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Abstract: In this study, we first show that the system of Frenet-likéedéntial equation [14] characterizing space curves obtamt
breadth [10, 11, 13] is equivalent to a third order, line#fedential equation with variable coefficients. Then, sing Taylor matrix
method based on collocations points [7, 8], we obtain theoBelution of the mentioned differential equation undee thitial
conditions in terms of Taylor polynomials. Furthermore,digzuss that the obtained results are useable to deteromwnesoof constant
breadth.
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1 Introduction

Curves of constant breadth firstly were introduced by L. E[8§ in 1778. F. Reuleaux [12] gave the obtaining method
some curves of constant breadth in 1963 and led to be usesémiatics of machinery. So far, in mathematics, many
geometers have obtained only geometric properties of tigepturves of constant breadth, but have had a few study on
space curves of constant breadth [2, 6, 9]. M. Fujivara hadinoéd a problem to determine whether there exist “space
curve of constant breadth” or not and he defined “breadth’sfce curves and obtained these curves on a surface of
constant breadth [4]. Having been used the basic conceptd[8oncerned with the space curves of constant breadth, a
integral characterization of these curves [14] has beesirdxd and a criterion for these curves has been determi®gd [1
Also the curves of constant breadth were extented to thesfiace and some characterizations were obtained [d.1].
addition, Akdogan and Magden [1] were extended this kihdwves to E space and some characterizations were
obtained. Studies on these curves are going on nowadaygntyr These curves are used in the kinematics of
machinary, engineering and com design.

In this study, our first aim, by means of (2), to established#htial equations with unknowids u andd discribing a
curve of constant breadth. The second is to find the apprdgistdutions of these differential equations under théaihit
conditions in terms of Taylor polynomials.

2 The space curves of constant breadth

The base of our study is based on the following consepts frespurves of constant breadth, which are present&dl by
Kose [9, 10] and M. Sezer [13, 14].
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Let (C) be a space curve in the clds$iaving parallel tangentaindt* in opposite directions at the opposite poiotsnd

o* of the curve [10]. If the chord joining the opposite pointg@j is a double-normal, then (C) has constant breadth, and
conversely, if (C) is a curve of constant breadth, then emerynal of (C) is a double-normal. A simple closed curve (C)
of constant breadth having parallel tangents in oppositztions at opposite points may be represented by the equati

a*(s)=a(s)+A(s)t+pu(s)n+9d(s)b 1)

whereaanda™* are opposite points, aridn, b denote the unite tangent, principal normal, binormal atreege pointa,
respectively. Heredenotes the arc length of (C) and the curvature of the curve is

Ap do
a0 As ~ ds #(9)
whereA gis the angle of contengency. Hepeenotes the angle between tangent of the curve (C) at thé @@@iand a
given fixed direction. Also it is clear that

05 = [ #(9ds

In this case a pair of opposite points of the curvéds (s), a (s)) for s. On the other hand, the coefficiedtsy andd
may be obtained by the

A =u—9(o)
g =-A+p1d )
5 =—ptp 3)

denote the radii of curvatures(s) and a*(s), respectively. Here (*) denotes the differentiation wigspect tog.
Furthermore the distance d between the opposite pairtisda* is the breadth of the curve and is constant, that is,

R = |d|2=A°+ 2+ 82 = constant

Also, the vectod = A (@)t + u(@)n+ d(@)b is the double normal of the curve (C) of constant breadth.

3 Differential equations for the space curves of constant breadth

In this section, we establish differential equations witlkmownsA, 1t andd characterizing the curves of constant breadth.
First, it is clear that

H=A +g (4)
On the other hand, by using the second equation of the sy&pwe(obtain the following differential equation:

1 1
5fﬁu +E/\. (5)
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By using the derivative of the equation (3), we obtain théfeing differential equation:

1,, 1 1,
— —A+—d. 6
pT/\ +pr)\+prg (6)

5—

Also, it is clear that in the third equation of the system (2)

16'

- = 7
H=—77 ()
Here, by using the equality of the equations (3) and (6) falhy equation is obtained
/\’+i6’+g=0 (8)
pT
Finally, by using derivative of the equation (5), while F alidws
F=(p1)g — (p1)'d +(p1)°g
we obtain the third order, linear, differential equatiothwiariable coefficients as follows
(P)A" = (D) A"+ (pT) (1+ (PD?) A = (pT)A =F. ©)

As aresult, it is clearly seen that the system (2) charatteythe space curves of constant breadth can be reduced to th
linear differential equation (8). Furthermore, we can @tfiis equation in the general form

m

Y (@A (9) =F(p),m=23,...
k=0

whereQ(¢) are continuous functions of the expressipr).

4 Taylor matrix method

In this section, to obtain the Taylor polynomial solutiortioé differential equation defined by

iQk (A (s) =F(s),0<s<b (10)
k=

Near the poins = 0, under the initial conditions

A(0) = Ao
N (0) =N (11)
A7(0) = Ay

we develop the Taylor matrix method based on collocatiomgpwhich is given by Sezer et al. [7, 8, 13, 14 ] Where
Ao, A1,A3 andb appropriate constants.

Firstly, let us assume that the desired solufigis) can be expanded to Taylor series abot®@in the form, for N> 3
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A(s)=An(S) = %Oansn,o <s<h. (12)

Where a(n=0,1,...,N) are the coefficients to be determined.

Now, we can convert the truncated Taylor series solutig¢s) defined by (11) and its derivativag® (s), k=0,1,2,3to
matrix forms, fom=0,1,... N,

A(s) =S(s)A

and
AW (5 =¥ (s)A k=0,1,2,3,...

where

S(s) = [1s§s354...sN}
A= {3031@3634---31\1T.

Also, it is clear that the relation between the masis)and its derivatives (s) is

S(s)=S(s)B
Where - 7
0 1 0 o o0 -- 0 0 0
0O 0 2 0 O 0 0 0
0 0 O 3 0 0 0 O
0O 0 O 0 4 0 0 0
B= b :
0O 0 O 0 O n—2 0 0
0O 0 O 0 O 0 n—-1 0
0 0 O 0 0 - 0 0 n
| 0 0 0 o o0 .- 0 0 0 |
By repeating this process, we get the matrix relation asvis!
S(s)=S(s)B
S'(s) =S (s)B= S(s)B?
S"(s)=S (s)B=S(s)B®
S (s)=S(s)B, k=0,1,2,3,... (13)
From the matrix relations (11) and (12), it follows that
2K (s) =50 (s)A=S(s)B*A, k=0,1,2,3. (14)

(© 2018 BISKA Bilisim Technology



=
NTMSCI 6, No. 1, 200-211 (2018)www.ntmsci.com BISKA 204

We now ready to construct the fundamental correspondingytat&on (9). For this purpose, by substituting the matrix
relation (13) into equation (9) and by using the collocapoimts defined by

b. .
S = NI’ i=0,1,...,N
we get the system of the matrix equations
3
{5 Pc(s)S(s)B A =1(s) (15)
K=0

or briefly the fundamental matrix equation

3
{S PSBIA=F

where ~ _
F(s) O 0 . 0 0
0 P(ss) O 0 0
0 0 A=) 0 0
R= .
o 0 0 P(sic1) 0
. 0 0 o 0 Re(sn) |
S(s0) 1 % ... oM
S(s1) 1 s 52 Sh
S= . = . .
S(sv) sy s oo
f(s0) Y
f
F= @ . A= a
f(sn) ay

Hence equation (14) can be written in the form
WA= ForW;F],W = [wpq],p,q=0,1,...,N (16)

where

3
W = [Wwpq] = kZOPkSBkv

10---0
BO701- 0
00-.---1

(© 2018 BISKA Bilisim Technology
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On the other hand, we can obtain the following matrix formaiie initial conditions (10), by means of the relation (13);

A (0)=2Ao= S(0)B°A= Ay
A'(0)=A1=S(0)BA= A,

"

A (0)=A,=S(0)B?A= A,
or briefly
UiA=[Ai] = [U;;A], 1=0,1,2 a7

where
U = [uio ™ ---uiN] —S(0)B,i=0,1,2.

Finally, to obtain the solution of equation (9) with the cdiahs (10) by replacing the 3 row matrics (16) by the last 3
rows (or appropriate 3 rows) of the augmented matrix (15) axestihe requred augmented matrix

[W; F] (18)

or clearly i
Woo  Wor ... won 5 f(s0)
Wig W11 ... win ;o f(s1)

Wn-30 WN-31 - Wn-3N ; f(Sn—3)
Uoo Uoz - UNn 5 Ao
U1o Uiz~ ... uin 5 Al

| Uxp U ... Un 5 Az

If rank W= rank{ W ; F] = N+ 1 then we can writeA = (W) 'E. Thus the matrix A (thereby the coefficients
ap,as,...,an) is uniquely determined. Also equation (9) with the init@nditions (10) has a unique solution. This
solution is given by the trancated Taylor series (11). Thagyet the Taylor polynomial solution

Y (X) = i’anﬂ

5 The solution of differential equations characterizing space curves of constant breadth

We can arrange equation (8) characterizing space curvemefant breadth as follows;

(pT) =t
Qo (®) =t (9),Qu(®) =t(9) +12(9),Q(9) = —t' (¢) , Qs (9) =1t(9)
3
28 (0 =E(0). 19
k;Qk(qo) (@) =F(9@) (19)

Suppose that an approximate solution of this equation @& £ ¢, c < 2rrunder the conditions given. This solution has
the form of truncated Taylor series.

(© 2018 BISKA Bilisim Technology
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Here we will takeN = 4 for simplicity. We show the expression (19) in the matrixicas follows;
A() = S(@)A

t
whereS(@)and A matrices are defined ag@® = [1 o ¢ @ qa“} and A= {ao a1 & ag & | . On the other hand B2
andB? matrices are defined as follows;

01 000 0020 O 0 00 6 O
002 00 000 6 0 0 0 0 0 24
B=|{0 0 0 3 0|,B°=|0 0 0 0 12|,B*=| 0 0 0 0 O
0 00 0 4 000 0 O 0 00 0 O
000 00O 0000 O 000 0 O

for the derivatives\’ (@) = S(@)BA A (@) = S(@)B?A andA” (@) = S(@)B3A. If we put all these expressions in the
equation (18), we get following equation

{Q3(9)S(9) B>+ Q2(9) S(9) B>+ Q1 (¢) S(9) B+ Qo () S(9) } A=F (9). (20)

Now, we use collocation pointg= ¢, , (i=0,1,---,4) of the specified separation in this equation in the form ofrinat

T 3
¥ =0, 4’1157 Q=T (03:7, @, =2m

Q(©0) © 0 0 0
0 Q(%) o 0 0
Qo(p)=| © 0 Qo(m O 0
0 0 0 QG o

L 0 0 0 0 Qo(2m |

[Q(0) O 0 0 0
0 u(F) o 0 0
Qi(p)=| O 0 Qu(m 0 0
0 0 0 Q) o

L 0 0 0 0 Qi(2m |

[Q(0) O 0 0 0
0 (%) o 0 0
Q=] 0 0 Q(m 0 0
0 0 0 Q&) o

L 0 0 0 0 Qx(2m) |
Q(0) © 0 0 0
0 (%) o 0 0
Qs(p)=| © 0 Qs(m O 0
0 0 0 Q) o

0 0 0 0  Qsz(2m)
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This matrices can be written briefly as follows;

() O 0 0 0

0 (%) o 0 0
QXx(@=| 0 0  Q«(m 0 0 ,

0 0 0o & o

0 0 0 0 Q(2m)

1 0 0 0 0

G I S ¢ I ¢
S(e)=11 (m (71)22 (71)33 (71)44 ;

1 (3 6 & P

1 (@2m @n? @en® (et

If we get as
{Qs(9) S(9) B>+ Q2(¢) S(9) B> + Q1 (¢) S(9) B+ Qo (9) (@) } =W

equation (8) is turned to
WA=F —» W ; F]. (21)

We calculate the W matrix. Then, the equation (17) is writtethe form of increased matrix. Furthermore,

A(0)= Ao
A (0)=Aq (22)
A" (0) = As.

We firstly obtain matrix equation of conditions under thdiaticonditions given (22) above to achieve an approximate

solution of the equation (8).
A(0)=S(0)A=Ag
A'(0)=S(0)BA= A,

A (0) =S(0)B?A=A».

So, the expression in the form of increased matrix of mamjixation of conditions is follows as;

Uo = [10000;)\0}
U= [01000;)\1} (23)

U,

[00200;)\2}

(© 2018 BISKA Bilisim Technology
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impending,
Uo 10000 ;A
U= (U 01000 ;)M (24)
U 00200 ;A
Here following equality is obviously.
UA =) = [U;A] (25)
We getW*A = F* from (21) and (23) equalities.
Woo Wo1 Wo2 Wo3 Wo4 ; (0)
W10 W11 W1z Wiz Wig ; f(5)
WSF]l=|1 0 0 0 0 ;A
0 1 0 0 0 ;M
0 0 2 0 0 ;A
where, w (i=0,1,j =0,1,...,4) obtained as follows;
Woo = —t (0), =1(0) +t3(0), woz = —2t (0), woz=6t(0), Wos=0,
— (T L M 3
o= t(z)’ =3 (2)“(2)+t (2)
T 3 E / E
wz ==t (3) +nt(3) ¢ (3)] -2 (3)
omemy | 3P 3(TT 1§
wis =gt (3)+ T[( 5)+t(5)] -3 (3) e
714/ 7'13 3 T
wa= =3 (3) + 7 [t(3) +¢(3)] -3t (3) = 22m

Thus the matrix of unknowns is obtaingdl= W* "F*

If we put thisa, unknowns in equation (19), we get following equation

A@) =Ao +A10+ A2 @ +K@®+Mg?

(© 2018 BISKA Bilisim Technology
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where K and M are 4. and 5. line of matrix A and they are caledats follows;

_ W14 £(0)— Wo4 f (7_'[) - Woo , WooWi3+WioWo3 Woa, ,
W14Wp3 — W13Wos Wi4Wo3 — WiaWos  \ 2 Wo3  Wi14Wo3 — W13Wo4 W03

Wo1 . Wo1Wi3+ W11Wo3 Wos A 1 Wo2 =~ WooaWi3 -+ WqoWo3 Wos

1
Wo3  Wi14Wo3 — W13Wo4 W03 2'Wpz  W14Wo3 — W13Wog Wo3

M — Wi3 ( Wo3 f ( 7T) _ WooWas +WioWos, 5 WorWa3 + W11Wo3, ,

-—f(0)+ = 0
W14Wo3 — W13Wo4 W14Wo3 — WiaWos \ 2 W14Wo3 — W13Wos W14Wo3 — W13Wo4
1 Woowiz+ W12W03] A,
2" W14Wo3 — W13Wo4

6 The probed of differential equations characterizing space curves of constant breadth

We found that the expressionAsoefficient which is determined the space curve of constaesdih.u (@)coefficient is
finded with method similar under the same initial conditidrisst, it is clear that in the second equation of the syst&m (

A=—u +p1d. (26)
We used where the first equation of the system (2), the darévat the equation (24)
—i' +(p1) 3+ (pT)8 = p—g. (27)
Also, it is clear that in the second equation of the system (2)
pHA

S="or (28)

By using the third equation of the system (2) and the equ#®iéhin the equation (25), we obtain the following differiaht
equation:

! !

1. 1., 1 (pr) 1 1
EH +(E) H +(E)A+—pr Il‘f'EIJ—Eg—O-
Here, A is conjugated and then by using derivative of the expresshitained, we obtain the following differential
equation;
N=PLry ( pr,) | T P RLLE (pr)'+( pT,) u+< pr,) g+ L. (29)
(pT) (PT) (1) (pT) (PT) (PT)

By using the equality of the equation (27) and the first equatif the system (2) following equation is obtained

LI L N , /<pr/>1 oty <£> oo
or " +[((pr)) o WP o) T e |\ ) T

(30)
Finally, while (p7) =t and F as follows:

T
pT+p—

(p1)

(© 2018 BISKA Bilisim Technology
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we obtain the third order, linear, differential equatiotwiariable coefficients as follows

)’ t )’
<t7) -1 u”+[t+t—,} u' + t’+<t—,) 1]MF- (31)

This equation is differential equation with unknown characterizing the space curves of constant breadth. Also,
o(p)coefficient is finded with method similar under the sameahitonditions. First, it is clear that in the third equation
of the system (2)

n

t
t—,IJ

1 o
=——9. 32
u Y; (32)
We used where the second equation of the system (2), theatieeiof the equation (30)
NP P (33)
- pt pT pT)o.
By using the equation (31) in the first equation of the syst)nwe obtain the following differential equation:
1 m 1 ! " (p'[')l 1 / ’
—0 +2(—)0 + +—+p1|d +(p1)d0=0. 34
T (57) K(m)z) ot p] (pT) 6=9 (34)
Finally, while (p7) = twe obtain the third order, linear, differential equatiothwiariable coefficients as follows:
1w 1 ¢) 1 ;o

This equation is differential equation with unkno@oharacterizing the space curves of constant breadth.

7 Corollary

By using the Taylor matrix method, solution of this equati®approximately obtained as follows:
UH=Ag +A15+ Ay S+PS+Ns

We found that the expressioniscoefficient which is determined the space curve of constaadih. If these coefficients
are written in equation®+ p2+ 3% = R2, & (or u) will be obtained as

Ao+A15+ A2 +KS +MsH2 4+ (Mo +A1s+ A2+ PSS+ N2+ 52 = R2.

Thus, we obtain general expression connected with torsidrcarvature of a space curve of constant breadth.
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