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Abstract: In the present work we introduce and study some strongly convergent sequence spaces of Orlicz functions using infinite
matrix overn-normed spaces. We study some algebraic and topological properties of these sequence spaces. A necessary and sufficient
condition for strongly convergent sequences is obtained. Finally, we study some applications of these sequences for Fourier series and
statistical convergence.
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1 Introduction and preliminaries

Let l∞,c and c0, respectively be the Banach spaces of bounded, convergent and null sequencesx = (xk), normed by

‖x‖= sup
k
|xk|, wherek∈ N, whereN= {0,1,2, ...}.

Mursaleen and Noman [20] introduced the notion ofλ -convergent andλ -bounded sequences. Letλ = {λk}
∞
k=0 be a

strictly increasing sequence of positive real numbers tending to infinity. A sequencex = (xk) ∈ w is said to be

λ -convergent to the numberL and called theλ -limit of x if Λm(x)→ L asm→ ∞, where

Λm(x) =
1

λm

m

∑
k=0

(λk−λk−1)xk.

A sequencex= (xk) ∈ w is λ -bounded if sup
m

|Λm(x)|< ∞. It is well known [20] that if lim
m

xm = a in the ordinary sense of

convergence, then

lim
m

( 1
λm

( m

∑
k=0

(λk−λk−1)|xk−a|
))

= 0.

This implies that

lim
m

|Λm(x)−a|= lim
m

∣

∣

∣

1
λm

m

∑
k=0

(λk−λk−1)(xk−a)
∣

∣

∣
= 0,

which gives that lim
m

Λm(x) = a and we sayx = (xk) is λ -convergent toa. Here and in the sequel, we shall use the

convention that any term with a negative subscript is equal to zero, that is,λ−1 = x−1 = 0.
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In [14] Kórus gave a new appropriate definition for theΛ2-strong convergence by generalizing the originalΛ -strong

convergence concept given by Móricz [23]. Moreover, Kòrus [15] generalized the results on theL1convergence of

Fourier series. LetΛ = {λk : k = 0,1, ...} be a non-decreasing sequence of positive numbers tending to∞. A sequence

(xk) of complex numbers convergesΛ2-strongly to a complex numberx if

lim
n

Λ2(x)− x= lim
n→∞

1
λn

n

∑
k=0

|λk(xk− x)−λk−2(xk−2− x)|= 0,

with the argumentλ−1 = λ−2 = x−1 = x−2 = 0. In this paper we use the idea ofΛ2-strong convergence and we study

these type of convergence overn-normed spaces.

In 1971 Lindenstrauss and Tzafriri [16] first investigated Orlicz sequence spaces in detail with certain aims in Banach

space theory. An Orlicz functionM : [0,∞) → [0,∞) is a continuous, non-decreasing and convex such thatM(0) = 0,

M(x) > 0 for x > 0 andM(x) −→ ∞ asx −→ ∞. An Orlicz functionM = (Mk) is said to satisfy∆2-conditionif there

exist constantsa, K > 0 and a sequencec= (ck)
∞
k=1 ∈ l1+ (the positive cone ofl1) such that the inequality

Mk(2u)≤ KMk(u)+ ck

holds for allk∈N andu∈R+, wheneverMk(u)≤ a.

Let w be the set of all real or complex sequences. Lindenstrauss and Tzafriri [16] used the idea of Orlicz function to

construct the sequence space,

ℓM =

{

x= (xk) ∈ w :
∞

∑
k=1

M
( |xk|

ρ

)

< ∞, for someρ > 0

}

is known as an Orlicz sequence space. The spaceℓM is a Banach space with the norm,

||x||= inf
{

ρ > 0 :
∞

∑
k=1

M
( |xk|

ρ

)

≤ 1
}

.

Also it was shown in [16] that every Orlicz sequence spaceℓM contains a subspace isomorphic toℓp(p≥ 1). A sequence

M = (Mk) of Orlicz functions is said to be Musielak-Orlicz function (see [17], [21]).

Let X andY be two sequence spaces andA= (ank) be an infinite matrix of real or complex numbersank, wheren,k∈ N.

Then we say thatA defines a matrix mapping fromX into Y if for every sequencex = (xk) ∈ X, the sequence

Ax= {An(x)} is in Y, where

An(x) = ∑
k

ankxk (n∈N), (1)

converges for eachn∈N. By (X,Y) we denote the class of all matricesA such thatA : X →Y.

For a sequence space X , the matrix domainXA of an infinite matrixA is defined by

XA = {x= (xk) ∈ w : Ax∈ X} (2)

which is also a sequence space (see [30]).

A satisfactory theory of 2-normed spaces was initially developed by Gähler [11] in the mid of 1960’s, while that of
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n-normed spaces one can see in Misiak [18]. Since then, this concept has been studied by many authors and obtained

various results (see [12], [13]). Let n∈ N andX be a linear space over the field of real numbersR of dimensiond, where

d ≥ n≥ 2. A real valued function||·, · · · , ·|| onXn satisfying the following four conditions:

(1) ||x1,x2, · · · ,xn||= 0 if and only ifx1,x2, · · · ,xn are linearly dependent inX,

(2) ||x1,x2, · · · ,xn|| is invariant under permutation,

(3) ||αx1,x2, · · · ,xn||= |α| ||x1,x2, · · · ,xn|| for anyα ∈R, and

(4) ||x+ x′,x2, · · · ,xn|| ≤ ||x,x2, · · · ,xn||+ ||x′,x2, · · · ,xn||

is called ann-norm onX, and the pair(X, ||·, · · · , ·||) is called an-normed spaceover the fieldR.

For example, we may takeX = Rn being equipped with then-norm||x1,x2, · · · ,xn||E = the volume of then-dimensional

parallelopiped spanned by the vectorsx1,x2, · · · ,xn which may be given explicitly by the formula

||x1,x2, · · · ,xn||E = |det(xi j )|,

wherexi = (xi1,xi2, · · · ,xin) ∈ Rn for eachi = 1,2, · · · ,n.

Let (X, ||·, · · · , ·||) be ann-normed space of dimensiond ≥ n≥ 2 and{a1,a2, · · · ,an} be linearly independent set inX.

Then the following function||·, · · · , ·||∞ onXn−1 as defined by

||x1,x2, · · · ,xn−1||∞ = max{||x1,x2, · · · ,xn−1,ai || : i = 1,2, · · · ,n}

is called an(n−1)-norm onX with respect to{a1,a2, · · · ,an}.

A sequence(xk) in an-normed space(X, ||·, · · · , ·||) is said toconvergesto someL ∈ X if

lim
k→∞

||xk−L,z1, · · · ,zn−1||= 0 for every z1, · · · ,zn−1 ∈ X.

A sequence(xk) in an-normed space(X, ||·, · · · , ·||) is said to beCauchyif

lim
k,p→∞

||xk− xp,z1, · · · ,zn−1||= 0 for every z1, · · · ,zn−1 ∈ X.

If every Cauchy sequence inX converges to someL ∈ X, thenX is said to becompletewith respect to then-norm. Any

completen-normed space is said to ben-Banach space.

Let X be a linear metric space. A functionp : X → R is called paranorm, if

(1) p(x)≥ 0 for all x∈ X,

(2) p(−x) = p(x) for all x∈ X,

(3) p(x+ y)≤ p(x)+ p(y) for all x,y∈ X,

(4) if (λn) is a sequence of scalars withλn → λ asn→ ∞ and(xn) is a sequence of vectors withp(xn−x)→ 0 asn→ ∞,

thenp(λnxn−λx)→ 0; as;n→ ∞.

A paranormp for which p(x) = 0 impliesx= 0 is called total paranorm and the pair(X, p) is called a total paranormed

space. It is well known that the metric of any linear metric space is given by some total paranorm (see [33], Theorem

10.4.2, P-183). For more details about this type of sequencespaces (see [1], [4], [22], [24], [25], [26], [27], [28], [32])

and [5] - [19] references therein.
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A sequence(xk) of complex numbers is said toΛ2-strongly convergent to a complex numberx with respect to a

sequence of Orlicz functions and an infinite matrix if

lim
n→∞

1
λn

n

∑
k=0

ank

[

ukMk

(
∥

∥

∥

λk(xk− x)−λk−2(xk−2− x)
ρ

,z1, ...,zn−1

∥

∥

∥

)]pk
= 0 for someρ > 0

with the agreementλ−1 = λ−2 = x−1 = x−2 = 0. LetM = (Mk) be a sequence of Orlicz functions,p= (pk) be a bounded

sequence of positive real numbers andu= (uk) be a sequence of strictly positive real numbers,A= (ank) be an infinite

matrix and(X, ||·, · · · , ·||) is ann−normed space. LetΛ = {λk} be a non-decreasing sequence of positive numbers tending

to ∞. In the present paper we define the following classes of sequences:

[Λ2,M ,A,u, p,‖., ..., .‖] =

{

x= (xk) :
1
λn

n

∑
k=0

ank

[

ukMk

(∥

∥

∥

λk(xk− x)−λk−2(xk−2− x)
ρ

,z1, ...,zn−1

∥

∥

∥

)]pk
= 0;as;n→ ∞

}

,

[Λ2,M ,A,u, p,‖., ..., .‖]0 =
{

x= (xk) :
1
λn

n

∑
k=0

ank

[

ukMk

(
∥

∥

∥

λkxk−λk−2xk−2

ρ
,z1, ...,zn−1

∥

∥

∥

)]pk
= 0 asn→ ∞

}

and

[Λ2,M ,A,u, p,‖., ..., .‖]∞ =
{

x= (xk) : sup
n

1
λn

n

∑
k=0

ank

[

ukMk

(
∥

∥

∥

λkxk−λk−2xk−2

ρ
,z1, ...,zn−1

∥

∥

∥

)]pk
< ∞

}

.

Let us consider a few special cases of the above classes of sequences:

If M(x) = x, then the sequences[Λ2,M ,A,u, p,‖., ..., .‖], [Λ2,M ,A,u, p,‖., ..., .‖]0 and[Λ2,M ,

A,u, p,‖., ..., .‖]∞ reduces to[Λ2,A,u, p,‖., ..., .‖], [Λ2,A,u, p,‖., ..., .‖]0 and[Λ2,A,u, p,‖., ..., .‖]∞ as follows:

[Λ2,A,u, p,‖., ..., .‖] =
{

x= (xk) :
1
λn

n

∑
k=0

ank

[

uk

(∥

∥

∥

λk(xk− x)−λk−2(xk−2− x)
ρ

,z1, ...,zn−1

∥

∥

∥

)]pk
= 0 asn→ ∞

}

,

[Λ2,A,u, p,‖., ..., .‖]0 =
{

x= (xk) :
1
λn

n

∑
k=0

ank

[

uk

(
∥

∥

∥

λkxk−λk−2xk−2

ρ
,z1, ...,zn−1

∥

∥

∥

)]pk
= 0 asn→ ∞

}

and

[Λ2,A,u, p,‖., ..., .‖]∞ =
{

x= (xk) : sup
n

1
λn

n

∑
k=0

ank

[

uk

(
∥

∥

∥

λkxk−λk−2xk−2

ρ
,z1, ...,zn−1

∥

∥

∥

)]pk
< ∞

}

.

If pk = 1 for all k∈ N, we shall write above sequences as

[Λ2,M ,A,u,‖., ..., .‖] =
{

x= (xk) :
1
λn

n

∑
k=0

ank

[

ukMk

(∥

∥

∥

λk(xk− x)−λk−2(xk−2− x)
ρ

,z1, ...,zn−1

∥

∥

∥

)]

= 0 asn→ ∞
}

,

[Λ2,M ,A,u,‖., ..., .‖]0 =

{

x= (xk) :
1
λn

n

∑
k=0

ank

[

ukMk

(∥

∥

∥

λkxk−λk−2xk−2

ρ
,z1, ...,zn−1

∥

∥

∥

)]

= 0 asn→ ∞

}

and

[Λ2,M ,A,u,‖., ..., .‖]∞ =
{

x= (xk) : sup
n

1
λn

n

∑
k=0

ank

[

ukMk

(∥

∥

∥

λkxk−λk−2xk−2

ρ
,z1, ...,zn−1

∥

∥

∥

)]

< ∞
}

.
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The following inequality will be used throughout the paper.If 0 < h= inf
k

pk ≤ pk ≤ sup
k

pk = H,K = max{1,2H−1}, then

|ak+bk|
pk ≤ K{|ak|

pk + |bk|
pk} (3)

for all k∈ N andak,bk ∈C. Also |a|pk ≤ max{1, |a|H} for all a∈ C.

The main objective of this paper is to introduce the concept of strongly convergent sequence spaces of Orlicz functions

using infinite matrix overn-normed spaces. We also make an effort to study some topological properties and prove some

inclusion relations between these sequence spaces. Finally, by using the concept of strong convergence we study

statistical convergence and results related to Fourier series.

2 Main results

Theorem 1.LetM = (Mk) be a sequence of Orlicz functions, p= (pk) be a bounded sequence of positive real numbers

and u= (uk) be a sequence of strictly positive real numbers and A= (ank) be an infinite matrix. Then the sequence spaces

[Λ2,M ,A,u, p,‖., ..., .‖], [Λ2,M ,A,u, p,‖., ..., .‖]0 and[Λ2,M ,A,u, p,‖., ..., .‖]∞ are linear over the complex fieldC.

Proof.Supposex= (xk) andy= (yk) ∈ [Λ2,M ,A,u, p,‖., ..., .‖]0. Then

1
λn

n

∑
k=0

ank

[

ukMk

(∥

∥

∥

λkxk−λk−2xk−2

ρ1
,z1, ...,zn−1

∥

∥

∥

)]pk
= 0 asn→ ∞ for someρ1 > 0

and
1
λn

n

∑
k=0

ank

[

ukMk

(∥

∥

∥

λkyk−λk−2yk−2

ρ2
,z1, ...,zn−1

∥

∥

∥

)]pk
= 0 asn→ ∞ for someρ2 > 0.

Let ρ3 = max(2|α|ρ1,2|β |ρ2). SinceM = (Mk) is a non-decreasing and convex so by using inequality (3), wehave

1
λ

n

∑
k=0

ank

[

ukMk

(∥

∥

∥

α(λkxk−λk−2xk−2)+β (λkyk−λk−2yk−2)

ρ3
,z1, ...,zn−1

∥

∥

∥

)]pk

≤ K
1
λn

n

∑
k=0

1
2pk

ank

[

ukMk

(∥

∥

∥

α(λkxk−λk−2xk−2)

ρ1
,z1, ...,zn−1

∥

∥

∥

)]pk

+K
1
λn

n

∑
k=0

1
2pk

ank

[

ukMk

(∥

∥

∥

β (λkyk−λk−2yk−2)

ρ2
,z1, ...,zn−1

∥

∥

∥

)]pk

≤ K
1
λn

n

∑
k=0

ank

[

ukMk

(∥

∥

∥

α(λkxk−λk−2xk−2)

ρ1
,z1, ...,zn−1

∥

∥

∥

)]pk

+K
1
λn

n

∑
k=0

ank

[

ukMk

(∥

∥

∥

β (λkyk−λk−2yk−2)

ρ2
,z1, ...,zn−1

∥

∥

∥

)]pk

= 0 asn→ ∞.

Thus,αx+βy∈ [Λ2,M ,A,u, p‖., ..., .‖]0. This proves that[Λ2,M ,A,u, p‖., ..., .‖]0 is a linear space. Similarly, we can

prove that[Λ2,M ,A,u, p,‖., ..., .‖] and[Λ2,M ,A,u, p,‖., ..., .‖]∞ are linear spaces.

Theorem 2.LetM = (Mk) be a sequence of Orlicz functions, p= (pk) be a bounded sequence of positive real numbers

and u = (uk) a sequence of strictly positive real numbers and A= (ank) be an infinite matrix. Then
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[Λ2,M ,A,u, p,‖., ..., .‖]0 is a paranormed space with paranorm

g(x) = inf

{

(ρ)
pk
K :

1
λn

n

∑
k=0

[

ank

[

ukMk

(∥

∥

∥

λkxk−λk−2xk−2

ρ
,z1, ...,zn−1

∥

∥

∥

)]pk
]

1
K
≤ 1, as n→ ∞,

}

where H= sup
k

pk < ∞ and K= max{1,H}.

Proof. (i) Clearlyg(x)≥ 0 for x= (xk) ∈ [Λ2,M ,A,u, p,‖., ..., .‖]0. By definition of Orlicz function, we getg(0) = 0.

(ii) g(−x) = g(x).

(iii) Let x= (xk),y= (yk) ∈ [Λ2,M ,A,u, p,‖., ..., .‖]0 there exist positive numbersρ1 andρ2 such that

1
λn

n

∑
k=0

[

ank

[

ukMk

(∥

∥

∥

λkxk−λk−2xk−2

ρ1
,z1, ...,zn−1

∥

∥

∥

)]pk
] 1

K
≤ 1

and
1
λn

n

∑
k=0

[

ank

[

ukMk

(
∥

∥

∥

λkxk−λk−2xk−2

ρ2
,z1, ...,zn−1

∥

∥

∥

)]pk
]

1
K
≤ 1.

Let ρ = ρ1+ρ2. Then by using Minkowski’s inequality, we have

1
λn

n

∑
k=0

ank

[

ukMk

(∥

∥

∥

(λkxk−λk−2xk−2)+ (λkyk−λk−2yk−2)

ρ
,z1, ...,zn−1

∥

∥

∥

)]pk

=
1
λn

n

∑
k=0

ank

[

ukMk

(∥

∥

∥

(λkxk−λk−2xk−2)+ (λkyk−λk−2yk−2)

ρ1+ρ2
,z1, ...,zn−1

∥

∥

∥

)]pk

=
1
λn

n

∑
k=0

ank

[

ukMk

(∥

∥

∥

λkxk−λk−2xk−2

ρ1+ρ2
,z1, ...,zn−1

∥

∥

∥

)]pk

+
1
λn

n

∑
k=0

ank

[

ukMk

(∥

∥

∥

λkyk−λk−2yk−2

ρ1+ρ2
,z1, ...,zn−1

∥

∥

∥

)]pk

≤
( ρ1

ρ1+ρ2

) 1
λn

n

∑
k=0

ank

[

ukMk

(∥

∥

∥

λkxk−λk−2xk−2

ρ1
,z1, ...,zn−1

∥

∥

∥

)]pk

+
( ρ2

ρ1+ρ2

) 1
λn

n

∑
k=0

ank

[

ukMk

(∥

∥

∥

λkyk−λk−2yk−2

ρ2
,z1, ...,zn−1

∥

∥

∥

)]pk

≤ 1.

and thus

g(x+ y) = inf

{

(ρ)
pk
K :

1
λn

n

∑
k=0

[

ank

[

ukMk

(∥

∥

∥

(λkxk−λk−2xk−2)+ (λkyk−λk−2yk−2)

ρ
,z1, ...,zn−1

∥

∥

∥

)]pk
]

1
K
≤ 1

≤ inf

{

(ρ1)
pk
K :

1
λn

n

∑
k=0

[

ank

[

ukMk

(
∥

∥

∥

λkxk−λk−2xk−2

ρ1
,z1, ...,zn−1

∥

∥

∥

)]pk
]

1
K
≤ 1

}

+ inf

{

(ρ2)
pk
K :

1
λn

n

∑
k=0

[

ank

[

ukMk

(∥

∥

∥

λkyk−λk−2yk−2

ρ2
,z1, ...,zn−1

∥

∥

∥

)]pk
]

1
K
≤ 1

}

.

Therefore,g(x+ y) = g(x)+g(y).
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Finally, we prove that the scalar multiplication is continuous. Letλ be any complex number. By definition,

g(µx) = inf

{

(ρ)
pk
K :

1
λn

n

∑
k=0

[

ank

[

ukMk

(∥

∥

∥

µ(λkxk−λk−2xk−2)

ρ
,z1, ...,zn−1

∥

∥

∥

)]pk
]

1
K
≤ 1

}

= inf

{

(|µ |t)
pk
K :

1
λn

n

∑
k=0

[

ank

[

ukMk

(∥

∥

∥

µ(λkxk−λk−2xk−2)

ρ
,z1, ...,zn−1

∥

∥

∥

)]pk
] 1

K
≤ 1

}

,

wheret = ρ
|µ| > 0. Since|µ |pk ≤ max(1, |µ |suppk), we have

g(µx)≤ max(1, |µ |suppk) inf

{

t
pk
K :

1
λn

n

∑
k=0

[

ank

[

ukMk

(∥

∥

∥

µ(λkxk−λk−2xk−2)

t
,z1, ...,zn−1

∥

∥

∥

)]pk
]

1
K
≤ 1

}

.

So, the fact that the scalar multiplication is continuous follows from the above inequality. This completes the proof ofthe

theorem.

Theorem 3.SupposeM = (Mk), M ′ = (M′
k), M ′′ = (M′′

k ) are sequences of Orlicz functions, p= (pk) be a bounded

sequence of positive real numbers, u= (uk) be a sequence of strictly positive real numbers, A= (ank) be an infinite matrix

and0< h= inf
k

pk ≤ pk ≤ sup
k

pk = H < ∞. Then

(i) [Λ2,M ′,A,u, p,‖., ..., .‖]0 ⊆ [Λ2,M ◦M ′,A,u, p,‖., ..., .‖]0,

(ii) [Λ2,M ′,A,u, p,‖., ..., .‖]0∩ [Λ2,M ′′,A,u, p,‖., ..., .‖]0 ⊆ [Λ2,M ′+M ′′,A,u, p,‖., ..., .‖]0.

Proof. (i) Let x∈ [Λ2,M ′,A,u, p,‖., ..., .‖]0. Then, we have

1
λn

n

∑
k=0

ank

[

ukMk

(
∥

∥

∥

λkxk−λk−2xk−2

ρ
,z1, ...,zn−1

∥

∥

∥

)]pk
= 0.

Let ε > 0 and chooseδ > 0 with 0 < δ < 1 such that fk(t) < ε for 0 ≤ t ≤ δ . We write

yk = ank

[

ukM′
k

(

‖
λkxk−λk−2xk−2

ρ ,z1, ...,zn−1

∥

∥

∥

)]

and let us consider

n

∑
k=0

[Mk(yk)]
pk = ∑

1

[Mk(yk)]
pk +∑

2

[Mk(yk)]
pk,

where the first summation is overyk ≤ δ and the second overyk > δ . SinceM = (Mk) is continuous, we have

1
λn

∑
1

[Mk(yk)]
pk < εH (4)

and foryk > δ , we use the fact that

yk <
yk

δ
≤ 1+

yk

δ
.

By definition of Orlicz function, we have foryk > δ ,

Mk(yk)< 2Mk(1)
yk

δ
.

Hence,

1
λn

∑
2
[Mk(yk)]

pk ≤ max
(

1,
(

2Mk(1)δ−1
)H) 1

λn

n

∑
k=0

[yk]
pk. (5)
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So by equations (4) and (5), we have[Λ2,M ′,A,u, p,‖., ..., .‖]0 ⊆ [Λ2,M ◦M ′,A,u, p,‖., ..., .‖]0.

(ii) Let x∈ [Λ2,M ′,A,u, p,‖., ..., .‖]0∩ [Λ2,M ′′,A,u, p,‖., ..., .‖]0. Then using inequality (3) it can be shown that

x∈ [Λ2,M ′+M
′′,A,u, p,‖., ..., .‖]0.

Hence,[Λ2,M ′,A,u, p,‖., ..., .‖]0∩ [Λ2,M ′′,A,u, p,‖., ..., .‖]0 ⊆ [Λ2,M ′+M ′′,A,u, p,‖., ..., .‖]0.

Corollary 1. SupposeM = (Mk), M ′ = (M′
k), M′′ = (M ′′

k ) are sequences of Orlicz functions, p= (pk) be a bounded

sequence of positive real numbers and u= (uk) be a sequence of strictly positive real numbers. Then

(i) [Λ2,M ′,A,u, p,‖., ..., .‖]⊆ [Λ2,M ◦M ′,A,u, p,‖., ..., .‖],

(ii) [Λ2,M ′,A,u, p,‖., ..., .‖]∩ [Λ2,M ′′,A,u, p,‖., ..., .‖]⊆ [Λ2,M ′+M ′′,A,u, p,‖., ..., .‖],

(iii) [Λ2,M ′,A,u, p,‖., ..., .‖]∞ ⊆ [Λ2,M ◦M ′,A,u, p,‖., ..., .‖]∞,

(iv) [Λ2,M ′,A,u, p,‖., ..., .‖]∞∩ [Λ2,M ′′,A,u, p,‖., ..., .‖]∞ ⊆ [Λ2,M ′+M ′′,A,u, p,‖., ..., .‖]∞.

Proof. It is easy to prove by using Theorem (3), so we omit the details.

Theorem 4.LetM = (Mk) be a sequence of Orlicz functions. Then for any two sequencesp= (pk) and t= (tk) of strictly

positive real numbers, we have

(i) [Λ2,M ,A,u, p,‖., ..., .‖]0∩ [Λ2,M ,A,u, t,‖., ..., .‖]0 6= φ ,

(ii) [Λ2,M ,A,u, p,‖., ..., .‖]∩ [Λ2,M ,A,u, t,‖., ..., .‖] 6= φ ,

(iii) [Λ2,M ,A,u, p,‖., ..., .‖]∞ ∩ [Λ2,M ,A,u, t,‖., ..., .‖]∞ 6= φ .

Proof. (i) Since the zero element belongs to[Λ2,M ,A,u, p,‖., ..., .‖]0 and [Λ2,M ,A,u, t,‖., ..., .‖]0, thus the

intersection is non-empty. Similarly, we can prove (ii) and(iii).

Proposition 1.LetM = (Mk) be a sequence of Orlicz functions, p= (pk) be a bounded sequence of positive real numbers

and u= (uk) be a sequence of strictly positive real numbers. Then, we have

(i) [Λ2,A,u, p,‖., ..., .‖]0 ⊆ [Λ2,M ,A,u, p,‖., ..., .‖]0,

(ii) [Λ2,A,u, p,‖., ..., .‖]⊆ [Λ2,M ,A,u, p,‖., ..., .‖],

(iii) [Λ2,A,u, p,‖., ..., .‖]∞ ⊆ [Λ2,M ,A,u, p,‖., ..., .‖]∞.

Proof. It is obvious so, we omit the details.

Theorem 5.Let 0< pk ≤ rk and
(

rk
pk

)

be bounded, then[Λ2,M ,A,u, r,‖., ..., .‖]⊆ [Λ2,M ,A,u, p,‖., ..., .‖].

Proof. Let x ∈ [Λ2,M ,A,u, r,‖., ..., .‖], tk = ank

[

ukMk

(∥

∥

∥

(λk(xk−x)−λk−2(xk−2−x))
ρ ,z1, ...,zn−1

∥

∥

∥

)]rk
and µk =

(

pk
rk

)

for all

k∈N so that 0< µ ≤ µk ≤ 1. Define the sequence(vk) and(wk) as follows:

For tk ≥ 1, letvk = tk andwk = 0 and fortk < 1, letvk = 0 andwk = tk.

Then, clearly for allk∈ N, we havetk = vk+wk, t
µk
k = vµk

k +wµk
k ,vµk

k ≤ vk ≤ tk andwµk
k ≤ wµ

k . Therefore,

1
λn

n

∑
k=0

tµk
k ≤

1
λn

n

∑
k=0

tk+
[ 1

λn

n

∑
k=0

wk

]µ
.

Hence,x∈ [Λ2,M ,A,u, p,‖., ..., .‖]. Thus,[Λ2,M ,A,u, r,‖., ..., .‖]⊆ [Λ2,M ,A,u, p,‖., ..., .‖]. This completes the proof

of the theorem.
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2.1 Some characterizations of strongly convergent sequences

Lemma 1.Let M = (Mk) be a sequence of Orlicz functions, p= (pk) be a bounded sequence of positive real numbers

and u= (uk) be a sequence of strictly positive real numbers. Then a sequence(xk) of complex numbers converges strongly

to a number x if and only if

(i) M(xk) converges to M(x) in the ordinary sense and

(ii) lim
n→∞

1
λn

n

∑
k=2

ank

[

ukMk

(

λk−2

∥

∥

∥

xk− xk−2

ρ
,z1, ...,zn−1

∥

∥

∥

)]pk
= 0.

Proof.The representation

λk(xk− x)−λk−2(xk−2− x) = (λk−λk−2)(xk− x)+λk−2(xk− xk−2)

implies both

1
λn

n

∑
k=0

ank

[

ukMk

(
∥

∥

∥

λk(xk− x)−λk−2(xk−2− x)
ρ

,z1, ...,zn−1

∥

∥

∥

)]pk

≤
1
λn

n

∑
k=0

ank

[

ukMk(λk−λk−2)
(
∥

∥

∥

xk− x
ρ

,z1, ...,zn−1

∥

∥

∥

)]pk
+

1
λn

n

∑
k=2

ank

[

ukMk

(

λk−2

∥

∥

∥

xk− xk−2

ρ
,z1, ...,zn−1

∥

∥

∥

)]pk
(6)

and

1
λn

n

∑
k=2

ank

[

ukMk

(

λk−2

∥

∥

∥

xk− xk−2

ρ
,z1, ...,zn−1

∥

∥

∥

)]pk
≤

1
λn

n

∑
k=0

ank

[

ukMk

(∥

∥

∥

λk(xk− x)−λk−2(xk−2− x)
ρ

,z1, ...,zn−1

∥

∥

∥

)]pk

+
1
λn

n

∑
k=0

ank

[

ukMk(λk−λk−2)
(∥

∥

∥

xk− x
ρ

,z1, ...,zn−1

∥

∥

∥

)]pk
. (7)

By using these inequalities together with the fact thatM(xk) converging toM(x), we have

lim
n→∞

1
λn

n

∑
k=0

ank

[

ukMk(λk−λk−2)
(∥

∥

∥

xk− x
ρ

,z1, ...,zn−1

∥

∥

∥

)]pk
= 0.

Hence, we get the necessity and sufficiency of both (i) and (ii).

Lemma 2.Let M = (Mk) be a sequence of Orlicz functions, p= (pk) be a bounded sequence of positive real numbers

and u= (uk) be a sequence of strictly positive real numbers. Then a sequence(xk) of complex numbers converges strongly

to a number x if and only if

(i) M (σn) =
1

λn ∑
0≦k≦n2|n−k

ank

[

ukMk(λk−λk−2)
(∥

∥

∥

xk

ρ
,z1, ...,zn−1

∥

∥

∥

)]pk
converges to F(x) in the ordinary sense and

(ii) lim
n→∞

1
λn

n

∑
k=2

ank

[

ukMk

(

λk−2

∥

∥

∥

xk− xk−2

ρ
,z1, ...,zn−1

∥

∥

∥

)]pk
= 0.
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Proof.Clearly,

M(xn)−M(σn) =
1
λn

∑
0≦k≦n
2|n−k

ank

[

ukMk(λk−λk−2)
(∥

∥

∥

(xn− xk)

ρ
,z1, ...,zn−1

∥

∥

∥

)]pk

=
1
λn

∑
0≦k≦n
2|n−k

[(λk−λk−2)]
pk ∑

k+2≦ j≦n
2|n− j

ank

[

ukMk

(
∥

∥

∥

x j − x j−2

ρ
,z1, ...,zn−1

∥

∥

∥

)]pk

=
1
λn

∑
2≦ j≦n
2|n− j

ank[ukMk

(
∥

∥

∥

x j − x j−2

ρ
,z1, ...,zn−1

∥

∥

∥

)]pk ∑
0≦k≦ j−2

2|n−k

[(λk−λk−2)]
pk

=
1
λn

∑
2≦ j≦n
2|n− j

ank

[

ukMk

(

λ j−2

∥

∥

∥

x j − x j−2

ρ
,z1, ...,zn−1

∥

∥

∥

)]pk
.

Hence,

lim
n→∞

sup|M(xn)−M(σn)|≦ lim
n→∞

sup
1
λn

n

∑
k=2

ank[ukMk

(

λk−2

∥

∥

∥

xk− xk−2

ρ
,z1, ...,zn−1

∥

∥

∥

)]pk
.

According to lemma 10, for the necessity part, it is easy to see that lim
n

M(σn) = M(x) which comes from the above

inequality, condition (ii) of this lemma and lim
n

M(xn) = M(x). For the sufficient part, we only need lim
n

M(xn) = M(x)

which also comes from the above inequality, condition (ii) of this lemma and lim
n

M(σn) = M(x).

3 Statistical convergence

The notions of statistical convergence and convergence in density for sequences has been in the literature under different

guises, since the early part of the last century. Statistical convergence was recently investigated by Fast [8] and Schoenberg

[31] independently. Later on it was investigated from the sequence space point of view and linked with summability theory

by Fridy [9], Connor [3], Salat [29], Fridy and Orhan [10] and many others. The notion of statistical convergence depends

on the density of subsets ofN. A subsetE of N is said to have densityδ (E) if

δ (E) = lim
n→∞

1
n

n

∑
k=1

χE(k) exists,

whereχE is the characteristics function ofE.

A sequencex= (xk) is said to be statistically convergent to L if for everyε > 0,

lim
n→∞

1
n
|{k≤ n : |xk−L| ≥ ε}|= 0,

In this case, we writeS− lim
k

xk = L or x→ L(S). The set of all statistical convergent sequences is denoted by S.

Definition 1.A sequence x= (xk) is said to be[Λ2,A,u, p,‖., ..., .‖]-statistically convergent to x if for anyε > 0,

lim
n→∞

1
λn

∣

∣

∣

{

k≤ n :
∥

∥

∥

λk(xk− x)−λk−2(xk−2− x)
ρ

,z1, ...,zn−1

∥

∥

∥
≥ ε

}∣

∣

∣
= 0,

where the vertical bars indicate the number of elements in the closed set. In this case, we write S− lim
k

Λ2
k (x) = x and the

set of all statistically convergent sequences is denoted byS(Λ2).
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Theorem 6.ConsiderM = (Mk) be a sequence of Orlicz functions, p= (pk) be a bounded sequence of positive real

numbers and u= (uk) be a sequence of strictly positive real numbers andsup
k

pk = H < ∞. Then

[Λ2,M ,A,u, p,‖., ..., .‖]⊂ (S(Λ2)).

Proof. Let x ∈ [Λ2,M ,A,u, p,‖., ..., .‖]. Take ε > 0, ∑
1

denote the sum over k ≤ n with
∥

∥

∥

λk(xk−x)−λk−2(xk−2−x)
ρ ,z1, ...,zn−1

∥

∥

∥
≥ ε and∑

2
denote the sum overk ≤ n with

∥

∥

∥

λk(xk−x)−λk−2(xk−2−x)
ρ ,z1, ...,zn−1

∥

∥

∥
< ε.

Then for eachz1, · · · ,zn−1 ∈ X, we obtain

1
λn

n

∑
k=0

ank

[

ukMk

(
∥

∥

∥

λk(xk− x)−λk−2(xk−2− x)
ρ

,z1, ..., .zn−1

∥

∥

∥

)]pk

=
1
λn

(

∑
1

ank

[

ukMk

(∥

∥

∥

λk(xk− x)−λk−2(xk−2− x)
ρ

,z1, ..., .zn−1

∥

∥

∥

)]pk

+∑
2

ank

[

ukMk

(∥

∥

∥

λk(xk− x)−λk−2(xk−2− x)
ρ

,z1, ..., .zn−1

∥

∥

∥

)]pk
)

≥
1
λn

∑
1

ank

[

ukMk

(∥

∥

∥

λk(xk− x)−λk−2(xk−2− x)
ρ

,z1, ..., .zn−1

∥

∥

∥

)]pk

≥
1
λn

∑
1

{ank[ukMk(ε)]pk} ≥
1
λn

∑
1

min({ank[ukMk(ε)]h},{uk[ankMk(ε)]H})

=
1
λn

∣

∣

∣

{

k≤ n :
∥

∥

∥

λk(xk− x)−λk−2(xk−2− x)
ρ

,z1, ..., .zn−1

∥

∥

∥
≥ ε

}∣

∣

∣

min({ank[ukMk(ε)]h},{ank[ukMk(ε)]H}).

Hence,x∈ (S(Λ2)). This completes the proof of the theorem.

Theorem 7.ConsiderM = (Mk) be bounded sequence of Orlicz functions, p= (pk) be a bounded sequence of positive

real numbers and u= (uk) be a sequence of strictly positive real numbers and0< inf
k

pk ≤ pk ≤ sup
k

pk = H < ∞. Then

(S(Λ2))⊂ [Λ2,M ,A,u, p].

Proof. Suppose thatM = (Mk) be bounded. For givenε > 0, ∑
1

denote the sum overk ≤ n with
∥

∥

∥

λk(xk−x)−λk−2(xk−2−x)
ρ ,z1, ...,zn−1

∥

∥

∥
≥ ε and∑

2
denote the sum overk ≤ n with

∥

∥

∥

λk(xk−x)−λk−2(xk−2−x)
ρ ,z1, ...,zn−1

∥

∥

∥
< ε.

SinceM = (Mk) be bounded there exists an integerD such thatMk(x)< D for all x≥ 0. Then for eachz1, · · · ,zn−1 ∈ X.

1
λn

n

∑
k=0

ank

[

ukMk

(
∥

∥

∥

λk(xk− x)−λk−2(xk−2− x)
ρ

,z1, ...,zn−1

∥

∥

∥

)]pk

≤
1
λn

(

∑
1

ank

[

ukMk

(∥

∥

∥

λk(xk− x)−λk−2(xk−2− x)
ρ

,z1, ...,zn−1

∥

∥

∥

)]pk

+∑
2

ank

[

ukMk

(∥

∥

∥

λk(xk− x)−λk−2(xk−2− x)
ρ

,z1, ...,zn−1

∥

∥

∥

)]pk
)

≤
1
λn

∑
1

max({ank[ukD
h]},{ank[ukD

H ]})+
1
λn

∑
2
{ank[ukMk(ε)]pk}

≤ max({ank[ukD
h]},{ank[ukD

H ]})
1
λn

∣

∣

∣

{

k≤ n :
∥

∥

∥

λk(xk− x)−λk−2(xk−2− x)
ρ

,z1, ...,zn−1

∥

∥

∥
≥ ε

}∣

∣

∣

+max({ank[ukMk(ε)]h},{ank[ukMk(ε)]H}).

Hence,x∈ [Λ2,M ,A,u, p,‖., ..., .‖]. This completes the proof of the theorem.
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4 Results for Fourier series

The space of all 2π periodic complex-valued continuous functions is a Banach space endowed with the norm‖ f‖C =

maxt | f (t)| and it is denoted byC. Let

1
2

a0( f )+
∞

∑
k=1

(ak( f )coskt+bk( f )sinkt) (8)

be the Fourier series off ∈C and denoted bysk( f ) thek-th partial sum of the series (4.1). We shall denote byUM ,u,p,‖.,...,.‖,

AM ,u,p,‖.,...,.‖ andS(Λ2
M ,u,p,‖.,...,.‖) respectively the classes of functionsf ∈C whose Fourier series converges uniformly,

absolutely and strongly on[0,2π). Now, if f ∈ S(Λ2
M ,u,p,‖.,...,.‖) andz1, ...,zn−1 ∈ X, then

lim
n

∥

∥

∥

( 1
λn

n

∑
k=0

ank

[

ukMk

∣

∣

∣

(λk(sk( f )− f )−λk−2(sk−2( f )− f )
ρ

,z1, ...,zn−1

)∣

∣

∣

)]pk
∥

∥

∥

C
= 0, (9)

whereλ−1 = λ−2 = x−1 = x−2 = 0.

The spaceUM ,u,p,‖.,...,.‖ is a Banach space with the norm

‖ f‖UM ,u,p,‖.,...,.‖
= sup

k

∥

∥

∥
ank

[

ukMk

(sk( f )
ρ

,z1, ...,zn−1

)]pk
∥

∥

∥

C

and the spaceAM ,u,p,‖.,...,.‖ is also a Banach space with the norm

‖ f‖AM ,u,p,‖.,...,.‖
=

1
2

ank

[

ukMk

(∥

∥

∥

a0( f )
ρ

,z1, ...,zn−1

∥

∥

∥

)]pk
+

∞

∑
k=1

uk

[

ank fk
(∥

∥

∥

ak( f )+bk( f )
ρ

,z1, ...,zn−1

∥

∥

∥

)]pk
.

One can easily prove thatUM ,u,p,‖.,...,.‖ and AM ,u,p,‖.,...,.‖ are Banach spaces. We shall give the proof only for

S(Λ2
M ,u,p,‖.,...,.‖) in the next Theorem. Now, we define the norm

‖ f‖S(Λ2
M ,u,p,‖.,...,.‖)

= sup
n

∥

∥

∥

1
λn

n

∑
k=0

ank

[

ukMk

∣

∣

∣

(λk(sk( f )− f )−λk−2(sk−2( f )− f )
ρ

,z1, ...,zn−1

)]pk
∣

∣

∣

)∥

∥

∥

C
,

which is finite for everyf ∈ S(Λ2
M ,u,p,‖.,...,.‖). By using triangle inequality, we have

‖ f‖S(Λ2
M ,u,p,‖.,...,.‖)

≤ ‖ f‖C+ sup
n

∥

∥

∥

1
λn

n

∑
k=0

ank

[

ukMk

∣

∣

∣

(λk(sk( f )− f )−λk−2(sk−2( f )− f )
ρ

,z1, ...,zn−1

)]pk
∣

∣

∣

)∥

∥

∥

C

and this sup is due to equation 9. The norm inequalities corresponding to equation (3.6) in [23] are

‖ f‖UM ,u,p,‖.,...,.‖
≤ ‖ f‖S(Λ2

M ,u,p,‖.,...,.‖)
≤ 2‖ f‖AM ,u,p,‖.,...,.‖

, (10)

which implies thatAM ,u,p,‖.,...,.‖ ⊂ S(Λ2
M ,u,p,‖.,...,.‖)⊂UM ,u,p,‖.,...,.‖.

Lemma 3.Let M = (Mk) be a sequence of Orlicz functions, p= (pk) be a bounded sequence of positive real numbers

and u= (uk) be a sequence of strictly positive real numbers. Then f∈ S(Λ2
M ,u,p,‖.,...,.‖) if and only if

(i) lim
k
‖sk( f )− f‖C = 0 and

(ii) lim
k

∥

∥

∥

1
λn

n

∑
k=2

ank

[

ukMk

(∣

∣

∣

λk−2(ak( f )coskt+bk( f )sinkt)
ρ

,z1, ...,zn−1

∣

∣

∣

)]pk
∥

∥

∥

C
= 0.
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Proof. It follows from the Lemma 1, so we omit it.

Let us denote

σn( f ) =
∣

∣

∣

1
λn

n

∑
k=0

ank

[

ukMk

(∥

∥

∥

(λk−λk−2)sk( f )
ρ

,z1, ...,zn−1

∥

∥

∥

)]pk
∣

∣

∣
(n= 0,1, ...). (11)

Lemma 4.Let M = (Mk) be a sequence of Orlicz functions, p= (pk) be a bounded sequence of positive real numbers

and u= (uk) be a sequence of strictly positive real numbers. Then f∈ S(Λ2
M ,u,p,‖.,...,.‖) if and only if

(i) lim
k
‖σk( f )− f‖C = 0 and

(ii) lim
k

∥

∥

∥

1
λn

n

∑
k=2

ank

[

ukMk

(∣

∣

∣

λk−2(ak( f )coskt+bk( f )sinkt)
ρ

,z1, ...,zn−1

∣

∣

∣

)]pk
‖C = 0.

Theorem 8.The set S(Λ2
M ,u,p,‖.,...,.‖) endowed with norm

‖ f‖S(Λ2
M ,u,p,‖.,...,.‖)

= sup
n

∥

∥

∥

1
λn

n

∑
k=0

ank

[

ukMk

(∣

∣

∣

λk(sk( f )− f )−λk−2(sk−2( f )− f )
ρ

,z1, ...,zn−1

∣

∣

∣

)]pk
∥

∥

∥

C

is a Banach space.

Proof. The only thing we have to prove is completeness. For this, let{sj} j≥1 be a Cauchy sequence in the norm

‖.‖S(Λ2
M ,u,p,‖.,...,.‖)

. Then by equation (10),{sj} is a Cauchy sequence in the norm‖.‖UM ,u,p,‖.,...,.‖
as well so there exists a

sequences∈ S(Λ2
M ,u,p,‖.,...,.‖) such that lim

j→∞
‖sj − s‖UM ,u,p,‖.,...,.‖

= 0. Now, we show thats∈ S(Λ2
M ,u,p,‖.,...,.‖). Suppose

ε > 0, then by assumption there existsv= v(ε) such that

‖sj − si‖S(Λ2
M ,u,p,‖.,...,.‖)

≤ ε for all i, j ≥ v. (12)

Let sj = {sjk : k= 0,1, ...} ands= {sk : k= 0,1, ...}. We shall fixi,n. Similarly by equation (10), we have

1
λn

n

∑
k=0

ank

[

ukMk

(
∥

∥

∥

λk(sjk − sk)−λk−2(sj(k−2)− sk−2)

ρ
,z1, ...,z2

∥

∥

∥

)]pk
≤ ‖sj − s‖UM ,u,p,‖.,...,.‖

1
λn

n

∑
k=0

(λk+λk−2)≤ ε, (13)

providedj is large enough, due to lim
j→∞

‖sj − s‖UM ,u,p,‖.,...,.‖
= 0. Herej depends onn andε and assume thatj ≥ v. Applying

triangle inequality by taking equations (12) and (13) into account we obtain that

1
λn

n

∑
k=0

ank

[

ukMk

(
∥

∥

∥

λk(sjk − sk)−λk−2(sj(k−2)− sk−2)

ρ
,z1, ...,zn−1

∥

∥

∥

)]pk

≤
1
λn

n

∑
k=0

ank

[

ukMk

(∥

∥

∥

λk(sjk − sik)−λk−2(sj(k−2)− si(k−2))

ρ
,z1, ...,zn−1

∥

∥

∥

)]pk

+
1
λn

n

∑
k=0

ank

[

ukMk

(∥

∥

∥

λk(sik − sk)−λk−2(si(k−2)− sk−2)

ρ
,z1, ...,zn−1

∥

∥

∥

)]pk

≤ ‖sj − si‖S(Λ2
M ,u,p,‖.,...,.‖)

+ ε = 2ε,

for j ≥ v. Since this hold for anyn ≥ 0, by definition ‖sj − si‖S(Λ2
M ,u,p,‖.,...,.‖)

≤ 2ε for j ≥ v. This proves

lim
j→∞

‖sj − s‖S(Λ2
M ,u,p,‖.,...,.‖)

= 0 ands∈ S(Λ2
M ,u,p,‖.,...,.‖) which completes the proof.

c© 2018 BISKA Bilisim Technology

www.ntmsci.com


225 K. Raj and A. Kilicman: Orlicz strongly convergent sequences with some applications to Fourier series...

Lemma 5.Let M = (Mk) be a sequence of Orlicz functions, p= (pk) be a bounded sequence of positive real numbers

and u= (uk) be a sequence of strictly positive real numbers. If a trigonometric series

∞

∑
k=1

(ak coskt+bksinkt)

converges strongly for t belonging to a set of positive measure or of second category, then

lim
n

1
λn

n

∑
k=2

ank

[

ukMk

(
∥

∥

∥

λk−2(ak+bk)

ρ
,z1, ...,zn−1

∥

∥

∥

)]pk
= 0.
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