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Abstract: For growth models, in addition to some classical growth models, general formations of 2 and 3 piecewise functions were
given with their parameters. For finding a good model of the length of the tree,Eucalyptus camaldulensis Dehn., in addition to several
sigmoidal functions (Logistic, Brody, Korkmaz-Uckardes,Gompertz, and Von Bertalanffy), 2 and 3-piecewise functions were given
with their parameters. They are compared by using error sum of squares criteria. According to this criteria, it was seen that piecewise
functions have minimum error sum of squares according to classical growth models used in this study. Especially it was seen that
error sum of squares of 3-piecewise function has the most minimum value. For that reason, using of piecewise functions inaddition to
classical growth models in their studies on growth data was suggested to the researchers using growth models in their studies.
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1 Introduction

A model is an abstraction, or a simplified representation, ofsome aspect of reality (and should not be confused with the
normative meaning of the word, something worthy of being imitated). The models are frequently used unconsciously, e.g.
making mental models to visualize cause-effect relationships to help explain anticipate the behavior of systems. Models
may be stated in verbal (e.g. a description) or material form(e.g. a scale model). A mathematical model is like a verbal
model, but uses mathematical language which is more conciseand less ambiguous than natural language. Computers
have become indispensable as tools to assist modelling, butare not central to the process of modelling. Modelling is
about making a good representation, and the computer is merely a convenient way to realize it (Vanclay 1994). Growth
functions provide a mathematical summary of time course data on the growth of an organism (France et al. 1996). Growth
models are generally used as growth curves found in a wide range of disciplines, such as fishery research, crop science, and
biology (Zwietering et al. 1990). Since growth of living things are normally nonlinear, it is reasonable to explore the use of
nonlinear growth model (Khamis et al. 2005). Growth models generally have sigmoidal form. Growth model is generally
used as a single equation w.r.t. independent variable, time. In this study growth models were given by using piecewise
functions. Most living matter grows with successive exponential, linear and saturation phases. Examples of quantities
which follow such growth curves are the length or mass of a human, a tree, or a fish. In this study we used the length
of a tree for showing and comparing the models. For finding a good model of the length of a tree, in addition to several
sigmoidal functions (Logistic, Brody, Korkmaz-Uckardes,Gompertz and Von Bertalanffy), 2 and 3-piecewise functions
were given with their parameters. The equation of the Logistic model (Ricker 1979) is obtained from the literature as:

y =
a

1+ e(b−ct)

wherea, b ,c are mathematical parameters,y is growth value andt is time. The equation of Brody model (Brody 1945) is
obtained from the literature as:

y = a(1− be−ct)
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wherea, b ,c are mathematical parameters,y is growth value andt is time. The equation of the Korkmaz-Uckardes (KU)
model (Korkmaz and Uckardes) is obtained from the literature as:

y = a − ((a− b)/ln(2))× ln(exp(−ct)+1)

wherea, b ,c are mathematical parameters,y is growth value andt is time. The equation of Gompertz model (Gompertz
1825) is obtained from the literature as:

y = ae(−e(b−ct))

wherea, b ,c are mathematical parameters,y is growth value andt is time. The equation of Von Bertalanffy model (Von
Bertalanffy 1957) is obtained from the literature as:

y = a(1− be−ct)
3

wherea, b ,c are mathematical parameters,y is growth value andt is time.

2 Material and methods

2.1 Material

In this study the data taken from the tree,Eucalyptus camaldulensis Dehn. were used. The data were taken from the study
of (Yıldızbakan 2005).

Table 1: The data fromEucalyptus camaldulensis Dehn.

Age (year) 0 1 2 3 4 5 6 7 8 9
Mean Length
(m) 0.41 3.23 7.45 11.41 14.83 18.11 18.95 19.69 21.50 23.40

2.2 Methods

In this study firstly, 2 and 3-piecewise functions were givenin general form and then the results of the piecewise functions
were given by using data of Table 1.

2.2.1 2-Piecewise Function

The growth models have sigmoidal form. These models could bethought as two phases which are exponential (exp) and
saturation (sat). This model can be expressed mathematically by

F (t) =

{

Fexp (t) , t0 ≤ t ≤ t1
Fsat (t) , t ≥ t1

(1)

wheret is the time of the growth,F (t) is the growth with respect to time, t0 is the starting time andt1 is the transition
time.

Figure 1 shows how the two phases of growth are represented mathematically by the model so that

Fexp (t) = α −1+ eβ (t−t0)

Fsat (t) = b2+ b3(1− e−γ(t−t1))
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where
αrepresents the initial value of the growth.
β represents the intrinsic growth rate of the exponential phase.
γ represents the intrinsic saturation rate.
t1 represents the transition time between the exponential andsaturation phases.
b2 represent the initial value of the saturation phase.
b3 represent the asymptotic value subtracted by the initial value of the saturation phase.

 

 

Fig. 1: The graph of the growth with two phases with respect to time.

Because of the continuity of the growth, the growth functions are the same at the transition time. In addition, their first
derivatives are the same at this transition time. So we have the following equations.

Fexp (t1) = Fsat (t1) (2)

fexp (t1) = fsat (t1) (3)

where f (t) represents the first derivative ofF(t). By using the Equations 2 and 3, we get the Equations 4 and 5,
respectively.

b2 = α −1+ eβ (t1−t0) (4)

b3 =
β eβ (t1−t0)

γ
. (5)

So the model in Equation 1 can be rewritten as

F (t) =

{

α −1+ eβ (t−t0), t0 ≤ t ≤ t1

α −1+ eβ (t1−t0)+ β eβ(t1−t0)

γ

(

1− e−γ(t−t1)
)

, t ≥ t1
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2.2.2 3-Piecewise Function

The growth models have sigmoidal form. These models have three phases which are exponential (exp), linear (lin) and
saturation (sat). This model can be expressed mathematically by

F (t) =







Fexp (t) , t0 ≤ t ≤ t1
Flin (t) , t1 ≤ t ≤ t2
Fsat (t) , t ≥ t2

(6)

wheret is the time of the growth,F (t) is the growth with respect to time, t0 is the starting time andt1 andt2 are the
transition times.

Figure 2 shows how the three phases of growth are representedmathematically by the model so that

Fexp (t) = α −1+ eβ (t−t0)

Flin (t) = b0+ b1(t − t1)

Fsat (t) = b2+ b3(1− e−γ(t−t2))

where
α represents the initial value of the growth,
β represents the intrinsic growth rate of the exponential phase,
γ represents the intrinsic saturation rate,
t0 represents the starting time,
t1 represents the transition time between the exponential andlinear phases,
t2 represents the transition time between the linear and saturation phases,
b0 represent the initial value of the linear phase,
b1 represent the rate of the linear phase,
b2 represent the initial value of the saturation phase,
b3 represent the asymptotic value subtracted by the initial value of the saturation phase.

 

 

Fig. 2: The graph of the growth with three phases with respect to time.
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Because of the continuity of the growth, the growth functions are the same at the transition times. In addition, their first
derivatives are the same at these transition times. So we have the following equations.

Fexp (t1) = Flin (t1) (7)

Flin (t2) = Fsat (t2) (8)

fexp (t1) = flin (t1) (9)

flin (t2) = fsat (t2) (10)

where f (t) represents the first derivative ofF(t). By using the Equations 7, 9, 8 and 10, we get the Equations 11, 12,13
and 14, respectively.

b0 = α −1+ eβ (t1−t0) (11)

b1 = β eβ (t1−t0) (12)

b2 = α −1+ eβ (t1−t0)+β eβ (t1−t0)(t2− t1) (13)

b3 =
β eβ (t1−t0)

γ
(14)

So the model in Equation 6 can be rewritten as

F (t) =











α −1+ eβ (t−t0), t0 ≤ t ≤ t1
α −1+ eβ (t1−t0)+β eβ (t1−t0) (t − t1) , t1 ≤ t ≤ t2

α −1+ eβ (t1−t0)+β eβ (t1−t0) (t2− t1)+
β eβ(t1−t0)

γ (1− e−γ(t−t2)), t ≥ t2

Furthermore, Table 2 shows the general form of the models used in this study.

Table 2: The general form of the models used in this study.

Models F(t)
Logistic a

1+e(b−ct)

Brody a(1− be−ct)

Korkmaz-Uckardes a−
(

(a−b)
ln (2)

)

ln(e−ct +1)

Gompertz ae(−e(b−ct))

Von Bertalanffy a(1− be−ct)
3

2-Piecewise

{

α −1+ eβ (t−t0), t0 ≤ t ≤ t1

α −1+ eβ (t1−t0)+ β eβ(t1−t0)

γ

(

1− e−γ(t−t1)
)

, t ≥ t1

3-Piecewise











α −1+ eβ (t−t0), t0 ≤ t ≤ t1
α −1+ eβ (t1−t0)+β eβ (t1−t0) (t − t1) , t1 ≤ t ≤ t2

α −1+ eβ (t1−t0)+β eβ (t1−t0) (t2− t1)+
β eβ(t1−t0)

γ (1− e−γ(t−t2)), t ≥ t2

3 Results and discussion

While Table 2 shows the general form of the models used in thisstudy, Table 3 shows the results of these models by
using Table 1. According to errors sum of squares criteria, in Table 3 piecewise functions are better models with respect
to the other models used in this study. Especially 3-piecewise function is the best model. The growth curves of piecewise
functions and classical models used in this study are seen inthe same graph (Figure 3). As shown in Figure 3, while all
graphics are close to each other, the graphs of piecewise functions are quite close to each other.
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Color of Logistic, Broody, Korkmaz-Uckardes, Gompertz, Von Bertalanffy, 2 and 3-Piecewise Functions: Yellow, Black,
Dark-Blue, Green, Khaki, Red and Blue, respectively.

Table 3: The results of the models used in this study.

Models F(t) SSE

Logictic
21.887

1+e(2.369−0.781t) 8.713
a = 21.887, b = 2.369, c = 0.781

Broody a(1− be−ct) 5.266
a = 29.999, b = 1.014, c = 0.166

Korkmaz-Uckardes a−
(

(a−b)
ln (2)

)

∗ ln(e−ct +1) 4.700
a = 27.417, b =−0.384 c = 0.240

Gompertz ae(−e(b−ct)) 3.917
a = 23.071, b = 1.137, c = 0.488

Von Bertalanffy y = a(1− be−ct)
3

2.875
a = 23.897, b = 0.711, c = 0.392

2-Piecewise

{

−0.523+ e1.255t, 0≤ t ≤ 1.144
26.526−22.851e(−0.231t+0.264), t ≥ 1.144 2.512

α = 0.477, β = 1.255, t0 = 0, t1 = 1.144, γ=0.231,

3-Piecewise







−0.590+ e1.354t, 0≤ t ≤ 0.854
−1.085+4.299t, 0.854≤ t ≤ 2.311
25.802−16.952e(−0.254t+0.586), t ≥ 2.311

2.346

α = 0.410, β = 1.354,t0 = 0, t1 = 0.854, t2 = 2.311, γ=0.254,
SSE: Error Sum of Squares

 

 

Fig. 3: The growth curves of all models used in this study.

In this study, after introducing 2 and 3-piecewise functions, we used these piecewise functions in addition to classical
growth models such as Logistic, Broody, Korkmaz-Uckardes,Gompertz, Von Bertalanffy for the data on growth. We used
error sum of squares criteria for comparison the models used. According to this criteria, as seen in Table 3, piecewise
functions have minimum error sum of squares according to classical growth models used in this study. Especially error
sum of squares of 3-piecewise function has the most minimum value. Although in this study the data taken from the tree,
Eucalyptus camaldulensis Dehn. were used, these 2 and 3-piecewise functions used in this study could be used for any
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growth data. For that reason, researchers could use 2 and 3-piecewise functions in addition to classical growth models in
their studies on growth data.
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