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Abstract: In this work, we pose a new equality for differentiable functions. By using this equality, we have some new Ostrowki type
inequalities and some error estimates for the midpoint formula for functions whose derivatives in absolute values at certain powers are
harmonically convex.
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1 Introduction

The following result is known in the literature as Ostrowski’s inequality [7];

Theorem 1. [2,8]. Let f : [a,b] → R be a differentiable mapping on(a,b) with the property that| f ′ (t)| ≤ M for all

t ∈ (a,b). Then
∣

∣

∣

∣

f (x)−
1

b−a

∫ b

a
f (t)dt

∣

∣

∣

∣

≤ (b−a)M

[

1
4
+

(

x− a+b
2

)2

(b−a)2

]

(1)

for all x ∈ [a,b].

The constant14 is the best possible it means that it cannot be replaced by a smaller constant.

The inequality(1) can be expressed in the following form:

∣

∣

∣

∣

f (x)−
1

b−a

∫ b

a
f (t)dt

∣

∣

∣

∣

≤
M

b−a

[

(x−a)2+(x−b)2

2

]

. (2)

For some results which generalize, improve and extend the inequalities(1) and (2) we refer the reader to the recent

papers (see [1,2,4,5,7,8,9]).

In [3], İşcan gave definition of harmonically convex functions andHermite-Hadamard type inequality for harmonically

convex functions as follows:

Definition 1. [3]. Let I ⊂ R\{0} be a real interval. A function f: I → R is said to be harmonically convex, if

f

(

xy
tx+(1− t)y

)

≤ t f (y)+ (1− t) f (x) (3)
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for all x,y∈ I and t∈ [0,1]. If the inequality in(3) is reversed, then f is said to be harmonically concave.

Theorem 2.[3]. Let f : I ⊂ R\{0} → R be a harmonically convex function and a,b∈ I with a< b. If f ∈ L [a,b] then

the following inequalities holds:

f

(

2ab
a+b

)

≤
ab

b−a

∫ b

a

f (x)
x2 dx≤

f (a)+ f (b)
2

.

We will use the following special functions called beta function and hypergeometric function, respectively in the literature

β (x,y) =
Γ (x)Γ (y)
Γ (x+ y)

=
∫ 1

0
tx−1 (1− t)y−1dt, x,y> 0,

2F1(a,b;c;z) =
1

β (b,c−b)

∫ 1

0
tb−1(1− t)c−b−1 (1− zt)−adt,

wherec> b> 0, and|z|< 1 (see e.g. [6]).

2 New Ostorowski type inequalities

The following lemma is important to prove our main results.

Lemma 1.. Let f : I ⊂ R\ {0}→R be a differentiable function on I◦ such that a,b∈ I with a< b. If f ′ ∈ L [a,b] then

f (x)−
ab

b−a

∫ b

a

f (u)
u2 du= ab(b−a)

∫ 1

0

p(t)

(ta+(1− t)b)2 f ′
(

ab
ta+(1− t)b

)

dt (4)

where

p(t) =







t, t ∈
[

0, (x−a)b
(b−a)x

]

t −1, t ∈
(

(x−a)b
(b−a)x ,1

]

for all x ∈ [a,b].

Proof.

ab(b−a)
∫ 1

0

p(t)

(ta+(1− t)b)2
f ′
(

ab
ta+(1− t)b

)

dt = ab(b−a)

[

∫
(x−a)b
(b−a)x

0

t

(ta+(1− t)b)2 f ′
(

ab
ta+(1− t)b

)

dt

+
∫ 1

(x−a)b
(b−a)x

t −1

(ta+(1− t)b)2
f ′
(

ab
ta+(1− t)b

)

dt

]

=



 t f

(

ab
ta+(1− t)b

)∣

∣

∣

∣

(x−a)b
(b−a)x

0
−
∫

(x−a)b
(b−a)x

0
f

(

ab
ta+(1− t)b

)

dt + (t −1) f

(

ab
ta+(1− t)b

)∣

∣

∣

∣

1

(x−a)b
(b−a)x

−
∫ 1

(x−a)b
(b−a)x

f

(

ab
ta+(1− t)b

)

dt

]

=

[

(x−a)b
(b−a)x

f (x)−
ab

b−a

∫ x

a

f (u)

u2 du+
(b−x)a
(b−a)x

f (x)−
ab

b−a

∫ b

x

f (u)

u2 du

]

= f (x)−
ab

b−a

∫ b

a

f (u)

u2 du.

This completes the proof.
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Theorem 3.Let f : I ⊂ (0,∞)→ R be a differentiable function on I◦ such that a,b∈ I with a< b and f′ ∈ L. If | f ′| is

harmonically convex on[a,b], then for all x∈ [a,b], we have

∣

∣

∣

∣

f (x)−
ab

b−a

∫ b

a

f (u)
u2 du

∣

∣

∣

∣

≤ ab(b−a)

[

| f ′ (a)|(T1 (a,b,x)+T3(a,b,x))

+ | f ′ (b)|(T2 (a,b,x)+T4(a,b,x))

]

(5)

where

T1 (a,b,x) =







1
2

(

(x−a)
(b−a)x

)2
2F1

(

2,2;3; (x−a)b
(b−a)x

(

1− a
b

)

)

− b
3

(

(x−a)
(b−a)x

)3
2F1

(

2,3;4; (x−a)b
(b−a)x

(

1− a
b

)

)






,

T2 (a,b,x) =
b
3

(

(x−a)
(b−a)x

)3

2F1

(

2,3;4; (x−a)b
(b−a)x

(

1− a
b

)

)

,

T3 (a,b,x) =

















b−2

3 2F1
(

2,1;4;
(

1− a
b

))

−
(x−a)b−1

(b−a)x 2F1

(

2,1;2; (x−a)b
(b−a)x

(

1− a
b

)

)

+
(

(x−a)
(b−a)x

)2
2F1

(

2,2;3; (x−a)b
(b−a)x

(

1− a
b

)

)

− b
3

(

(x−a)
(b−a)x

)3
2F1

(

2,3;4; (x−a)b
(b−a)x

(

1− a
b

)

)

















,

T4 (a,b,x) =











b−2

6 2F1
(

2,2;4;
(

1− a
b

))

− 1
2

(

(x−a)
(b−a)x

)2
2F1

(

2,2;3; (x−a)b
(b−a)x

(

1− a
b

)

)

+ b
3

(

(x−a)
(b−a)x

)3
2F1

(

2,3;4; (x−a)b
(b−a)x

(

1− a
b

)

)











.

Proof.By using Lemma1 and harmonically convexity of| f ′|, we have

∣

∣

∣

∣

f (x)−
ab

b−a

∫ b

a

f (u)
u2 du

∣

∣

∣

∣

≤ ab(b−a)

[

∫
(x−a)b
(b−a)x

0

t

(ta+(1− t)b)2

∣

∣

∣

∣

f ′
(

ab
ta+(1− t)b

)∣

∣

∣

∣

dt

+
∫ 1

(x−a)b
(b−a)x

1− t

(ta+(1− t)b)2

∣

∣

∣

∣

f ′
(

ab
ta+(1− t)b

)∣

∣

∣

∣

dt

]

≤ ab(b−a)

[

∫
(x−a)b
(b−a)x

0

t

(ta+(1− t)b)2
[

(1− t)
∣

∣ f ′ (a)
∣

∣+ t
∣

∣ f ′ (b)
∣

∣

]

dt

+
∫ 1

(x−a)b
(b−a)x

1− t

(ta+(1− t)b)2

[

(1− t)
∣

∣ f ′ (a)
∣

∣+ t
∣

∣ f ′ (b)
∣

∣

]

dt

]

≤ ab(b−a)

[

∣

∣ f ′ (a)
∣

∣

∫
(x−a)b
(b−a)x

0

t (1− t)

(ta+(1− t)b)2 dt+
∣

∣ f ′ (b)
∣

∣

∫
(x−a)b
(b−a)x

0

t2

(ta+(1− t)b)2
dt

+
∣

∣ f ′ (a)
∣

∣

∫ 1

(x−a)b
(b−a)x

(1− t)2

(ta+(1− t)b)2
dt+

∣

∣ f ′ (b)
∣

∣

∫ 1

(x−a)b
(b−a)x

t (1− t)

(ta+(1− t)b)2 dt

]

. (6)

If we calculate the appearing integrals with hypergeometric functions, we have
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∫
(x−a)b
(b−a)x

0

t (1− t)

(ta+(1− t)b)2dt =
∫

(x−a)b
(b−a)x

0

t

(ta+(1− t)b)2dt−
∫

(x−a)b
(b−a)x

0

t2

(ta+(1− t)b)2 dt

=

(

(x−a)
(b−a)x

)2∫ 1

0
u

(

1−

[

(x−a)b
(b−a)x

(

1−
a
b

)

]

u

)−2

du

−b

(

(x−a)
(b−a)x

)3∫ 1

0
u2
(

1−

[

(x−a)b
(b−a)x

(

1−
a
b

)

]

u

)−2

du

=







1
2

(

(x−a)
(b−a)x

)2
2F1

(

2,2;3; (x−a)b
(b−a)x

(

1− a
b

)

)

− b
3

(

(x−a)
(b−a)x

)3
2F1

(

2,3;4; (x−a)b
(b−a)x

(

1− a
b

)

)






= T1 (a,b,x) , (7)

∫
(x−a)b
(b−a)x

0

t2

(ta+(1− t)b)2 dt =
b
3

(

(x−a)
(b−a)x

)3

2F1

(

2,3;4; (x−a)b
(b−a)x

(

1− a
b

)

)

= T2 (a,b,x) , (8)

∫ 1

(x−a)b
(b−a)x

(1− t)2

(ta+(1− t)b)2
dt =

∫ 1

0

(1− t)2

(ta+(1− t)b)2dt−
∫

(x−a)b
(b−a)x

0

(1− t)2

(ta+(1− t)b)2 dt

= b−2
∫ 1

0
(1− t)2

(

1− t
(

1−
a
b

))−2
dt−

∫
(x−a)b
(b−a)x

0

1−2t+ t2

(ta+(1− t)b)2 dt

= b−2
∫ 1

0
(1− t)2

(

1− t
(

1−
a
b

))−2
dt−

∫
(x−a)b
(b−a)x

0

1

(ta+(1− t)b)2 dt

+2
∫

(x−a)b
(b−a)x

0

t

(ta+(1− t)b)2 dt−
∫

(x−a)b
(b−a)x

0

t2

(ta+(1− t)b)2
dt

=

















b−2

3 2F1
(

2,1;4;
(

1− a
b

))

−
(x−a)b−1

(b−a)x 2F1

(

2,1;2; (x−a)b
(b−a)x

(

1− a
b

)

)

+
(

(x−a)
(b−a)x

)2
2F1

(

2,2;3; (x−a)b
(b−a)x

(

1− a
b

)

)

− b
3

(

(x−a)
(b−a)x

)3
2F1

(

2,3;4; (x−a)b
(b−a)x

(

1− a
b

)

)

















= T3 (a,b,x) , (9)

∫ 1

(x−a)b
(b−a)x

t (1− t)

(ta+(1− t)b)2 dt =
∫ 1

0

t (1− t)

(ta+(1− t)b)2 dt−
∫

(x−a)b
(b−a)x

0

t (1− t)

(ta+(1− t)b)2
dt

= b−2
∫ 1

0
t (1− t)

(

1− t
(

1−
a
b

))−2
dt−

∫
(x−a)b
(b−a)x

0

t

(ta+(1− t)b)2dt

+

∫
(x−a)b
(b−a)x

0

t2

(ta+(1− t)b)2 dt

=











b−2

6 2F1
(

2,2;4;
(

1− a
b

))

− 1
2

(

(x−a)
(b−a)x

)2
2F1

(

2,2;3; (x−a)b
(b−a)x

(

1− a
b

)

)

+ b
3

(

(x−a)
(b−a)x

)3
2F1

(

2,3;4; (x−a)b
(b−a)x

(

1− a
b

)

)











= T4 (a,b,x) . (10)

A combination of(6)-(10) we have(5). This completes the proof.
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Corollary 1. In addition to the conditions of the Theorem3, if we choose:

1.| f ′ (x)| ≤ M, for all x ∈ [a,b], we have the following Ostrowski’s type inequality

∣

∣

∣

∣

f (x)−
ab

b−a

∫ b

a

f (u)
u2 du

∣

∣

∣

∣

≤ ab(b−a)M

[

T1 (a,b,x)+T3(a,b,x)

+T2(a,b,x)+T4(a,b,x)

]

, (11)

2.x= 2ab
a+b, we have the following midpoint type inequality for harmonically convex functions

∣

∣

∣

∣

f

(

2ab
a+b

)

−
ab

b−a

∫ b

a

f (u)
u2 du

∣

∣

∣

∣

≤ ab(b−a)

[

| f ′ (a)|
(

T1
(

a,b, 2ab
a+b

)

+T3
(

a,b, 2ab
a+b

))

+ | f ′ (b)|
(

T2
(

a,b, 2ab
a+b

)

+T4
(

a,b, 2ab
a+b

))

]

. (12)

Theorem 4.Let f : I ⊂ (0,∞)→ R be a differentiable function on I◦ such that a,b∈ I with a< b and f′ ∈ L. If | f ′|q is

harmonically convex on[a,b] for q≥ 1, then for all x∈ [a,b], we have

∣

∣

∣

∣

f (x)−
ab

b−a

∫ b

a

f (u)
u2 du

∣

∣

∣

∣

≤ab(b−a)





(

1
2

(

(x−a)b
(b−a)x

)2
)1− 1

q
(

| f ′ (a)|qT5 (a,b,x)

+ | f ′ (b)|qT6 (a,b,x)

) 1
q

+

(

1
2
+

1
2

(

(x−a)b
(b−a)x

)2

−
(x−a)b
(b−a)x

)1− 1
q
(

| f ′ (a)|qT7 (a,b,x)

+ | f ′ (b)|qT8 (a,b,x)

) 1
q


 (13)

where

T5 (a,b,x) =







1
2b2q

(

(x−a)b
(b−a)x

)2
2F1

(

2q,2;3; (x−a)b
(b−a)x

(

1− a
b

)

)

− 1
3b2q

(

(x−a)b
(b−a)x

)3
2F1

(

2q,3;4; (x−a)b
(b−a)x

(

1− a
b

)

)






,

T6 (a,b,x) =
1

3b2q

(

(x−a)b
(b−a)x

)3

2F1

(

2q,3;4; (x−a)b
(b−a)x

(

1− a
b

)

)

,

T7 (a,b,x) =

















1
3b2q 2F1

(

2q,1;4;
(

1− a
b

))

− 1
b2q

(x−a)b
(b−a)x 2F1

(

2q,1;2; (x−a)b
(b−a)x

(

1− a
b

)

)

+ 1
b2q

(

(x−a)b
(b−a)x

)2
2F1

(

2q,2;3; (x−a)b
(b−a)x

(

1− a
b

)

)

− 1
3b2q

(

(x−a)b
(b−a)x

)3
2F1

(

2q,3;4; (x−a)b
(b−a)x

(

1− a
b

)

)

















,

T8 (a,b,x) =











1
6b2q 2F1

(

2q,2;4;
(

1− a
b

))

− 1
2b2q

(

(x−a)b
(b−a)x

)2
2F1

(

2q,2;3; (x−a)b
(b−a)x

(

1− a
b

)

)

+ 1
3b2q

(

(x−a)b
(b−a)x

)3
2F1

(

2,3;4; (x−a)b
(b−a)x

(

1− a
b

)

)











.

Proof.By using Lemma1, power mean inequality and harmonically convexity of| f ′|q, we have

∣

∣

∣

∣

f (x)−
ab

b−a

∫ b

a

f (u)
u2 du

∣

∣

∣

∣

≤ ab(b−a)

[

∫
(x−a)b
(b−a)x

0

t

(ta+(1− t)b)2

∣

∣

∣

∣

f ′
(

ab
ta+(1− t)b

)∣

∣

∣

∣

dt
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+

∫ 1

(x−a)b
(b−a)x

1− t

(ta+(1− t)b)2

∣

∣

∣

∣

f ′
(

ab
ta+(1− t)b

)∣

∣

∣

∣

dt

]

≤ ab(b−a)





(

∫
(x−a)b
(b−a)x

0
tdt

)1− 1
q
(

∫
(x−a)b
(b−a)x

0

t

(ta+(1− t)b)2q

[

(1− t)
∣

∣ f ′ (a)
∣

∣

q
+ t
∣

∣ f ′ (b)
∣

∣

q]
dt

)
1
q

+

(

∫ 1

(x−a)b
(b−a)x

(1− t)dt

)1− 1
q
(

∫ 1

(x−a)b
(b−a)x

1− t

(ta+(1− t)b)2q

[

(1− t)
∣

∣ f ′ (a)
∣

∣

q
+ t
∣

∣ f ′ (b)
∣

∣

q]
dt

) 1
q




≤ ab(b−a)











(

1
2

(

(x−a)b
(b−a)x

)2
)1− 1

q









| f ′ (a)|q
∫

(x−a)b
(b−a)x

0
t(1−t)

(ta+(1−t)b)2q dt

+ | f ′ (b)|q
∫

(x−a)b
(b−a)x

0
t2

(ta+(1−t)b)2q dt









1
q

+

(

1
2
+

1
2

(

(x−a)b
(b−a)x

)2

−
(x−a)b
(b−a)x

)1− 1
q







| f ′ (a)|q
∫ 1
(x−a)b
(b−a)x

(1−t)2

(ta+(1−t)b)2q dt

+ | f ′ (b)|q
∫ 1
(x−a)b
(b−a)x

t(1−t)

(ta+(1−t)b)2q dt







1
q








. (14)

Calculating appearing integrals with hypergeometric functions, we have

∫
(x−a)b
(b−a)x

0

t (1− t)

(ta+(1− t)b)2q dt =







1
2b2q

(

(x−a)b
(b−a)x

)2
2F1

(

2q,2;3; (x−a)b
(b−a)x

(

1− a
b

)

)

− 1
3b2q

(

(x−a)b
(b−a)x

)3
2F1

(

2q,3;4; (x−a)b
(b−a)x

(

1− a
b

)

)






= T5 (a,b,x) , (15)

∫
(x−a)b
(b−a)x

0

t2

(ta+(1− t)b)2q dt =
1

3b2q

(

(x−a)b
(b−a)x

)3

2F1

(

2q,3;4; (x−a)b
(b−a)x

(

1− a
b

)

)

= T6 (a,b,x) , (16)

∫ 1

(x−a)b
(b−a)x

(1− t)2

(ta+(1− t)b)2qdt =

















1
3b2q 2F1

(

2q,1;4;
(

1− a
b

))

− 1
b2q

(x−a)b
(b−a)x 2F1

(

2q,1;2; (x−a)b
(b−a)x

(

1− a
b

)

)

+ 1
b2q

(

(x−a)b
(b−a)x

)2
2F1

(

2q,2;3; (x−a)b
(b−a)x

(

1− a
b

)

)

− 1
3b2q

(

(x−a)b
(b−a)x

)3
2F1

(

2q,3;4; (x−a)b
(b−a)x

(

1− a
b

)

)

















= T7 (a,b,x) , (17)

∫ 1

(x−a)b
(b−a)x

t (1− t)

(ta+(1− t)b)2qdt =











1
6b2q 2F1

(

2q,2;4;
(

1− a
b

))

− 1
2b2q

(

(x−a)b
(b−a)x

)2
2F1

(

2q,2;3; (x−a)b
(b−a)x

(

1− a
b

)

)

+ 1
3b2q

(

(x−a)b
(b−a)x

)3
2F1

(

2,3;4; (x−a)b
(b−a)x

(

1− a
b

)

)











= T8 (a,b,x) . (18)

A combination of(14)-(18) we have(13). This completes the proof.

Corollary 2. In addition to the conditions of the Theorem4, if we choose:
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(1) | f ′ (x)| ≤ M, for all x∈ [a,b], we have the following Ostrowski’s type inequality

∣

∣

∣

∣

f (x)−
ab

b−a

∫ b

a

f (u)
u2 du

∣

∣

∣

∣

≤ ab(b−a)M





(

1
2

(

(x−a)b
(b−a)x

)2
)1− 1

q

(T5 (a,b,x)+T6(a,b,x))
1
q

+

(

1
2
+

1
2

(

(x−a)b
(b−a)x

)2

−
(x−a)b
(b−a)x

)1− 1
q

(T7 (a,b,x)+T8(a,b,x))
1
q



 , (19)

(2) x= 2ab
a+b, we have the following midpoint type inequality for harmonically convex functions

∣

∣

∣

∣

f

(

2ab
a+b

)

−
ab

b−a

∫ b

a

f (u)
u2 du

∣

∣

∣

∣

≤ ab(b−a)

(

1
8

)1− 1
q
[

(

∣

∣ f ′ (a)
∣

∣

q
T5

(

a,b,
2ab
a+b

)

+
∣

∣ f ′ (b)
∣

∣

q
T6

(

a,b,
2ab
a+b

)) 1
q

+

(

∣

∣ f ′ (a)
∣

∣

q
T7

(

a,b,
2ab
a+b

)

+
∣

∣ f ′ (b)
∣

∣

q
T8

(

a,b,
2ab
a+b

)) 1
q
]

. (20)

Theorem 5.Let f : I ⊂ (0,∞)→ R be a differentiable function on I◦ such that a,b∈ I with a< b and f′ ∈ L. If | f ′|q is

harmonically convex on[a,b] for q≥ 1, then for all x∈ [a,b], we have

∣

∣

∣

∣

f (x)−
ab

b−a

∫ b

a

f (u)
u2 du

∣

∣

∣

∣

≤ ab(b−a)

[

(T9 (a,b,x))
1− 1

q
(∣

∣ f ′ (a)
∣

∣

q
T1 (a,b,x)+

∣

∣ f ′ (b)
∣

∣

q
T2 (a,b,x)

)
1
q

+(T10(a,b,x))
1− 1

q
(∣

∣ f ′ (a)
∣

∣

q
T3 (a,b,x)+

∣

∣ f ′ (b)
∣

∣

q
T4 (a,b,x)

)
1
q

]

(21)

where T1 (a,b,x)−T4(a,b,x) are defined as in Theorem3 and

T9 (a,b,x) =
1
2

(

(x−a)
(b−a)x

)2

2F1

(

2,2;3; (x−a)b
(b−a)x

(

1− a
b

)

)

,

T10(a,b,x) =











b−2

2 2F1
(

2,1;3;
(

1− a
b

))

− (x−a)b−1

(b−a)x 2F1

(

2,1;2; (x−a)b
(b−a)x

(

1− a
b

)

)

+ 1
2

(

(x−a)
(b−a)x

)2
2F1

(

2,2;3; (x−a)b
(b−a)x

(

1− a
b

)

)











.

Proof.By using Lemma1, power mean inequality and harmonically convexity of| f ′|q, we have

∣

∣

∣

∣

f (x)−
ab

b−a

∫ b

a

f (u)
u2 du

∣

∣

∣

∣

≤ ab(b−a)

[

∫
(x−a)b
(b−a)x

0

t

(ta+(1− t)b)2

∣

∣

∣

∣

f ′
(

ab
ta+(1− t)b

)∣

∣

∣

∣

dt

+

∫ 1

(x−a)b
(b−a)x

1− t

(ta+(1− t)b)2

∣

∣

∣

∣

f ′
(

ab
ta+(1− t)b

)∣

∣

∣

∣

dt

]

≤ ab(b−a)





(

∫
(x−a)b
(b−a)x

0

t

(ta+(1− t)b)2
dt

)1− 1
q
(

∫
(x−a)b
(b−a)x

0

t

(ta+(1− t)b)2

[

(1− t)
∣

∣ f ′ (a)
∣

∣

q
+ t
∣

∣ f ′ (b)
∣

∣

q]
dt

)
1
q

+

(

∫ 1

(x−a)b
(b−a)x

1− t

(ta+(1− t)b)2 dt

)1− 1
q
(

∫ 1

(x−a)b
(b−a)x

1− t

(ta+(1− t)b)2

[

(1− t)
∣

∣ f ′ (a)
∣

∣

q
+ t
∣

∣ f ′ (b)
∣

∣

q]
dt

) 1
q



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≤ ab(b−a)











(

∫
(x−a)b
(b−a)x

0

t

(ta+(1− t)b)2dt

)1− 1
q









| f ′ (a)|q
∫

(x−a)b
(b−a)x

0
t(1−t)

(ta+(1−t)b)2q dt

+ | f ′ (b)|q
∫

(x−a)b
(b−a)x

0
t2

(ta+(1−t)b)2q dt









1
q

+

(

∫ 1

(x−a)b
(b−a)x

1− t

(ta+(1− t)b)2 dt

)1− 1
q







| f ′ (a)|q
∫ 1
(x−a)b
(b−a)x

(1−t)2

(ta+(1−t)b)2q dt

+ | f ′ (b)|q
∫ 1
(x−a)b
(b−a)x

t(1−t)

(ta+(1−t)b)2q dt







1
q








. (22)

Calculating appearing integrals with hypergeometric functions, we have

∫
(x−a)b
(b−a)x

0

t

(ta+(1− t)b)2 dt =
1
2

(

(x−a)
(b−a)x

)2

2F1

(

2,2;3; (x−a)b
(b−a)x

(

1− a
b

)

)

= T9 (a,b,x) , (23)

∫ 1

(x−a)b
(b−a)x

1− t

(ta+(1− t)b)2 dt =











b−2

2 2F1
(

2,1;3;
(

1− a
b

))

− (x−a)b−1

(b−a)x 2F1

(

2,1;2; (x−a)b
(b−a)x

(

1− a
b

)

)

+ 1
2

(

(x−a)
(b−a)x

)2
2F1

(

2,2;3; (x−a)b
(b−a)x

(

1− a
b

)

)











= T10(a,b,x) . (24)

A combination of(7)-(10) and(22)-(24)we have(21). This completes the proof.

Corollary 3. In addition to the conditions of the Theorem5, if we choose:

(1) | f ′ (x)| ≤ M, for all x∈ [a,b], we have the following Ostrowski’s type inequality

∣

∣

∣

∣

f (x)−
ab

b−a

∫ b

a

f (u)
u2 du

∣

∣

∣

∣

≤ ab(b−a)M
[

(T9 (a,b,x))
1− 1

q (T1 (a,b,x)+T2(a,b,x))
1
q

+(T10(a,b,x))
1− 1

q (T3 (a,b,x)+T4(a,b,x))
1
q

]

, (25)

(2) x= 2ab
a+b, we have the following midpoint type inequality for harmonically convex functions

∣

∣

∣

∣

f

(

2ab
a+b

)

−
ab

b−a

∫ b

a

f (u)
u2 du

∣

∣

∣

∣

≤ ab(b−a)

[

(

T9

(

a,b,
2ab
a+b

))1− 1
q
(

∣

∣ f ′ (a)
∣

∣

q
T1

(

a,b,
2ab
a+b

)

+
∣

∣ f ′ (b)
∣

∣

q
T2

(

a,b,
2ab
a+b

)) 1
q

+

(

T10

(

a,b,
2ab
a+b

))1− 1
q
(

∣

∣ f ′ (a)
∣

∣

q
T3

(

a,b,
2ab
a+b

)

+
∣

∣ f ′ (b)
∣

∣

q
T4

(

a,b,
2ab
a+b

)) 1
q
]

. (26)

Theorem 6.Let f : I ⊂ (0,∞)→ R be a differentiable function on I◦ such that a,b∈ I with a< b and f′ ∈ L. If | f ′|q is

harmonically convex on[a,b] for q> 1 and 1
p +

1
q = 1, then for all x∈ [a,b], we have

∣

∣

∣

∣

f (x)−
ab

b−a

∫ b

a

f (u)
u2 du

∣

∣

∣

∣

≤ ab(b−a)





(

1
p+1

(

(x−a)b
(b−a)x

)p+1
) 1

p
(

| f ′ (a)|qT11(a,b,x)

+ | f ′ (b)|qT12(a,b,x)

) 1
q

+

(

1
p+1

(

(b− x)a
(b−a)x

)p+1
) 1

p
(

| f ′ (a)|qT13(a,b,x)

+ | f ′ (b)|qT14(a,b,x)

) 1
q


 (27)
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where

T11(a,b,x) =





1
2b2q

(

(x−a)b
(b−a)x

)

2F1

(

2q,1;2; (x−a)b
(b−a)x

(

1− a
b

)

)

− 1
2b2q

(

(x−a)b
(b−a)x

)2
2F1

(

2q,2;3; (x−a)b
(b−a)x

(

1− a
b

)

)



 ,

T12(a,b,x) =
1

2b2q

(

(x−a)b
(b−a)x

)2

2F1

(

2q,2;3; (x−a)b
(b−a)x

(

1− a
b

)

)

,

T13(a,b,x) =









1
3b2q 2F1

(

2q,1;3;
(

1− a
b

))

− 1
2b2q

(

(x−a)b
(b−a)x

)

2F1

(

2q,1;2; (x−a)b
(b−a)x

(

1− a
b

)

)

+ 1
2b2q

(

(x−a)b
(b−a)x

)2
2F1

(

2q,2;3; (x−a)b
(b−a)x

(

1− a
b

)

)









,

T14(a,b,x) =





1
2b2q 2F1

(

2q,2;3;
(

1− a
b

))

− 1
2b2q

(

(x−a)b
(b−a)x

)2
2F1

(

2q,2;3; (x−a)b
(b−a)x

(

1− a
b

)

)



 .

Proof.By using Lemma1, Hölder inequality and harmonically convexity of| f ′|q, we have

∣

∣

∣

∣

f (x)−
ab

b−a

∫ b

a

f (u)
u2 du

∣

∣

∣

∣

≤ ab(b−a)

[

∫
(x−a)b
(b−a)x

0

t

(ta+(1− t)b)2

∣

∣

∣

∣

f ′
(

ab
ta+(1− t)b

)∣

∣

∣

∣

dt+
∫ 1

(x−a)b
(b−a)x

1− t

(ta+(1− t)b)2

∣

∣

∣

∣

f ′
(

ab
ta+(1− t)b

)∣

∣

∣

∣

dt

]

≤ ab(b−a)





(

∫
(x−a)b
(b−a)x

0
t pdt

)
1
p
(

∫
(x−a)b
(b−a)x

0

1

(ta+(1− t)b)2q

[

(1− t)
∣

∣ f ′ (a)
∣

∣

q
+ t
∣

∣ f ′ (b)
∣

∣

q]
dt

)
1
q

+

(

∫ 1

(x−a)b
(b−a)x

(1− t)pdt

) 1
p
(

∫ 1

(x−a)b
(b−a)x

1− t

(ta+(1− t)b)2q

[

(1− t)
∣

∣ f ′ (a)
∣

∣

q
+ t
∣

∣ f ′ (b)
∣

∣

q]
dt

) 1
q




≤ ab(b−a)











(

1
p+1

(

(x−a)b
(b−a)x

)p+1
) 1

p









| f ′ (a)|q
∫

(x−a)b
(b−a)x

0
1−t

(ta+(1−t)b)2q dt

+ | f ′ (b)|q
∫

(x−a)b
(b−a)x

0
t

(ta+(1−t)b)2q dt









1
q

+

(

1
p+1

(

(b− x)a
(b−a)x

)p+1
) 1

p




| f ′ (a)|q
∫ 1
(x−a)b
(b−a)x

1−t
(ta+(1−t)b)2q dt

+ | f ′ (b)|q
∫ 1
(x−a)b
(b−a)x

t
(ta+(1−t)b)2q dt





1
q









. (28)

Calculating appearing integrals with hypergeometric functions, we have

∫
(x−a)b
(b−a)x

0

1− t

(ta+(1− t)b)2qdt =





1
2b2q

(

(x−a)b
(b−a)x

)

2F1

(

2q,1;2; (x−a)b
(b−a)x

(

1− a
b

)

)

− 1
2b2q

(

(x−a)b
(b−a)x

)2
2F1

(

2q,2;3; (x−a)b
(b−a)x

(

1− a
b

)

)



= T11(a,b,x) , (29)
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∫
(x−a)b
(b−a)x

0

t

(ta+(1− t)b)2q dt =
1

2b2q

(

(x−a)b
(b−a)x

)2

2F1

(

2q,2;3; (x−a)b
(b−a)x

(

1− a
b

)

)

= T12(a,b,x) , (30)

∫ 1

(x−a)b
(b−a)x

1− t

(ta+(1− t)b)2q dt =









1
3b2q 2F1

(

2q,1;3;
(

1− a
b

))

− 1
2b2q

(

(x−a)b
(b−a)x

)

2F1

(

2q,1;2; (x−a)b
(b−a)x

(

1− a
b

)

)

+ 1
2b2q

(

(x−a)b
(b−a)x

)2
2F1

(

2q,2;3; (x−a)b
(b−a)x

(

1− a
b

)

)









= T13(a,b,x) , (31)

∫ 1

(x−a)b
(b−a)x

t

(ta+(1− t)b)2q dt =





1
2b2q 2F1

(

2q,2;3;
(

1− a
b

))

− 1
2b2q

(

(x−a)b
(b−a)x

)2
2F1

(

2q,2;3; (x−a)b
(b−a)x

(

1− a
b

)

)



= T14(a,b,x) . (32)

A combination of(28)-(32) we have(27). This completes the proof.

Corollary 4. In addition to the conditions of the Theorem6, if we choose:

(1) | f ′ (x)| ≤ M, for all x∈ [a,b], we have the following Ostrowski’s type inequality

∣

∣

∣

∣

f (x)−
ab

b−a

∫ b

a

f (u)
u2 du

∣

∣

∣

∣

≤ ab(b−a)M





(

1
p+1

(

(x−a)b
(b−a)x

)p+1
) 1

p

(T11(a,b,x)+T12(a,b,x))
1
q

+

(

1
p+1

(

(b− x)a
(b−a)x

)p+1
) 1

p

(T13(a,b,x)+T14(a,b,x))
1
q



 , (33)

(2) x= 2ab
a+b, we have the following midpoint type inequality for harmonically convex functions

∣

∣

∣

∣

f

(

2ab
a+b

)

−
ab

b−a

∫ b

a

f (u)
u2 du

∣

∣

∣

∣

≤ ab(b−a)





(

1
p+1

) 1
p
(

| f ′ (a)|qT11
(

a,b, 2ab
a+b

)

+ | f ′ (b)|q T12
(

a,b, 2ab
a+b

)

) 1
q

+

(

1
p+1

) 1
p
(

| f ′ (a)|qT13
(

a,b, 2ab
a+b

)

+ | f ′ (b)|qT14
(

a,b, 2ab
a+b

)

) 1
q


 . (34)

Theorem 7.Let f : I ⊂ (0,∞)→ R be a differentiable function on I◦ such that a,b∈ I with a< b and f′ ∈ L. If | f ′|q is

harmonically convex on[a,b] for q> 1 and 1
p +

1
q = 1, then for all x∈ [a,b], we have

∣

∣

∣

∣

f (x)−
ab

b−a

∫ b

a

f (u)
u2 du

∣

∣

∣

∣

≤ ab(b−a)









(T15(a,b,x))
1
p







| f ′ (a)|q
[

(x−a)b
(b−a)x −

1
2

(

(x−a)b
(b−a)x

)2
]

+ | f ′ (b)|q 1
2

(

(x−a)b
(b−a)x

)2







1
q

+(T16(a,b,x))
1
p









| f ′ (a)|q
[

1
2 −

(x−a)b
(b−a)x +

1
2

(

(x−a)b
(b−a)x

)2
]

+ | f ′ (b)|q
[

1
2 −

1
2

(

(x−a)b
(b−a)x

)2
]









1
q










(35)
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where

T15(a,b,x) =
1

2b2p

(

(x−a)b
(b−a)x

)p+1

2F1

(

2p,2;3; (x−a)b
(b−a)x

(

1− a
b

)

)

,

T16(a,b,x) =
∫ 1

(x−a)b
(b−a)x

(1− t)p

(ta+(1− t)b)2pdt.

Proof.By using Lemma1, Hölder inequality and harmonically convexity of| f ′|q, we have

∣

∣

∣

∣

f (x)−
ab

b−a

∫ b

a

f (u)
u2 du

∣

∣

∣

∣

≤ ab(b−a)

[

∫
(x−a)b
(b−a)x

0

t

(ta+(1− t)b)2

∣

∣

∣

∣

f ′
(

ab
ta+(1− t)b

)∣

∣

∣

∣

dt

+

∫ 1

(x−a)b
(b−a)x

1− t

(ta+(1− t)b)2

∣

∣

∣

∣

f ′
(

ab
ta+(1− t)b

)∣

∣

∣

∣

dt

]

≤ ab(b−a)





(

∫
(x−a)b
(b−a)x

0

t p

(ta+(1− t)b)2pdt

)
1
p
(

∫
(x−a)b
(b−a)x

0

[

(1− t)
∣

∣ f ′ (a)
∣

∣

q
+ t
∣

∣ f ′ (b)
∣

∣

q]
dt

)
1
q

+

(

∫ 1

(x−a)b
(b−a)x

(1− t)p

(ta+(1− t)b)2pdt

) 1
p
(

∫ 1

(x−a)b
(b−a)x

[

(1− t)
∣

∣ f ′ (a)
∣

∣

q
+ t
∣

∣ f ′ (b)
∣

∣

q]
dt

) 1
q




≤ ab(b−a)









(

∫
(x−a)b
(b−a)x

0

t p

(ta+(1− t)b)2pdt

)
1
p







| f ′ (a)|q
[

(x−a)b
(b−a)x −

1
2

(

(x−a)b
(b−a)x

)2
]

+ | f ′ (b)|q 1
2

(

(x−a)b
(b−a)x

)2







1
q

+

(

∫ 1

(x−a)b
(b−a)x

(1− t)p

(ta+(1− t)b)2pdt

) 1
p









| f ′ (a)|q
[

1
2 −

(x−a)b
(b−a)x +

1
2

(

(x−a)b
(b−a)x

)2
]

+ | f ′ (b)|q
[

1
2 −

1
2

(

(x−a)b
(b−a)x

)2
]









1
q










. (36)

Since the appearing integrals are as the following, we have

∫
(x−a)b
(b−a)x

0

t p

(ta+(1− t)b)2pdt =
1

2b2p

(

(x−a)b
(b−a)x

)p+1

2F1

(

2p,2;3; (x−a)b
(b−a)x

(

1− a
b

)

)

= T15(a,b,x) , (37)

∫ 1

(x−a)b
(b−a)x

(1− t)p

(ta+(1− t)b)2p dt = T16(a,b,x) . (38)

A combination of(36)-(38) we have(35). This completes the proof.

Corollary 5. In addition to the conditions of the Theorem5, if we choose:

(1) | f ′ (x)| ≤ M, for all x∈ [a,b], we have the following Ostrowski’s type inequality

∣

∣

∣

∣

f (x)−
ab

b−a

∫ b

a

f (u)

u2 du

∣

∣

∣

∣

≤ ab(b−a)M



(T15(a,b,x))
1
p

([

(x−a)b
(b−a)x

−
1
2

(

(x−a)b
(b−a)x

)2
]

+
1
2

(

(x−a)b
(b−a)x

)2
) 1

q

+(T16(a,b,x))
1
p

([

1
2
−

(x−a)b
(b−a)x

+
1
2

(

(x−a)b
(b−a)x

)2
]

+

[

1
2
−

1
2

(

(x−a)b
(b−a)x

)2
]) 1

q



 , (39)
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(2) x= 2ab
a+b, we have the following midpoint type inequality for harmonically convex functions

∣

∣

∣

∣

f

(

2ab
a+b

)

−
ab

b−a

∫ b

a

f (u)

u2 du

∣

∣

∣

∣

≤ ab(b−a)

[

(

T15

(

a,b,
2ab

a+b

)) 1
p
(

3| f ′ (a)|q

8
+

| f ′ (b)|q

8

)
1
q

+

(

T16

(

a,b,
2ab

a+b

)) 1
p
(

| f ′ (a)|q

8
+

3| f ′ (b)|q

8

)
1
q

]

. (40)
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