbolic 3-space, Transactions of The
American Mathematical Society, Vol:335, 47-78, 1993.
[2] Maclachlan C., Reid A.W., The arithmetic of hyperbolic 3-manifolds, Springer - Verlag, New York, 2003.
[3] Sims C.C., Graphs and finite permutation groups, Mathematische Zeitschrift, Vol:95, 76-86, 1967.
[4] Jones G.A., Singerman D. and Wicks K., The modular group and generalized Farey graphs, London Mathematical Society, Vol:160,
316-338, 1991.
[5] Biggs N.L., White A.T., Permutation groups and combinatorial structures, Cambridge University Press, Cambridge, 1979.
[6] Besenk M., Signature cycles and graphs, Lambert Academic Publishing, Saarbriicken, Germany, 2012.
[7] Akbag M., On suborbital graphs for the modular group, Bulletin London Mathematical Society, Vol:33, 647-652, 2001.
[8] Besenk M., Giiler B.O., Koroglu T., Orbital graphs for the small residue class of PSL(2,5), General Mathematics Notes, Vol:37,
20-31, 2016.
[9] Besenk M., Giiler B.O., Deger A.H., Kesicioglu Y., Circuit lengths of graphs for the Picard group, Journal of Inequalities and
Applications, Vol:1, 106-113, 2013.
[10] Besenk M., Suborbital graphs for a special subgroup of the SL(3,7Z), Filomat, Vol:30, 593-602, 2016.

(© 2018 BISKA Bilisim Technology



	Introduction
	The action of PSL(2,C) on H3
	Bianchi groups and fundamental domain
	Congruence subgroups and digraphs

