NTMSCI 6, No. 1, 173-184 (2018) BISKA 13

.~ NewTrendsinWathematcal Science:

http://dx.doi.org/10.20852/ntmsci.2018.260

New Ostrowski type inequalities for harmonically convex
functions

Tuncay Koroglu
Karadeniz Technical University, Department of Mathemgaigabzon, Turkey

Received: 11 December 2017, Accepted: 15 December 2017
Published online: 7 March 2018.

Abstract: In this work, we pose a new equality for differentiable fuaos. By using this equality, we have some new Ostrowki type
inequalities and some error estimates for the midpoint édarfor functions whose derivatives in absolute values gagepowers are
harmonically convex.
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1 Introduction

The following result is known in the literature as Ostroviskiequality [7];

Theorem 1.[2,8]. Let f:[a,b] — R be a differentiable mapping ofa,b) with the property thatf’ (t)] <M for all

t € (a,b). Then
at+h)?2
3+&—z)] @

‘ 1
4 (b-a)?

f(x)—n/:f(t)dt‘ <(b-aM

for all x € [a,b].
The constan% is the best possible it means that it cannot be replaced byalesrnonstant.
The inequality(1) can be expressed in the following form:

M

b
10— 505 [ 10 < @

(x—a)® + (x—b)?

5 .
For some results which generalize, improve and extend thguialities(1) and (2) we refer the reader to the recent
papers (seelf2,4,5,7,8,9]).

In [3], Iscan gave definition of harmonically convex functions &tetmite-Hadamard type inequality for harmonically
convex functions as follows:

Definition 1. [3]. Let|cC R\ {0} be a real interval. A function fl — R is said to be harmonically convex, if
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forallx,y € l andt € [0,1]. If the inequality in(3) is reversed, then f is said to be harmonically concave.

Theorem 2.[3]. Let f: I C R\ {0} — R be a harmonically convex function angbes | with a < b. If f € L[a,b] then
the following inequalities holds:

2ab ab b f(x) f(a)+f(b)
f(a+b) = b—a/a X2 dx< 2 '

We will use the following special functions called beta ftiao and hypergeometric function, respectively in therditare

1
B(xy) = 7,_1_(25_5/))/) = ./0 (-t tdt, x,y >0,

1

oF1(a,b;c;2) = m

1
/ 21 (1—t)* P (1 —zt)2dt,
0

wherec > b > 0, and|Z < 1 (see e.qg.q]).

2 New Ostorowski type inequalities

The following lemma is important to prove our main results.

Lemma 1. Let f: 1 C R\ {0} — R be a differentiable function ort lsuch that ab € | with a < b. If f € L[a,b] then

ab b f(u) - 1 p(t) ! ab
(09 —pa [, e duablo-a) [ i (ris) *

where

forall x € [a,b].

Proof.

(x—a)b

' , ab B B = t , ab
ab(b*a)/o tar(1-0D2 (ta+(1—t)b)dt_ab(b ) {/0 tat@-0b? ' (ta+<1—t>b> !
1 t—1 , ab
+-/E;::;: e (ta+<1*t>b) dt]

1 1
_/ f __ab dt
(e x-ab © \ ta4(1—t)b

(x-ab (x-a)b

) {” (wrs)ly k" () o 9 (o)

_ {(xfa)bf(x) ab /‘Xf(u)du+ (bfx)af(x)_a_b/'bf(u)du}

“b—ala w2 (b—a)x b—al/x u2
ab /b f(u)
=f(x)f—b_a'/a 2 du

This completes the proof.

(b—a)x

(© 2018 BISKA Bilisim Technology



NTMSCI 6, No. 1, 173-184 (2018)www.ntmsci.com BISKA 175

Theorem 3.Let f: | C (0,%0) — R be a differentiable function orfIsuch that abe | witha<b and f e L. If |f’|is
harmonically convex ofa, b], then for all xe [a, b], we have

‘f(x)—a—b/:wdu’gab(b—a) ()

. 1/ (a)| (T2 (a,b,X) + T3(a,b,X)) ]
b—a u

+|f' (b)|(T2(a,b,x) + T4 (a,b,x))

where

(
Tz(a,b,x) = +((7

2
Ta(abx)= | — ((g(:;)x)z 2F (2,2;3; (E:Z))b (1f
) X

Proof. By using Lemmal and harmonically convexity of f|, we have
ab [P f(u) , ab
—— | —2du/ < - dt
‘f(x) / du' <ab(b—a) f (ta+(1—t)b>

b—al/a u?
, ab
f (ta+(1—t)b)‘dt1

(b—a)x t , )
o araoyoR [ YIT@lH e

+/:a %[(17t)]f’(a)\+t]f’(b)]]dt
|If@ |/ ta+ dtﬂf }/ (ta+ (1 )b)Zdt

gl e \/xa

(b— a)x ta+ )b)z

(x—a)b

/(b—a)x t
0 (tat(1—t)h)?

+/1 1-t
G2 (ta+ (1-t)b)?

(b—a)x

(6)

+| @ r/

If we calculate the appearing integrals with hypergeoroétmctions, we have
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L (x—a)b (x-a)b

b—a)x - b—a)x b—a)x 2
/o< )(ta—tk((ll—tt))b)zdt:./o< )(ta+(1t—t)b)2 _./o< )(ta+(;—t)b)2dt
_ 2 . _ -2
DN =HCHIDIT
_ 3 _ -2
(i ax) b (- [Gran D))«

(
| HE) A eantR o)
o (

=Ty (a,b,x) (7)
— 3 l Y Y Y
-3(5%) R (23458 0-9)
(x—a)b 2 3
— JECEL oy s
5 dt=7 F1(2,3;4; 1-2)) =T, (ab 8
0 (ta+(1—t)b)2dt 3<(b—a)x 2 1( e ’(bfa)x( b)) 2(a,b,x), (8)

(x—a)b

1 (1—1)? @2 e (A-t)f

/b P (ta+ (1- )b)zdt/o (ta+(1—t)b)2dt /o (ta+(1—t)b)2dt
Y 2 N %ﬁ 1—-2t+t2
—b /0(14) (17t<17b)) dt /0 RrEnTSA

ay\ 2 = 1
—o (i (1-2)) e [T
b 0 (ta+(1—t)b)
(

—a)b
x—a)b (x—a) t2

) /(b ax t 7/(b—a)x 2dt
(ta+ (1—t)b)? 0 (tat+t (1-t)b)

2 P (2. 145(1 )

%2& (2,1;2;(X:a)b (

| () R (22

“3(65) m(aaiRe- D)

A
(=)

&)
3

) =T3 (aa ba X) ) (9)

(x—a)b

1 t(l—t) ot _ [Bax  t(1-1)
/< = (ta+(1t)b)2dt/0 (ta+(1—t)b)2dt /0 (ta+(1—t)b)2dt
-2 = t

)) | =Tatabyx. (10)

A combination of(6)-(10) we have(5). This completes the proof.
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Corollary 1. In addition to the conditions of the Theor&nif we choose:

1| (x)| <M, for all x € [a,b], we have the following Ostrowski's type inequality

ab [0 f(u) Ti(a,b,x) + Tz (a,b,x)
f(x)——— | —=du| <ab(b—a)M ) T 11
‘ () b—a/a U2 ”‘ sabb-aM | T abx) +Ta(abx) (1)
2.X= ‘,fi'g, we have the following midpoint type inequality for harntatly convex functions
b I 2ab 2ab
’f(Zab)_ ab / f(;)dulgab(b—a) |f Ea)|( 1(a, b,a+b)+T3(a b’aégg) 12)
a+b) b-a/a u +1f(0)| (T2 (a,b, 228) + T4 (a,b, 228)) |

Theorem 4.Let f: | C (0,») — R be a differentiable function orf lsuch that ab € | witha< b and f e L. If |f'|9is
harmonically convex ofa, b] for g > 1, then for all x [a, b], we have

ab /b f(u) 1/ (x—a)h)? 4 1 (a)|%T5 (a,b,X) q
‘f(X)m./a ?du‘ <ab(b—a) |:<§<(b—a)x) ) <+|f’(b)|qT5(a,b,x)

1 1/(x—ab\? (x—a)b 4 |t (a)|%T7 (a,b,X) i
+<§+§((ba)x) _(ba)x) (+|f’(b)|qT8(a,b,x)> ] 13)

where

)

— 2 —
) R (2023522 (1-8))
(x—a)b

2 (1-8))

3 ((E:?)x)s oF1 (2,314

TG(a,b,X)i<EE:2))2)3ZF1(2q, i4;

—a)b
E)I:()fz))x (17 %)) )
3o 2F1 (20, 1;45(1 - §
(@b 7b_%ng a)) 2F1<2q’1 2; ()I:() a))g( 7%))
T7a77X: 7b2 .. (Xx—a)b )
IS

gt (52 F (20,3455 (1))

6L-:JLZq 2F1 (2q,2 4: ( ))
Ta(ab.x) = |~z (Eﬁ:?)b) 2F1 (2q7 ))b (1- %))
| * 37 (EE 2))b) 2k (2’3’4’Eb7a))x (1—%))

Proof. By using Lemmal, power mean inequality and harmonically convexity|6f|?, we have

, ab
" (i) |

(© 2018 BISKA Bilisim Technology
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+ f/ ( ab >'dt
o (tat (1-tb)* [ \ta+(1-1b

<ab(b—a) /Emgtdt . /EE32;[(1—t)\f’(a)|q+t|f’(b)|q]dt
= 0 0 (ta+ (1—t)b)*

! 17% ! 1-t f! q ' (b q d %
iz 0799) - U faramgom @70Im@lr o

(x=a)b

1-1 q (b ax  t(1-t)
1/ c_ap\2\ a1 @) A g
< ab(b—a) (E ((X a)b) ) a b(ta+(1ft)b)2q

)
—aix 2
+ | f/ (b)|q fo(b ) (ta+(1tft)b)2—q dt

1
q

ol

Qalk

1-1 _a-n*

1 1/(x—a)b\? (x—a)b) ° @ fx feap ta+l 1)b) % adt

2t 2\bmax) ~ (b—a)x I (b )|qf o — U g ' (14)
<X a b (ta+(1-t)b)X

Calculating appearing integrals with hypergeometric fioms, we have

(x=a)b 1 ((x=ab 2 .q.(x-ab /s a
A 2b2q<(?al§2 (e ’ﬁ”‘;?b(l ) I
— X— . (X—=
0 (tat+(1—t)b) _flzq<(b7a)X) 2Fl<2q’3'4’(b7a)x (1_%))
 (x—a)b 2 3
" (b-ax t 1 [((x=a)b a-0cab g ay)
0o (ta+(l t)b)zth_?’bzq((ba)x) 1 (203455 (1-8)) = Te(@b). (16)
| 3 2F1 (20, 1:4;(1- 3)) ]
b
o2 R (201252 (1- 1)) o .
= - 2 = a,b,x),
fep T oom™ | v ) R (m2sgara-g) TV 0
—a)b
s () o (345 (1-D) |
[ 6b2q22Fl(2q724(1 %)
1 t(1-t b b
fress (ta+((1 ib)zthz ~ (64 2F1(2q723< 2R1-8) | =Te@bx. (18)
(b—a)x —a)b a)b
() o R )

A combination of(14)-(18) we have(13). This completes the proof.

Corollary 2. In addition to the conditions of the Theorehif we choose:

(© 2018 BISKA Bilisim Technology
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(1) [f'(x)| < M, for all x € [a,b], we have the following Ostrowski's type inequality

2\ -3 N
u <ab(b—a)M {(% <EE_Z)):> ) (Ts(a,b,x) + Ts (a,b,x))a

B 2 _ -3 1
N (%% (Ezzg) _ 2222) <T7<a,b,x>+T8<a,b,x>>a] , (19
(2 x= 23

=5 We have the following midpoint type inequality for harnuatily convex functions

() e (3) (s (0.2 o (a0 2)

+b

+(|f (@717 (ab ab)+|f |ng(ab 2?%))1 (20)

Theorem 5.Let f: | C (0,») — R be a differentiable function orf lsuch that ab € | witha<b and f e L. If |f'|9is
harmonically convex ofa, b] for g > 1, then for all xe [a, b], we have

‘f(x)ba—_ba/a %du‘gab(ba)[(Tg(abx (|f (@)|"T1(a,b,x) + | f' ()| T2 (a,b,x))

Qal-

ol

+(Tro(a,b,x))* ’(|f (a)|" T3 (a,b,x) + | f' ()| Ta (a,b,x)) } (21)

where T (a,b,x) — T4 (a, b, x) are defined as in Theorefhand

1/ (x—a) \? _
wiabo -3 (22 ) (223638 0-1).

Proof. By using Lemmal, power mean inequality and harmonically convexity|6f|?, we have

, ab
" (i) |

(x-a)

ab b f(u) b t
‘f(x)_ﬁfa 70'“‘ = ab(b-a) l/o (ta+ (1—t)b)2
, ab

/ f <ta+(1—t)b)‘dt]
< ab(b—a) /m;dt B /EE32;[(1—t)]f’(a)]qut\f’(b)\q]dt %
- 0o (tat+(1—t)b)? 0 (ta+(1—t)h)?

1-1 1
! 1-t ‘ ! 1-t o / q / q ‘
+</§zzzs <ta+<1—t>b>2dt> (fzzzzs taragpp LOIr@ECO) M) ]

(© 2018 BISKA Bilisim Technology
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(x-a)b 1-1 |f’( )|qf<t>;7—a)b t(1-t) d é
- (x-ap q a)|? ax Wb gt
<ab(b—a) ( /O o ﬁdt) ® a)b<ta+<1—;>b>2°'
v faen O ot
1
1-1 q a-v? g
1 1-t i (17 @ (tat (1-t)b)™ 7t
. /( Sdt o ) . (22)
bax (ta+(1-t)b) + | (b)[* f(x 2 mdt
Calculating appearing integrals with hypergeometric fioms, we have
(x—a)b 2
RO t 1/ (x—a) (x—a)b
— S dt=< Fi1(2,2;3; 1-3)) =T b 23
/o (ta+ (1- by 2<(b—a)x F1 (22355 1)) =To(ab. @3)
-2
. - ( )le 2F1(2,1;3,E1—)§))
— x—a)b~ .~.(x—a a
- _dt=| —pach(2L25a (1-9) =Tio(a,b,x). 24
/b o (tat (1 1)b)2 (b—ajx ( (b-ajx ) 10(a,0,%) (24)

A combination of(7)-(10) and(22)-(24)we have(21). This completes the proof.

Corollary 3. In addition to the conditions of the Theorémif we choose:

(1) [f'(x)| < M, for all x € [a,b], we have the following Ostrowski's type inequality

’f (x) — %/:%;)du’ <ab(b—a)M |(Ty(a, b,x))l’% (Tl(a,b,x)+T2(a,b,x))%

+ (Tio(a,b,x))Y 7 (Ta (a,b,x) + Ta(a,b,x))d ] | (25)

(2) x= i"’r‘g, we have the following midpoint type inequality for harnuadly convex functions
2ab ab [P f(u)
‘f<a+b>b—a/a u2 du‘
2ab )\ % 2ab q 2ab \ \ @
gab(ba)[< (ab b)) (\f )| T1<ab >+\f b)| T2<a’b’a—+b)>
2ab \\ 1 a )| 2ab )[oT 2ab
+(Tlo(ab b)) (\f |T3(ab )Hf )T (ab +b)) ] (26)

Theorem 6.Let f: | C (0,») — R be a differentiable function orf Isuch that ab € | witha< b and f e L. If |f/|%is
harmonically convex ofe,b] for g > 1and § + ; = 1, then for all xe [a, b, we have

ab b f(u) 1 [(x—a)b\P™ ’ |t (a)|%T11(a, b, X) q
‘f(x)_m/a ?du‘fab(b—a)[<m((ba)x) ) <+|f’(b)|qT12(a,b,x))

1 [((b—x)a pL\ |t (a)|%T13(a,b,X) §
+<|oT1<<b—a>x) ) <+|f/<b>|qu4<a,b,x>” @D

(© 2018 BISKA Bilisim Technology
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where

1 ((x-ab (cab

Ti1(a,b,x) = [ 2p% ((b a)x) 2k (Zq,l 2 =
d b — 3 b

fflzq (EQ?&X) 2F1 (2q,2 3:! 2))

1 x—a)b\? _
le(a,b,x)—<( ) ) 2Fl<2q7 ; ;EE*ZZ

| s 2F1(20,1:3;(1- 2)) 1
Tiz(a,b,x) = —2—&5( )2F1(2q712()k; ’)2(1_3)) 7

— 2 —
i (B50) 2R (20236 (-)

1(20.2;3; (1 5))

g 2F
Tia(a,b,x) = - 2
o= (e (e )

Proof. By using Lemmal, Holder inequality and harmonically convexity 6f'|9, we have

'f(x)baTba/:%du‘

(x—a)b

" (b—ayx t
<ab(b-a) [/o (tat (1_)b)?

, ab
f (ta+(1t)b)’dt]
(x=a)b % (x—a)b é
_ (b—a)x (b—a)x 1 . / q I q
= a)[(/o tht) </o (ta+ (1—t)b)2 =il H‘f(b)udt)

1 % 1 1—t , , %
(fgavra) (S ot e vir@r ool ]

tat+ (1—t)b JG=a (ta+ (1—t)b)?

1

1 (x=a)b q
pr1\ o [ [ (@) [P 2t
<ab(b—a) 1 ((X_a)b) | ren (x— a)b(taJr(l Ob)™
p+1 (b—a)x +|f/(b)|Qf(b—a)x t dt
J0 (ta+(1-t)b) ™
1 q 1-t a
1 ((b—x)a\"™t\? (@) f Gar oAt
o1 (b—a)x f/ (b)|? 3 t dt ' (28)
p +" (b)] fg Zb @ op®

Calculating appearing integrals with hypergeometric fioms, we have

x—a 1 [ (x-a)b .. (x—a)b
/ S 1ot g | wn () 2 (o125 (1-9)) = Ty1(a,b,x) (29)
0 (tat(1-0)b) —a (E20) R (202352 (1-9))

(© 2018 BISKA Bilisim Technology
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(x-a)b 2
1 x—a)b _
- dt= <( a) x> oF1 (2q,2;3;—§§72))2 (1- %)) =Ti2(a,b,x), (30)

. - (WlZ)qul(ZQJG'(l gzg
— X—

/a ———————dt= *leq<( )) (20|,12 )x(lf‘%)) =Tiz(a,b,x), (31)
o (52R) R (0234530 (1)

1 t 7 2F1(20,2:3;(1- §))
/ U gt= 2 =T (a,b,x). (32)
beab (tat (1 t)b)™ [—ﬁz(%iﬁ)zﬁ(w7,wb5xa—%n

A combination of(28)-(32) we have(27). This completes the proof.

Corollary 4. In addition to the conditions of the Theorémnif we choose:

1) | (x)| < M, for all x € [a,b], we have the following Ostrowski’s type inequality

‘f(x)—a—b /:Lu)du’ <ab(b—a)M {(i ((X_a)b)wl)p (Tea(a,b,X) + Tiz(a,b,x))

b—a/a u? p+1\(b—a)x
e PN P .
*<a$1($_33> ) “B@“”+“4@Q@W], (33)

(2) x= E%'g, we have the following midpoint type inequality for harntatly convex functions
1 l
2ab ab /b f(u) 1 \? [ (@[T (ab,28) \*
f - / du <ab(b—a) | —— 2 a4b
} <a+b) b-ala v u}‘a b2 {<p+1) <+|f’(b)|quz(a b, 223)

L \F (11 @ Tis(a b, 228) |
+(511> <+H%mﬁn4 by | |- (34

Theorem 7.Let f: | C (0,») — R be a differentiable function orf Isuch that ab € | witha< b and f e L. If |f'|%is
harmonically convex ofe,b] for g > 1and  + ; = 1, then for all xe [a, b, we have

a)b —a)b) 2]\ @
|f (a |q|:>é a))x_%(g)gfz))x) :|
_ab)?
1 (0)3 (522
1
—a)b —ap) 2]\ ¢
1 @F - e 4 (5)

2
—a)b

'fa)Jﬁl/b%%ﬂmiéaMba>(ﬁd&b#»%

+(Tas(a,b,X))? (35)

(© 2018 BISKA Bilisim Technology
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where

1 [((x—a)b\P™ o (xea)b
Tas(8,5.%) = 55 (W) oF1 (223,550 (1-9)).
1 (1—t)p

Tiotabg - [, —
(@b 2P (tat (1-t)b)*P

(x—a)b

Proof. By using Lemmal, Holder inequality and harmonically convexity 6f'|9, we have
b (x-a)b
‘f(x)a_b/ L;’I)du‘gab(ba) /(bfa)x ! 5 f'( ab )‘dt
b—ala u 0o (tat(1—t)b) ta+(1-t)b

ab
f/ dt
<ta+ (1—t)b) ‘ ]
(x—a)b (x—a)b

b—ax tP % (b-a)jx ’ /
<ab(b—a) [(/O mdt) </O [(1*t)|f (a)‘qut‘f (b)‘q} dt)

! (17t)p % 1 / q / q %
+</§xa>b mdt) </Q (A=) @[ +t[ " (b)| }dt> ]

+/1 1-t
G2 (ta+ (1-t)b)?

(b—a)x

1
q

b-a)x (b=a)x
2 q
e b @r | pe - (e
<ab(b-a) (/“’ > ﬁdt) (b-ajx 2(<b a>2x)
0 - —a)b
(ta+( )b) +|f,(b)|q%<g)|;—z))x)
1
—a)b —ap) 2]\ ¢
D e\ [Ir@e]i- e ()
+ ﬁx’a)b ta+ (1 thpdt 11 ((xab)? (36)
3 (ta+ (1-0b) IRCUEREC=
Since the appearing integrals are as the following, we have
(x—a)b +1
(b-ax tP 1 [((x-a)b P . 5. (x=a)b ay) _
) tat 1—tp " 2 ((b—a)x (20,2358 (1-5)) =Ts@bx, @)
1 (1-t)P
a ———————dt="Tis(a,b,x). (38)
/gbgb (ta+ (1—t)b)?P

A combination of(36)-(38) we have(35). This completes the proof.

Corollary 5. In addition to the conditions of the Theoréinif we choose:

(1) | (x)| < M, for all x € [a,b], we have the following Ostrowski's type inequality
1 (| (x—a)b 1/(x—a)b 2l 1 (x—a)b 2\ @
(Tas(a,b.x))? ({(ba)x_ﬁ ((bfa)x) ]+§ ((bfa)x) >
1 (x—ab 1/(x—a)b 2 1 1/(x—ab 2]\ @
([5_(ba)x+§((ba)x) 5_5((bfa)x) }) ]’ (39)

(© 2018 BISKA Bilisim Technology

’f(x)—%/ab%du‘ <ab(b—a)M

ol

+ (T16 (a7 b7 X))
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(2) x= %, we have the following midpoint type inequality for harnuadly convex functions
2ab ab /b f(u) 2ab \\ (3]’ @[ |f'(B)|%\7
() oo 1s(on 25 (2120 1)

+(T16(a,b,:_ﬁ)))é(lf’(8a)q+3f/éb)q)é} (40)
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